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In this paper we develop the theory of admissibility for linear discrete Volterra operators and obtain
several necessary and sufficient conditions for admissibility in various sequence spaces. Using the results
obtained, we study the existence of solutions (such as bounded, exponential or convergent solutions), of
linear or nonlinear discrete Volterra summation equations.
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1. Introduction

In this paper we study, using concepts of admissibility, the discrete Volterra “summation”
equations

xX(n) = h(m)+ Y B, j)x(j), ne€Z* (1.1)
=
(where we denote by 7 the set of all nonnegative integers, {0, 1,...,}) and the associated
nonlinear equation
x(n) = h(n)+ > _ B, )f(j,x())), n€Z* (12)
=0

(the nth equation is implicit in x(n)).

1.1 The framework

We denote by R? the d-dimensional real space, by C¢ the d-dimensional complex space and
E¢ denotes either RY or C? (Euclidean space); x = {x(n)},c7+ is a sequence, with x(n) € ¢,
i.e. to be determined. The kernel of equation (1.1), B(n, j), is a d X d matrix for each
j,n € Z" with j = n (the matrices B(n, j) with j > n do not enter the summation equations

*Corresponding author. Email: yihongsong @hotmail.com

§Supported by the RSF of China (No. K5107417) and in part supported by NNSF of China (No. 10471102).

||[Email: cthbaker@na-net.ornl.gov. Visiting professor, University of Chester; Emeritus professor, University of
Manchester.

Journal of Difference Equations and Applications
ISSN 1023-6198 print/ISSN 1563-5120 online © 2006 Taylor & Francis
http://www.tandf.co.uk/journals
DOI: 10.1080/10236190600563260



Downloaded by [University Federal Do Parana] at 12:42 22 March 2013

434 Y. Song and C. T. H. Baker

and may be set to zero). Additionally, 7 = {h(n)},cz+ a given sequence in E¢, for u € E,
f(j,u) € E. We suppose (see Remark 1.1 for a generalization) that f : Z~ X E — E“.

Remark 1.1 For the nonlinear equation (1.2), we may generalize the framework indicated
by supposing that for some integer k > 0, h(n) € E* (forn € Z"), we have f : Z+ x X — [F¢
and B(n, j), is a k X d matrix for each j,.n € Z* with j = n. O

1.2 Background material

To provide some background on Volterra equations, we first note the difference between
equations(1.1) and (1.2) and the explicit equations:

n—1 n—1
x(n) = h(n) + > _ B, j)x(j), x(n)=hm)+ Y B )f(j,x(j)), (13)
j=0 j=0

special cases in which B(n,n) is absent from the summation. Equation (1.3) are sometimes
classed as “Volterra difference equations” in the literature (and this term has also been found
in use for equations (1.1) and (1.2)). We term equations (1.1) and (1.2), which includes
equation (1.3), Volterra summation equations to indicate that they may be regarded as
appropriate discrete analogues of classical Volterra integral equations

1

x(1) = h(?) +J B(t,s)x(s)ds (t=0), (1.4a)
0

x(t) = h(t) + J B(t,s)f(s,x(s))ds (t=0), (1.4b)
0

where for illustration, we suppose all the functions involved are continuous.

Remark 1.2 The (so-calledt—we here follow [7, p. 26]) resolvent kernel R(z,s), associated
with B(t,s), permits the solution (1.4a) to be written x(¢) = h(f) + f’OR(t, s)h(s)ds. The
nonlinear equation (1.4b) is often called a Hammerstein equation, and the operator F with
(Fx)(s) = f(s,x(s)) is called the Niemytzki operator.

Discrete equations of the form (1.1) and (1.2) may arise from certain discretization
procedures [1,2,11] for the numerical solution of the integral equations (1.4a) and (1.4b) and
from modelling systems [10]. Certain integral equations reduce to ordinary or delay-
differential equations. Likewise, if B(n,j) = 0 when n — j > k then our summation equations
reduce to finite-term recurrence relations, and if {B(n,/)} satisfy an appropriate recurrence
relation then the summation equations can be reduced to related difference equations. [J

The literature (see [9,11,14,16,22], and references therein) on various types of discrete
Volterra equations, is quite extensive. For Volterra summation equations of the type (1.1) and
(1.2) there are—to the best of our knowledge—relatively few papers (e.g. [3.4,12,15,18—
21,23]). Much of the general qualitative theory for Volterra summation equations (1.1) and
(1.2) remains to be developed; for further reading see section 5.

+The term “resolvent” has more than one use in analysis; see [13, p. 194].
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Let us place this paper in context. Admissibility theory for ordinary differential equations
was originated by Bohl early in the 20th century, and consolidated by Perron and Bellman and
then by Massera and Schiffer (cf. [17]). Admissibility theory for Volterra integral equations
(1.4) originated with Corduneanu [5] (cf. [6,7]) and was taken up by Cushing [8]. Our aim in
this paper is to develop admissibility theory for the corresponding discrete Volterra equations
(1.1) and (1.2). Admissibility theory provides a framework for investigation of solvability of
equations and stability of solutions, and our program is as follows: In section 2, we present
some Banach sequence spaces and define admissibility for discrete Volterra operators. In
section 3, we present and prove results on admissibility. Finally, we discuss some properties of
solutions of linear discrete Volterra equations, and bounded, exponential and convergent
solutions of nonlinear discrete Volterra equations, in section 4.

2. Preliminaries

2.1 Some Banach sequence spaces

We need to consider some spaces of sequences, or functions defined on Z*. We denote by
/(E%) the linear topological space

() = {x:x = {(x(n)}22, x(n) € F}, 2.1)

(which with the obvious definition of addition and scalar multiplication, is a linear space of
sequences of elements of E%), the topology being that of convergence on any finite subset of
Z*. This means that {x™ = {x"(n)},cz+ }ez+ converges to x = {x(n)},c,+ if and only if
lim,—e0ox™ (1) = x(n) for each n € Z* (point-wise).

For any x = {x(n)}~, €/ (Ed) and any integer m = 0, write

mllxll = max {|x(n)| : 0 = n = m}, (2.2)

where |-| stands for the Euclidean norm in E. It is clear that the mapping x —,, ||x|| is a semi-
norm on /(E%) and the topology of convergence on any finite subset of Z ™ is that generated by
the family of semi-norms ,||x|| : m =0, 1,.... A distance can be defined on /(E?) by the
metric

Ll =y
pLxY) szum k=l

The topology induced by p is the same as the topology of convergence on any finite subset
of Z*.

A sequence g = {g(n)},cz+ € /(E) is non-vanishing if g(n) # 0 for all n € 7t If g €
/(E) is non-vanishing, we will denote by {g([Ed) the linear space of all sequences of /(F%)
such that sup ,c;+|x(n)|/lg(n)| < co. If we define

|x(n)

nezt |g(l’l)|

llxll,, = (2.3)

forallx € / g([Ed), then x — [|x||, is clearly a norm; likewise, / g([Ed) is the linear space with
the norm [|x|,, for a given non-vanishing sequence g = {g(n)},c7+ € /(E). Obviously, the
following lemma is true.
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LemMa 2.1 /g([Ed) is a Banach space under the norm ||x|,,.

Remark 2.2 The topology of / g([Ed) is stronger than that of / (E9). Indeed, suppose that
x™—x in /g([Ed) as m—oo. Then, given € >0, there exists M(e) >0 such
that |x"(n) — x(n)| < €lg(n)|, n € Z", whenever m = M(e). Since |g(n)| is finite, it follows
that limx™(n) = x(n) as m — oo. That is we have convergence in L(EY. O

For {g(n)},cz+ with |g(n)| =1 for n € Z", the space /g([Ed) becomes the well-known
space /*(E?) with norm |||l given by

Ixllce = sup p=olx(n)| (2.4

It is obvious that if |g(n)| = . >0 for all n € Z" then /g([Ed) is isomorphic to
/*(E). (The isomorphic mapping from /®(E?) into /,(E%) is x = {x(n)},cz+ < xg =
{x(n)g(n)},c7+.) Nevertheless, the opportunities for the choice of {g(n)},cz+ provide a
large variety of spaces consisting of sequences with a required behaviour. Several
subspaces of the space /*(E?) are needed in the sequel. By /S"([Ed) we denote the space
of convergent sequences, namely,

(P(FY) = {xlx € /°(FY)  with lim x(n) = x(c0) < 00} (2.5)

with the norm of /%(EY) and
(X(EY = {xlx € £2(FY)  with  lim x(n) = 0} (2.6)
with the norm of /*(E%). We note that the topology of /z"([Ed) is stronger than that of

/([Ed). If there is no confusion, we sometimes write Z, Z,, /*, /. and /, for /([Ed), /g([Ed),
/®(EY), £(EY) and /o(E%), respectively.

DEFINITION 2.3 A matrix-valued function C(n) on Z™ is said to be exponential, or to decay
exponentially if it satisfies |C(n)| = Mv" for some M > 0 and v € (0, 1).

If g(n) =o" for v € (0,1), then any element of /g([Ed) is exponential. We say that a
summation or difference equation has an exponential (or convergent) solution if the solution
is in /,(F%) with g(n) = " for v € (0, 1) (or in /(E%)).

2.2 The definition of admissibility for discrete Volterra operators

We now turn to equations (1.1) and (1.2) namely,

x(n) = h(n) + > _ B, j)x(j), n€Z", 2.7)
j=0

and

x(n) = h(n) + ZB(nJ)f(j, x(j), n€Z'. (2.8)
0

J=
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The behaviour of the solutions of equations (2.7) and (2.8) is, in part, determined by the
associated linear discrete Volterra operator B on /([Ed) (see [3]) given by

BH®n) = B, j(j), n € Z*, b € L(EY). (2.9
=0

J

Therefore, to investigate the behaviour of solutions of equations (2.7) and (2.8), we first
study the operator B given by equation (2.9) in various sequence spaces. Without risk of
confusion, we employ the same notation B for the operators, for the individual matrices, and
(we define B(n, j) = 0 when j > n) the matrix sequence B = {B(n,m)},, ,c7+ (and, similarly,
the notation x for the function from Z* to [Ed, the vectors x(n) and the sequence
x = {x(n)},ez+)-

For a detailed discussion of Volterra summation operators on /([Ed), see [3]. We need the
following definition.

DEFINITION 2.4 Let X and Y be two sequence spaces; the pair (X, Y) is called admissible
with respect to the operator B if Bx € Y for any x = {x(n)},c7+ € X.

LemMA 2.5  Suppose that {B(n,m)} is a d X d matrix sequence. Then the discrete Volterra
operator B, defined by equation (2.9), is continuous from { ([Ed) to ! ([Ed).

Proof. Let ¢™ = {Pp"(n)},c7+ € /(EY) be a sequence converging to ¢ = {$(n)},c,+. This
implies that ¢"(n) — p(n) as m— oo for each n € Z". Since (Bdp™)(n) — (Bdp)(n) =
Z;':OB(n,j)(cb’"(j) — ¢(j)) and B(n, j) are bounded for 0 = j = n, it follows that B¢ — B¢
in /(E%) as m — oo. O

Since complete metric spaces (and Banach spaces) are Hausdorff with the natural
topologies, the next lemma applies for such cases. We use it to investigate the
continuity of linear operators (see, e.g. [6]), which plays an important role in our
discussion.

LEMMA 2.6 Let X and Y be two linear topological Hausdorff spaces and assume L : X — Y
is a continuous linear mapping. Assume further that X; C X and Y| C Y are Fréchet spaces
whose topologies are stronger than the topologies of X and Y, respectively. If LX, C Y, then
L is continuous from X to Y.

Thus, for any two complete metric subspaces X; C 7/ ([Ed) and Y, C/ ([Ed) whose
topologies are stronger than the topologies of 7 (E%) and /(E%), respectively, if BX; C Y},
then B : X; — Y is continuous, where B is given by equation (2.9).

3. Admissibility of linear discrete Volterra operators

3.1 Admissibility of the pair ({,,{) with respect to discrete Volterra operators

We are in a position to prove the following result.
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THEOREM 3.1  Suppose that {B(n,m)} is a d X d matrix sequence. Then, a necessary and

sufficient condition for the admissibility of the pair ({,,/) with respect to the operator B
given by equation (2.9) is that

{Z |B<n,j>||g<j>|} SYA(a 3.1)
nez*

J=0

Proof. Condition (3.1) ensures that there exists a positive constant A such that

> IBoplig(i)l = Algm)l, n€ Z*. (32)

=

Thus, for ¢ = {P(n)},cz+ € /,(E?), we have

ZB(n,jwu)] = > 1BaligIAd(i/ (b = Alamlllll,, n € Z*,
j=0 j=0

which shows that B¢ € 7,.

To prove the necessity of condition (3.2), we first consider the case d = 1 (thus, {B(n,j)} is
either a real- or complex-number sequence) and suppose that condition (3.2) does not hold.
We shall prove that the result

B/, C /, (3.3)

is, with this assumption, impossible. In fact, if equation (3.2) is not satisfied, then there exists
an integer sequence 7, n, — o as m — oo, such that

U

IB(nm, llg(Nl = mlgn)l,  m = 1. 34
=0

J

For fixed n > 0 and E = R, define f"" € /, to bet

oo sign{B(n, N}g(Hl if 0=j=n,,
7 =10 if > n, 3-5)
or define f" € /, to be
0 if 0=j=n, and |B(nm,j)|:07
G = { B, DIgDI/ (B, HD) if 0 <j=n, and |B(n,,j)| # 0, (3.6)
0 it j> ny,

tFor u € R, sign(u) = 1 if u = 0, sign(u) = — 1 if u <O0.
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if E=C, where a denotes the conjugate of the number a. It is clear that in both cases
lf"1l,, = 1 form=0,1,..., and

> B () =S 1Bt gl = mlaanl. (3.7
=0 =0

If equation (3.3) is true, it follows from Remark 2.2, Lemmas 2.5 and 2.6 that B : £/, — /4
is continuous. Consequently, {Bf""} should be bounded in /,. This contradicts equation
(3.7). Thus, the hypothesis that equation (3.3) does not hold implies that B/, < /.

We now consider the general case where B(n,m) = [b,(n,m)] (r,s =1,2,...,d) is a
matrix kernel. Observe that ¢ = {p(n)},c7+ € 7 g([Ed) if and only if each coordinate of ¢
belongs to Z,(E). This follows easily from the definition of the space / g([Ed). Generally, we
can write ¢ = (¢i,. .., ¢y), where ¢, € /,(E). Now take ¢ € /g([Ed) such that ¢, = 0 on
77 for q # s where s is fixed. Since B¢ € /g([Ed),

{Zbr,s(n,k)d)x(k)} € /() (3.8)
k=0 nez*

for any r € {1,2,...,d}, and the fixed s. Since ¢ is arbitrary in /,(E) we have, from the
discussion above for the scalar case,

{Z |by.s(n, k)llg(k)l} E /,([), for r=1,2,...,d. (3.9)
k=0 nez*

As rcan be chosen arbitrarily from the set {1, 2, ..., d}, it follows from equation (3.9) that
{3 isolB, B)llgk)]}, ez € /4(E%). This completes the proof of Theorem 3.1. O

From Lemma 2.6 and Theorem 3.1 we obtain the following result.

COROLLARY 3.2  The discrete Volterra operator B defined by equation (2.9) is continuous
from /g([Ed) — /g([Ed) if and only if the condition (3.1) holds.
The next result follows from particular choices of g = {g(n)},c7+ and g = {g(n)},c7+-

COROLLARY 3.3  Consider the operator B given by equation (2.9). Then (i) the necessary
and sufficient condition for the admissibility of the pair (£,,/*) with respect to the operator
B is Z;'l:o B, p)llg()l =M, n € Z™"; (ii) the necessary and sufficient condition for the
admissibility of the pair (/°,/*) with respect to the operator B is Z;l:o |B(n, )l = M,
n€ 7", where M is a constant; (iii) the necessary and sufficient condition for the
admissibility of the pair (/°, /) with respect to the operator B is ) /o |B(n, )| = Mlg(n),
ne Z+, where M is a constant.

3.2 Admissibility of the pair ({,,:°)

A convergent solution of equations (2.7) and (2.8) is of interest in applications. This
motivates us to consider the problem of admissibility of the pair (7, /7) with respect to the
operator B in equation (2.9).

We make the following hypotheses throughout the remainder of this section.
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HyPOTHESIS HI  The limit lim,—.B(n,j) = B*(j) exists for each j € 7%, where {B(n,j)} is
the d X d matrix sequence defining the operator B in equation (2.9).
We note that {B*(n)},c7+ 1S a d X d matrix sequence.

THEOREM 3.4 Suppose that Hypothesis HI holds. Then a necessary and sufficient condition
for the admissibility of the pair ({,,/) with respect to the discrete Volterra operator B in
equation (2.9) is that

B=(Dllg(pl < o, (3.10)
j=0
lim Y 1B, gDl =D 1B*(DlIg(l. (3.11)
Jj=0 J=0

In addition, if ({4,/7) is admissible with respect to B, then, for any ¢ € /g([Ed),

lim B¢)(n) = _ B*()bl.). (3.12)

=0

Proof. Suppose conditions (3.10) and (3.11) hold. It is clear that if equation (3.12) holds for
any ¢ = {p(n)},ez+ € /g([Ed), then (Z,,/7’) is admissible with respect to B. Thus, we just
need to prove that equation (3.12) holds.

Note that for any ¢ = {p(n)},c7+ € /g([Ed), there is a positive constant A4 such that
|p(n)| = Aglg(n)| for n € Z*. 1t follows from equation (3.10) that the right-hand side of
equation (3.12) make sense for any ¢ = {p(n)},c7+ € /g([Ed) and

lim» " B* (b)) = D> B*(N()- (3.13)
=0 =0
On the other hand, since equation (3.12) can be written as
r}g{}oz [B(n,j) — B*()]¢()) = 0, (3.14)
=0
the result (3.12) will follow from
lim _1B(1.j) = B*()llg(i) =0, (3.15)
=0

and we shall now prove equation (3.15) by using equations (3.10), (3.11) and Hypothesis H1.
For any € > 0, it follows from equations (3.10) and (3.11) that there exists an integer N > 0
such that

> 1BE(llgpl < e (3.16)

J=N+1
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and

> 1B pllgl < > 1B=(plle(il + & (3.17)
j=0

J=0

whenever n = N. For n > N, we can write

n N
> 1B, j) = B=(Dllig(pl = > 1B, j) = B=(DlIg()l

j=0 J=0
(3.18)
+ ) IBampllgl+ D IBE(lgl.
J=N+1 J=N+1

For the given &€ > 0, it follows from Hypothesis H1 that there exists an integer Ny > N
such that

N N
=S IBapllg)l < =>_IB*(pllg(l + & (3.19)
j=0 j=0
and
N
> IB,j) = B(Dllgi)l < & (3.20)
j=0

whenever n > N;. From equations (3.16), (3.19) and (3.20), we have

n

S IBE(llgNl = D IBE(llg(i)l <& (3.21)

Jj=N+1 J=N+1
for n > N; and

n

n N
> 1Bl =D 1Bl =Y 1B, g
j=0

j=N+1 =0

00 N
<> IB*(Dllgi)l +& = > I1B*(hllg(i)l + & (3.22)

J=0 J=0

= Y IBE(lle(pl + 28 < 3e.
J=N+1
Thus, from equations (3.18),(3.20)—(3.22), we have > 7 |B(n,j) — B*()llg()| = Se,
n > Ny, which implies that equation (3.15) holds and (Z,, ;") is admissible with respect to B.

To prove the necessity of the condition, we first note that B¢ € /z"([Ed) implies
B¢ € ¢*(E%). From Corollary 3.3 one obtains

S IBapligpl =M, nez”, (3.23)
j=0
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where M is a positive constant. Since for any fixed integer n € Z* and i = n,

D IB=(llg(hl = tim> 1B, pllg(il = liminf (> 1Bon,jllg(il)
j=0 — j=0

=0
= liminf {ij |B(m,j)||g<j>|} =M,
=0
we have
fle*(j)llg(j)l = grgo;rg{fle(m7j>llg<j>l} =M, (3.24)
j=0 j=0

which implies that equation (3.10) holds. To prove the necessity of equation (3.11), we first
consider the special case k = d = 1. It is clear from equation (3.24) that

L=>_IB*(llspl = ;i@o;gg{z |B<m,j)||g(j>|}
= - (3.25)
= hmsup{z |B(m,j>||g<j>|} =L'=M.

i—00,,—; =0

Note that equation (3.11) holds if L' = L. Therefore, it suffices to prove that L' > L will
result in a contradiction. To this end, we note that there exists an integer ny > 0 such that

SOIBE(llgil <My < (L' = 1L)/3, n=np. (3.26)
J=no
From
n n np—1
> 1B pllel =Y 1B gl = > 1B, gl (3.27)
J=no Jj=0 Jj=0

one obtains

limsup{z IB(n,j)||g<j>|} =1 =Y B*(llg(l = L' =L >3M,.  (3.28)

1—00 ,—7 B -
= j=no j=0

Thus, there exists an increasing integer sequence {n,,}, with lim,,_.n, = 00, such that

Ny

> By llg(il >3y, m=1. (3.29)

J=no

From equation (3.26) one obtains

SOIBE(Dllgil <My, m=1. (3.30)

J=no

We can assume, without loss of generality, that the sequence {n,,} also satisfies

N

> 1B Dllg(l < My, m= 1. (3.31)

J=no
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Indeed, it follows from Hypothesis H1 that

n n
lim > 1B, llg(hl =D 1B=(Dllg(pl < M,
Jj=no Jj=no

Hence, there exists a first n, >n; in the sequence ({n,} such that
Z, " IB(nq7 Mlg(Hl < My. We can omit all the terms of the sequence that lie between n;
and n, and denote n, by n,. Thus equation (3.31) holds for m = 1. Starting now from
hmn_,ooz nOIB(n,J)llg(/)I = Z, nOIB* (Mllg(H)l < My, we can construct n3 such that
ZJ";”O [B(n3, )llg()] < M. Of course, nz will also be chosen from amongst the terms of
the sequence {n,,}. Therefore, we can assume that the sequence {n,,} satisfies both conditions
(3.30) and (3.31). The next step is to construct a sequence ¢ € /,(E) such that B¢ & /(E).

For m = 1, we define such ¢« = {¢«(n)},c7+ as follows.

0 if 0 =n = ny,
P =4 1y sign (Bl m) g if apo 41 =n=n, O

ifE=R,orif E=C

0 if 0 =n = ny,
bu(n) = 0 if n,—1+1=<n=<n, and |B(n,,n)| =0, (3.33)
(= 1" gz if ny-y + 1= n = n, and |B(n,, n)| # 0.

Obviously, |¢p.(n)| = |g(n)|. From equations (3.29) and (3.31), we have

N

ST Bapde(h= > B pllg(il

J=nm-1+1 J=nm-1+1
N T —
= 3 1B lg = 3 1Bl
Jj=ny J=no

23M1 —M1 :2M1,

namely,
0" B b (D= Y B, pllg(i)l > 2M,. (3.34)
J=nm—1+1 J=hm—-1+1

It is clear that ¢. satisfies

m i

B )(m) = > B, )b () = Y B, ) (j)-
j=0

J=no

We show now that lim(B¢:)(n,,) does not exist as m— oo. In fact, it follows from
equations (3.31), (3.34) and |¢«(n)| = |g(n)| that

i Mn—1 N

(D" B, b () = (=" B, s () + (=" D> B, j) ()

J=no J=no J=nm—1+1

Mn—1 Nm—1

=2M, = Y 1B, i (Dl = 2My = 1B, Hllg(f)l > 2M) — My = M.

Jj=no Jj=no
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Thus, we obtain the inequalities

i i

D B s () > My it m=2p+1, Y B, )bs() < —M; if m=2p.

J=no J=no

Therefore, lim(B¢.)(n,,) does not exist as m— oo, which implies L' > L should be
rejected. Consequently, equation (3.11) is necessary in the scalar case.

For the general case when d > 1, we note that a vector sequence ¢ = {P(n)},cz+ is in
/f([Ed) if and only if each coordinate of ¢ belongs to /2 (E). By the same procedure of
reduction used in the proof of Theorem 3.1, we deduce that it suffices to prove equation
(3.11) holds if limnﬁmzj{;o|br75(n,j)||g(]')| = Z}i0|bf_x(j)||g0)| for all r,s € {1,...,d}.
This follows immediately if we choose the norm of a matrix as the sum of absolute values of
its elements. Thus, Theorem 3.4 is established. U

Remark 3.5 Condition (3.10) can be replaced by equation (3.23). In fact, from Hypothesis

HI1 and equation (3.24) we derive equation (3.10). Conversely, from equations (3.10) and

(3.11), we obtain the admissibility of pair (/,, /7 ), this implies equation (3.23).
Ifc=0in /f" we obtain the following result. O

COROLLARY 3.6  Suppose that the Hypothesis H1 holds. Then a necessary and sufficient
condition that the pair (/,/{’) be admissible with respect to the discrete Volterra operator B
given by equation (2.9) is that

=0

{Z |B(n7j>||g(j)|} € /7 (R). (3.35)
nez*

Proof. 1t is clear that condition (3.35) is equivalent to the condition

lim > 1BG pllg(i)l = 0. (3.36)

=0

The sufficiency of equation (3.35) follows from Theorem 3.4 and the Remark 3.5. In this
case, both conditions (3.23) and (3.10) are fulfilled, the latter with B*(n) = 0.

For the necessity of equation (3.35), we argue as follows. From ¢ € /,, we
have B¢ € /7 C /. Thus, equations (3.11) and (3.12) are necessary. In this case,
lim,,—(B)(n) = 0 for any ¢ € 7, which implies that fo:o B*(n)¢p(n) = 0. This leads
easily to B*(n) = 0, and equation (3.11) reduces to equation (3.36). O

3.3 Admissibility of the pair ({7 ,17)

c’7¢c

We note that there does not exist a sequence g = {g(n)},cz+ such that /, = /7°. Thus we
cannot obtain the corresponding admissibility results for the pair (/7°, /) directly from those

proved in the above section. But using the same techniques in the previous sections, we can
prove the following result.
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THEOREM 3.7 Let Hypothesis H1 be satisfied for B defined by equation (2.9). Then, a
necessary and sufficient condition for the pair (7 ,/7) to be admissible with respect to B is

that the conditions of Corollary 3.3 (ii) hold, namely,

sup > |B(n,j)l =M < oo (3.37)
n€Z" j=0
and the limit
lim Y " B(n, j) (3.38)
=0

exists. In addition, if the pair (/7 ,/7) is admissible with respect to B, then for any ¢ =

c)%c

{d(n)},ez+ € 7 the following condition holds:

lim 2(; B(n. )d(j) = —qs(oo)Z; B*(j)+ ;B*(j)qs(j) + ¢(00) lim Z; B(n.j). (3.39)
J= J= J= J=

Proof. For sufficiency, suppose that equations (3.37) and (3.38) hold. We first show

D IB*(j)l =M < oo. (3.40)
=0
To this end, we define B(n,j) = 0 when n < j. Since B*(j) = lim,—«B(n,j), we have
DBl = lim 1BG, )l = }ig;rg,{z |B<m7j>|}
=0 J=0 — U=

(3.41)

IA

}gg;gg{z |B<m,j>|} =M

Jj=0

for any fixed integer n € Z*. Thus equation (3.40) holds. It remains to prove condition
(3.39). Note that equation (3.39) is equivalent to the following condition:

,}E&Z [B(rn,j) — B*(DI[P()) — ¢(e0)] =0 (3.42)
=0

for ¢ = {p(n)},cz+ € /7 and P(o0) = lim,—.co P(n).
To prove equation (3.42), let ¢ = {p(n)},c7+ € /7 and denote P(o0) = lim, .o, (). For
any & > 0, there corresponds an integer N > 0 such that if n > N, then

N

- > 1By = B*()l <

&€
|00 = ol = 3 iy 2 2M + [[¢lle)”

(3.43)
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Thus for any n > N, it follows from equations (3.37), (3.40) and (3.43) that

n

> 1BOw)) — B (DI — ¢l

Jj=0

n

N
=Y IB,j) = B*(Dllb(j) — pleo)l + > 1B(n,j) — B=(jlld(j) — (o)
Jj=0

J=N+I

e2M

N
=2|ollo ¥ |B(n,j) — B*(j)l + ———— < g,
llpll ;' (n.)) (J)|+2(”¢HOO+M)<8

J

which implies equation (3.42) and thus equation (3.39) holds.

We now consider necessity: suppose that B/’ C /7 and we show that equations (3.37) and
(3.38) are satisfied. The latter is the simplest to establish: Take as a special case ¢(n) = 1 and
¢ = {Pp(n)},cp+ forn € Z"; then ¢ € /%, and lim}~7  B(n,j)(j) exists as n— oo, since
B/? C /7. Since 27:0 B(n, ))p(j) = Z;':o B(n, j), condition (3.38) is satisfied.

To prove equation (3.37), we use techniques similar to those found in the proof of
Theorem 3.1. Without loss of generality, we can consider only the scalar case. Since
B :/—{( is continuous by Lemma 2.5 and B/, C /7, it follows from Lemma 2.6 that

B: /7 — /7 is continuous, which implies the following condition holds.

sup {||B<1>IIoo = sup ZB(n,j)qb(j)‘} =M, < oo, (3.44)

Igll=1 A=

where ¢ = {p(n)},cy+ € /7. Assume condition (3.37) does not hold. For M, +1 >0,
there exists an integer m > 0 such that E}“:O |B(m,j)| > M, + 1. We define ¢. as
follows. Let

sign{B(m,j)} if 1 =j=m,
b=(N=19, itj>m (3.45)
if F =R and let
0 if 0 <j < m and |B(m,j)| =0,
be(j) = { Bmp/(Bm.pl) if 1 =j=m and |B(m,j)| # 0, (3.46)
0 if j>m

if E=C. It is clear that [|$:lle =1 and Y7, Bom,j)d:(j) = Y7y |Bm, )l > My + 1.
Hence [|B:lleo = sup,ez+ 137 B(n,j)p:(j)l > M3 + 1, which contradicts equation (3.44).

This completes the proof of Theorem 3.7. |

Remark 3.8  Note that ¢. in equations (3.45) or (3.46) belongs to /. Therefore, we prove,
in fact, that if B/§ C /7, then sup,ez+> 7 [B(n, )l < oo. O

COROLLARY 3.9 Let Hypothesis H1 be satisfied for B defined by equation (2.9). Then, a
necessary and sufficient condition for the pair (/) , () be admissible with respect to B is that
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the condition of Corollary 3.3 (ii) holds, namely,

sup > |B(n,j)l = M < oo (3.47)
nez* =0
and
B¥(n)=0, n€Z". (3.48)

Proof. For sufficiency: suppose that equations (3.47) and (3.48) hold. From equation (3.42) it
follows that

lim >~ B () =0 for any ¢ = {($()},cz+ € /5. (3.49)
=0

For necessity, suppose that B/} C /. It follows from Remark 3.8 that condition (3.47)
holds. Thus condition (3.40) is also satisfied. From equation (3.42), we have

lim» B )d() =Y B*(NH(j) =0 for any ¢ = {$(m)},cz+ € /7,
j=0 =0

J

so that B*(n) = 0 forn € Z*. O

4. Solutions of some discrete Volterra equations

In section 3, we discussed several admissibility properties of the discrete Volterra operator B
in different situations; in this section we consider the existence of solutions of the
corresponding Volterra summation equation,

x(n) = h(n) + Y _ B, )f(j,x())), n €7, 4.1)
j=0

and investigate the properties of solutions using the notation and concepts above.

4.1 linear discrete Volterra equations

We commence with the linear equations

x(n) = h(n)+ Y _Bn,j)x(j), n€Z", (4.2)
=0

J

where h = {h(n)},c,+ is a given sequence in F? and B : Z* X Z* — E*™, and investigate the
relation between the properties of solutions of equation (4.2) and the admissibility theory
developed in section 3. A necessary and sufficient condition (see [15]) for the existence and
unicity of a solution of equation (4.2) in / (E%) is that

det(I — B(n,n)) # 0 for all n€ Z* 4.3)
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and we always assume that equation (4.3) holds in this subsection. The resolvent R :
7t X 7T — E™ of the kernel B in equation (4.2) is defined via the solution of

R(,m) =" R, )B(j,m) = B(n,m), m=n€&Z* (4.4a)
j=m
or
R(n,m) = ZB(n,j)R(j, m) — Bn,m), m=ne€Z"; (4.4b)
Jj=m
R(n,m)=0 for m > n. (4.4¢)

We note that both equations (4.4a) and (4.4b) are solvable by equation (4.3). It is known
(see [15]) that if R(n, m) satisfies equation (4.4a), then it also satisfies equation (4.4b) and
vice versa. For details of the resolvent and the variation of constants formula (4.5), see [15]
whose sign conventions we follow here.f The solution x = {x(n)} of equation (4.2) can be
expressed as

x(m) = h(m) =Y " R, ph(j), n € Z*. (4.5)

The operator R on / ([Ed) corresponds to the resolvent matrices {R(n,m)} associated with
the operator B (also defined on / (%) by the matrices {B(n,m)}:

BH)n) =D B, d(j), RP)n) = > R, )P()n € Z*, € L(E).  (4.6)
j=0 =0
The operators B and R on /(E?) in equation (4.6) are related through the equations

(I—-BR=-B, or R(I—B)=—B. 4.7

Remark 4.1 From equation (4.3), {R(n,m)} (given by equations (4.4a) or (4.4b)) satisfies
det(I — R(n,n)) # 0 for all n € Z*. If we consider the linear discrete equations

Yn) = h(m) + > _ R, jy(j), n€Z", (4.8)
i=0

J
where h = {h(n)}, the solution y = {y(n)} of equation (4.8) is given by
y(n) = h(n) — ZB(mj)h(j), nez". (4.9)
j=0

The equations (4.2), (4.5), (4.8) and (4.9) can be written as x = h 4+ Bx, x = h — Rh,
y=h+ Ry and y = h — Bh, respectively. O

We are now in a position to give our main results in this section.

TIf we sought to preserve the analogy with R(z,s) in Remark 1.2, we would make a change of sign in equation (4.5)
and the associated equations.
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THEOREM 4.2 Let V be one of the spaces: /g([Ed), /P (EY, /?"([Ed) or /8°([Ed). Then the
Jollowing statements are equivalent. (i) For each h € V, the solution x = {x(n)},cz+ of
equation (4.2) on 7+ (equivalently, the solution of x = h + Bx) belongs to V. (ii) The pair
(V, V) is admissible with respect to the operator R given in equation (4.6).

Proof. We show that (i) implies (ii): for each 7 € V, the solution x of x = h + Bx belongs to
V and x = h — Rh by the variation of constants formula (4.5), which implies that for each
he€V we have Rh=h —x € V. It follows from Definition 2.4 that the pair (V,V) is
admissible with respect to the operator R.

We show that (ii) implies (i): since Rh € V for each h € V, we have h — Rh € V. Set
x=nh—Rh. Then x =h — Rh is a solution of x =h+ Bxand x € V. [l

By the same arguments, we obtain the following results.

THEOREM 4.3 Let V be one of the spaces: /g([Ed), /P (EY, /f([Ed) or /(')"([Ed). Then the
Jfollowing statements are equivalent. (i) For each h € V, the solution x = {x(n)},cz+ of
equation (4.8) (or the equation x = h+ Rx) on Z" belongs to V. (ii) The pair (V,V) is
admissible with respect to the operator B given by equation (4.6).

Remark 4.4 We see from Theorem 4.3 that the admissibility of the pair (V, V) with respect
to the operator B given by equation (4.2) does not necessarily relate to the properties of the
solutions of equation (4.2).

Let V be one of the spaces: /g([Ed), /°(EY), /f([Ed) or /(')"([Ed). The equivalent conditions for
the admissibility of the pair (V, V) with respect to B (or R) can be found in Theorem 3.1,
Corollary 3.2, Theorem 3.7 and Corollary 3.9, respectively. ([

4.2 Nonlinear discrete Volterra equations

Let us turn to nonlinear equations (4.1), namely,

x(n) = h(m) + Y B, )f(,x(j), n€Z*. (4.10)
=0

We use the notation F : ¢p— F¢ to denote the map defined on /(E?) by

(Fp)(n) = f(n, p(n)) for ¢ € /(E. (4.11)
The operator F is the discrete Niemytzki operator. We employ the same notation F when

the operator acts on /g([Ed), or /(E%). A solution of a summation equation is called an /
solution if the solution belongs to the space /g([Ed).

4.2.1 Solutions in /4. To ensure that a solution x of equation (4.10) lies in / g([Ed), we shall
ask that F maps /g([Ed) into /g([Ed), ie.

for any ¢ € /4(E), ((F)n)},ezr € /o(E). (4.12)
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For equation (4.10), we define the linear discrete Volterra operator B by the relation

BH)(n) =Y Bm,jd(j), neZ". (4.13)
j=0

and we show that if B/, C / (that is, the pair (/,,/) is admissible with respect to B), and
he/ g([Ed), then equation (4.10) has unique solution in 7 under certain conditions on f (to be
stated in what follows).

THEOREM 4.5  Suppose that (1) h(n) € /g([Ed); (2) {B(n,m)} satisfies

{Z |B<n,j>||g<j)|} € /y(E); (4.14)
nez*

=0
(3) the operator F, defined in equation (4.11), maps ¢ g([E"l) to/ g([Ed) and satisfies
lFp — Fyll, = Allp — il - (4.15)

Then the equation (4.10) has a unique solution in / g([Ed) for sufficiently small A.

Proof. We define a operator 7 on / g(Ed) as follows.
(T)n) = h(n) + > B, ) f(j, d(j), n € 7+, (4.16)
=0
for ¢ € /g([Ed). Note that the condition (4.14) is equivalent to

> 1B, pllg(Hl = Mlgm)l, n € 7%, (4.17)
Jj=0

where M > 0 is a constant. Thus for ¢ € / g([Ed), equations (4.16) and (4.17) yield

lael — laml = la@l lg()I

which implies that T¢p € /,(E?). In addition, for any ¢,y € /,(E?), we have

(TPH)(n) — (Th)(n) = ZB(n,j)[f(j, d()) = fG, ()] (n € ZT) (4.18)
=0
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and
(T p)(n) — (Tyh)(n)| = E [B(r, DI, dC) — fCG, PN
=0

Lf(j, &) — fC, ()]
lg(p

= _IBaplig(l
j=0

J
= > 1B, pllg(HIAllg = il = Mlgml Al — iy,
=0

Hence, ||T¢ — Tyll,, = MMl — 4ll,, and T is continuous on /g([Ed). If we assume
A<M~ we conclude that T is a contraction operator on /g([Ed) and the proof of
Theorem 4.5 is completed. ]

Remark 4.6 If we replace the Condition (3) in Theorem 4.5 by the requirement that the
mapping ¢ — F¢ takes Q = {¢: ¢ € /,(E?), ll¢ll,, = p} into /(E) such that equation
(4.15) is satisfied for any ¢, € (), then we obtain an existence result in () provided
TQ C Q. Tt is readily shown that the inclusion 7€) C () follows from

all,, +MIIFoll, = p(1 — AM), (4.19)

where 6 denotes the null element in 7, g([Ed). O

The first corollary of Theorem 4.5 concerns a boundedness result for equation (4.10).

COROLLARY 4.7 Assume that (1) h(n) € /*(E%)
(2) {B(n,m)} satisfies

Y IBnjl=M nezZ*; (4.20)
=0

(3) the mapping f = Z+ X E — E is continuous in the second variable and satisfies
| f(n,u) — f(n,u)] = AMu — i/| for any n € Z" and all u,u’ € . 4.21)
Then equation (4.10) has a unique solution in /*(Eh for sufficiently small A.

Proof. The proof follows easily from that of Theorem 4.5 if one notes the following
circumstances: first, condition (4.20) is a special case of equation (4.17) with g(n) = (n) = 1
for all n € Z*. Second, condition (3) of Corollary 4.7 implies that the operator F maps
/®(E% to /™ (E%) and satisfies ||[Fp — Fill,~ = Al — . O

The next corollary relates to the existence of an exponential solution of equation (4.10).
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COROLLARY 4.8  Suppose that the data in equation (4.10) satisfy the following conditions:
(1) forh: 7" — E¢ there exist positive numbers hy and v € (0, 1), such that

|h(n)| = hgo", neEZT, (4.22)
(2) there exists a positive number by such that, when v is the value in equation (4.22),
IB(n, )l = bpv" 7, 0=j=n<o0; (4.23)
(3) the mapping f - 7+ X E! — E* satisfies
| f(n,u) — f(n,u)] = Aa"|u — | for any n € Z* and all u,u’ € F¢ (4.24)

and f(n,0) =0 for n € Z*, where 0 < a < v is a given constant. Then, provided \ is
sufficiently small, equation (4.10) has a unique solution x € (®(E?) such that

|x(n)] = M,v", n € Z for some constant M; > 0. (4.25)

Proof. Condition (4.22) implies h € /g([Ed) with g(n) = v" for n € Z*. We define an
operator 7 on /g([Ed) by setting

(TH)(m) = h(m) + > B, NG, $())), n €L, (4.26)
=0

for ¢ € /°(E%). We conclude that T maps /P to /g([Ed) and T is also contractive. In fact,
if ¢, ¢ € /*(EY), it follows from condition (3) that

T h “~ |B(n,j C
I( ¢>zl(n)| _ | (z)l +Z | (nnJ)l L 0
v v = v
=ho+ boz V" oA |p(j)| = ho + by Ao lpllee < o0, forn € 7",
VU —

J=0

and

(Td)m) — (TP = 1BoL I, ) — £, Dl

=0

Av

VT

= > bov" A () — Y| = bov" ¢ — dllco.

Jj=0

Thus T/°°([Ed) C /g([Ed) and T is a contraction operator if A < (v — a/byv). Finally, T has
a unique fixed point ¢ € / °°([Ed) such that T € 7 g([E”’). This completes the proof. U

Remark 4.9 1f, for g(n) = 2" (0 < v < 1), the pair (/,, /) is admissible with respect to the
operator B in equation (4.13), then condition (4.23) holds. Furthermore, if (with this g) we
replace the condition (4.23) by the requirement that (/,,/,) is admissible with respect to B,
the conclusion of Corollary 4.8 holds for 0 < a = v in equation (4.24).
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4.3 Convergent solutions

We again consider the discrete Volterra equation (4.10), namely,

x(n) = h(n) + Y _ B, )f(j.x(j)), n€Z". (4.27)
=0

A solution of a summation or difference equation is called a convergent solution, if the
solution belongs to the space /... To study convergent solutions of equation (4.27), we assume
that B(n,j) satisfies Hypothesis H1, i.e.

limB(n, j) = B*(j), jE€Z". (4.28)

THEOREM 4.10  Suppose that (i) {h(n)},cp+ € L(EY); (ii) the pair (/(E9), /(%) is
admissible with respect to the operator

(Bdp)(n) = > Bn,)d(j), n€Z", (4.29)
=0

J

namely, conditions (3.10) and (3.11) hold; the operator F maps /w([Ed) into { g([Ed) and
satisfies

IFé — Fll,, = Alld — ¢l for any ¢, ¢ € /.. (4.30)

Then equation (4.27) has a unique solution {x(n)},c7+ € £ (EY for sufficiently small A.

Proof. By the assumptions of Theorem 4.10, one can readily prove that the operator

(Td)(n) = h(n) + ZB(mj)f(j, d(j) (meZ") (4.31)
=0

J

carries the space /C([Ed) into itself. In fact, one can show the sequence {(T'¢)(n)}~, is a
Cauchy sequence in / *(EY). It remains to show that T'is a contraction in the metric of /% (E¢).

From Theorem 3.4, it is readily show that the operator B given by equation (4.29) is
continuous from / g([Ed) into /.(E%). Thus there exists a positive number M > 0 such that
IBéllw = Mllll,, for any ¢ € /g([Ed). Consequently, for any ¢, y € /., we have

1T — Tyl = MMl — Pllo,

which implies that T is a contraction if A < M ~!. The proof is completed. |

Remark 4.11 By the last statement of Theorem 3.4, it is readily shown that for the unique
solution {x(n)},cz+ of equation (4.27), the value x(00)= lim,—x(n) satisfies

x(00) = h(00) + 377 B* (Nf (j, x()- 0

Remark 4.12  As can be shown by attention to the manipulative detail, the preceding results
can be extended to the framework indicated in Remark 1.1. However, in what now follows we
assume the framework in subsection 1.1. O
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If, in Theorem 4.5, F is chosen to correspond to f(n, ¢(n)) = ¢(n) in equation (4.11), then
the mapping ¢ — F ¢ becomes the identity mapping. In this case, the crucial condition (3) in
Theorem 4.5 is not in general satisfied (equation (4.15) cannot be satisfied with A < 1).
Hence, Theorem 4.5 cannot be applied to an arbitrary linear equation
x(n) = h(n) + Z}LO B(n,j)x (j). Similar remarks also apply to all other results in subsection
4.2. However, we have something of a remedy in the following analysis.

Lemma 4.13  Suppose the operator F in equation (4.11) maps the space ¢ (E) 10 itself, and
suppose that equation (4.3) is satisfied. Then x is a solution of equation (4.10) if and only if

x(n) = h(n) = > R, D, x(j), n€ 7%, (4.32)
J=0
where, forn € 7™,
h(n) = h(n) = Y R, ph(j) and  f(n,x(n)) = f (n,x(n)) = x(n). (4.33)
Jj=0

Proof. Equation (4.27) can be expressed as x = h 4+ BFx. Hence, x = h + B(F — I)x 4+ Bx
where [ is the identity map. Since R exists by virtue of equation (4.3), we deduce that
x=h+B(F — I)x — R(h+ B(F — I)x) and hence x = (h — Rh) + (B — RB)(F — I)x and
the result follows because B — RB = —R and f(-, -) defines the discrete Niemytzki operator
F:=F — 1. We have x = h — RFx and all the steps are reversible. 0

In view of the preceding results, we can state analogous results valid under analogous
conditions that correspond to the results stated earlier. The analogy is preserved if we
introduce l§’, and regard it as an alias for — R; we also invoke the operator F where

(FP)(n) = fin, b)) = f(n, p(m) — ¢(n) for ¢ € /(E). (4.34)

We shall need conditions on ﬁ, f‘ (or F) and on B (i.e., on R), instead of the previous
conditions on A, f (or F) and B. At the same time, we can replace g by g, and replace g by § in
order to obtain the analogous results. If we substitute R for —B; the notation % is superfluous
as X is x by Lemma 4.13. Thus, the analogue of Theorem 4.5 now reads:

THEOREM 4.14  Suppose that (1) fz(n) € /@([Ed); (2) the resolvent {R(n,m)} satisfies
{Z};Q IR, HIIEDI}ez+ € £4(B); (3) the operator F maps /@(Ed) to /é,([Ed) and satisfies
lFgp — ﬁlp”/i’ = Al¢ — thI/a. Then equation (4.10) has a unique solution in /Q([Ed) for
sufficiently small A ‘

We can likewise obtain analogues of Corollary 4.8 and Theorem 4.10. The latter requires
us to make use of an analogue of Hypothesis H1, and (since B = —R, B¥* = —R*) we then
request the following Hypothesis.

HyproOTHESIS H2  If R = {R(n,j)} is the d X d matrix sequence in equation (4.4), the limit
lim R(n,j) = R(j) exists for each j € 7.
n—oo
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Remark 4.15 The introduction of g and § serves to emphasize that the new requirements on
h, f (or F) and on R do not in general follow from the previous assumptions on 4, f (or F) and
B. Those assumption correspond to the selection of g to be g and of g to be 3. We then
suppose that F' maps /_q([Ed) to/ g([Ed), but cannot automatically conclude that F maps /g([Ed)
to /g([Ed). (F=F—Tand I maps /g([Ed) to /g([Ed).) If F (or f) satisfies conditions (4.15),
(4.24), or (4.30), we are unable automatically to conclude that F = F — I satisfies the
analogous condition where g is g and § is g. (|

The difficulties commented on in Remark 4.15 can be eliminated if we are prepared to
limit the choice of underlying spaces. We state without proof the following lemma.

LEMMA 4.16  Let V be one of the spaces £ ((E%), /°(E%), /2 () or /7 (EY). If h € V and the
pair (V, V) is admissible with respect to the operator R in equation (4.6), then h, given by
equation (4.33), belongs to V.

Remark 4.17 Observe that Theorem 4.2 provides a condition that ensures that the pair
(V,V) (as above) is admissible with respect to the operator R. O

We may like to have conditions expressed in terms of 4, f, and B. Thus, in place of
Hypothesis H2 (for R), we may be able to adopt Hypothesis H1 (for B) and supplement it
with additional conditions. To illustrate this, it has been shown (see [18]) that the following
result holds.

LEMMA 4.18  Ifsup,cz+ > i |B(n, )l < 1, then sup,cz+> 7 o|R(n, j)| < oo. If, in addition,
lim,—B(n,j) = 0 for each j = 0, then lim,—.oR(n,j) = 0 for each j = 0. With the stated
conditions, Hypothesis H2 is satisfied.

Our final two theorems illustrate the type of results that arise from the above analysis. In
these results, F is again defined by equation (4.34).

THEOREM 4.19 Suppose that (1) h(n) € /g([Ed); (2) the resolvent {R(n,m)} satisfies
{Ej'.':o R, DI} ezt € £o(E);  (3) F  maps /g([Ed) to /g([Ed) and satisfies
|Fp — ﬁt/jll/g = ):Ud) — ¢||/g Then equation (4.10) has a unique solution in /g(l]fd) for
sufficiently small A.

Condition (2) in Theorem 4.19 (which we discuss further, below) is the condition

1< ) )
iigm—n)l; IR, )l1g(j)] < oo. (4.35)

THEOREM 4.20 Suppose that (1) g(n) = 2" (0 < v <1) foralln =0; (2) h(n) € {g([Ed);
(3) the pair (/,,{,) is admissible with respect to the resolvent operator R defined by equation
(4.6); (4) F, in equation (4.34) satisfies |(Fo)(n) — (Fy)(n)| = A&"|e(n) — (n)| for any
ne€Z", o, € /g([Ed) and f(n,0) = 0 for n € Z*, where @ € (0,%] is a given constant.
Then equation (4.10) has a unique solution in / g([Ed) for sufficiently small A.
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In Theorems 4.19 and 4.20, results for the nonlinear case collapse to the linear case (4.2)
on setting f(n, x(n)) = x(n) (equivalently, fin, x(n)) = 0, A = 0).

Let us return to condition (2) in Theorem 4.19 and, for simplicity, take d = 1, E = R. We
find a condition in terms of {B(n,j)} that guarantees equation (4.35).

We have > " [R(n,m)llgm)| = > _ R(n,m)a, ulg(m)|, with o, = sign{R(n,m)}.
Set y(n) = > _ IR(n,m)||g(m)| (so y(n) = 0). We can show, using equation (4.4b), that

¥ =35 P B, bRk, m)llgm)| = 03B, m)l|gom)| (4.37)
m=0

=0 k=0 Tk.m

n—1

(since R(k,m) =0 if k <m) and we obtain the inequality |1 — B(n,n)|y(n) = =0
|B(n, k)| y(k) + >0 o |B(n,m)||g(m)|. We deduce (see Remark 4.21) that y(n) = y*(n)
where, with

L(n,j) = |B(n,j)/{1 — B(n,n)}| for j=n, Lnj) =0 for j>n, (4.38)
the sequence {y*(n)},cz+ satisfies

n—1

Y =Y L, j)y* (j) + v(n) where v(n) =

L(n, Hllg(p)l. (4.39)
Jj=0 Jj=0

By the linear theory, y*(n) = Z;l;ol M(n,j)v(j)+ v(n) for an appropriate sequence
{M(n,m)} (where M(m,n) = 0); see below. Satisfaction of condition (4.35) is assured when
v¥ € /4(E). This, in turn, follows if v € /,(R) and Mv € /,(R), which is guaranteed a
fortiori when (£4(R),/,(R)) is admissible with respect to the operator L defined by the
sequence {L(n,m)} given, in terms of {B(n,m)}, by equation (4.38).

Remark 4.21 We give further detail: denote by L the matrix of order n with (r, s)-th entry
Ly=Lr—1,s—Dfors<rL,,=0forr=s(r,s € {1,2,---,n}). Denote by | + M the
matrix [T — L], then M= L+ L?>+--- 4+ L" ! and (like L) M is strictly lower triangular
with non-negative entries. When [I — L]y = v, [ = L]y* = v* and v = v" (component-
wise) it follows that y = y* (componentwise), so y(n) = y*(n). Further, M(m,n) =
M,t1 41 for n <m, M(m,n) = 0 forn = m (m,n € 7M.

5. Further reading

For a considerable amount of material on recurrence equations, refer to Agarwal [1] and
Elaydi [11]. We comment on a selection of the further reading available, as an indication of
approaches alternative to our own. The purpose of Cushing, in [8], was to prove an abstract
operator version of certain existence theorems for differential and Volterra integral equations
which deal with stability properties of solutions. The results unified and generalized many of
the basic theorems concerning stability of such equations. Dannan, Elaydi, and Li [9] gave a
theory for Volterra difference equations that parallels stability theory of Volterra differential
and integro-differential equations. The topics include the z-transform method, the resolvent
matrix (see also [23]) and variation of constants formulae. Kwapisz [16] analyzed the explicit
equations x(n) = Z;:ol g(n,i, x(i)) + h(n) and used weighted norms to find sufficient
conditions for all solutions of such equations to be elements of an /7 space. Some
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generalizations of /7 spaces were also considered, and the corresponding sufficient
conditions established. We also draw further attention to [12,14,15]. Some special cases
discussed in [15] provide stimulus for developing the current work further.
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