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Admissibility for discrete Volterra equations
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In this paper we develop the theory of admissibility for linear discrete Volterra operators and obtain
several necessary and sufficient conditions for admissibility in various sequence spaces. Using the results
obtained, we study the existence of solutions (such as bounded, exponential or convergent solutions), of
linear or nonlinear discrete Volterra summation equations.

Keywords: Discrete Volterra operator; Admissibility; Discrete Volterra summation equations;
Convergent solutions

1. Introduction

In this paper we study, using concepts of admissibility, the discrete Volterra “summation”

equations

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ x ð jÞ; n [ Zþ ð1:1Þ

(where we denote by Zþ the set of all nonnegative integers, {0; 1; . . .; }) and the associated

nonlinear equation

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j; xð jÞÞ; n [ Zþ ð1:2Þ

(the nth equation is implicit in x(n)).

1.1 The framework

We denote by Rd the d-dimensional real space, by Cd the d-dimensional complex space and

Ed denotes either Rd or Cd (Euclidean space); x ¼ {xðnÞ}n[Zþ is a sequence, with xðnÞ [ Ed,

i.e. to be determined. The kernel of equation (1.1), B(n, j), is a d £ d matrix for each

j; n [ Zþ with j # n (the matrices B(n, j) with j . n do not enter the summation equations
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and may be set to zero). Additionally, h ¼ {hðnÞ}n[Zþ a given sequence in Ed, for u [ Ed,

f ð j; uÞ [ Ed. We suppose (see Remark 1.1 for a generalization) that f : Zþ £ Ed ! Ed .

Remark 1.1 For the nonlinear equation (1.2), we may generalize the framework indicated

by supposing that for some integer k . 0, hðnÞ [ Ek (for n [ Zþ), we have f : Zþ £ Ek ! Ed

and B(n, j), is a k £ d matrix for each j; n [ Zþ with j # n. A

1.2 Background material

To provide some background on Volterra equations, we first note the difference between

equations(1.1) and (1.2) and the explicit equations:

xðnÞ ¼ hðnÞ þ
Xn21

j¼0

Bðn; jÞ x ð jÞ; xðnÞ ¼ hðnÞ þ
Xn21

j¼0

Bðn; jÞ f ð j; xð jÞÞ; ð1:3Þ

special cases in which B(n,n) is absent from the summation. Equation (1.3) are sometimes

classed as “Volterra difference equations” in the literature (and this term has also been found

in use for equations (1.1) and (1.2)). We term equations (1.1) and (1.2), which includes

equation (1.3), Volterra summation equations to indicate that they may be regarded as

appropriate discrete analogues of classical Volterra integral equations

xðtÞ ¼ hðtÞ þ

ðt
0

Bðt; sÞ x ðsÞ ds ðt $ 0Þ; ð1:4aÞ

xðtÞ ¼ hðtÞ þ

ðt
0

Bðt; sÞ f ðs; xðsÞÞ ds ðt $ 0Þ; ð1:4bÞ

where for illustration, we suppose all the functions involved are continuous.

Remark 1.2 The (so-called†—we here follow [7, p. 26]) resolvent kernel R(t,s), associated

with B(t,s), permits the solution (1.4a) to be written xðtÞ ¼ hðtÞ þ
Ð t

0
Rðt; sÞhðsÞ ds. The

nonlinear equation (1.4b) is often called a Hammerstein equation, and the operator F with

ðFxÞðsÞ ¼ f ðs; xðsÞÞ is called the Niemytzki operator.

Discrete equations of the form (1.1) and (1.2) may arise from certain discretization

procedures [1,2,11] for the numerical solution of the integral equations (1.4a) and (1.4b) and

from modelling systems [10]. Certain integral equations reduce to ordinary or delay-

differential equations. Likewise, if Bðn; jÞ ¼ 0 when n2 j . k then our summation equations

reduce to finite-term recurrence relations, and if {B(n,j)} satisfy an appropriate recurrence

relation then the summation equations can be reduced to related difference equations. A

The literature (see [9,11,14,16,22], and references therein) on various types of discrete

Volterra equations, is quite extensive. For Volterra summation equations of the type (1.1) and

(1.2) there are—to the best of our knowledge—relatively few papers (e.g. [3,4,12,15,18–

21,23]). Much of the general qualitative theory for Volterra summation equations (1.1) and

(1.2) remains to be developed; for further reading see section 5.

†The term “resolvent” has more than one use in analysis; see [13, p. 194].

Y. Song and C. T. H. Baker434

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 F

ed
er

al
 D

o 
Pa

ra
na

] 
at

 1
2:

42
 2

2 
M

ar
ch

 2
01

3 



Let us place this paper in context. Admissibility theory for ordinary differential equations

was originated by Bohl early in the 20th century, and consolidated by Perron and Bellman and

then by Massera and Schäffer (cf. [17]). Admissibility theory for Volterra integral equations

(1.4) originated with Corduneanu [5] (cf. [6,7]) and was taken up by Cushing [8]. Our aim in

this paper is to develop admissibility theory for the corresponding discrete Volterra equations

(1.1) and (1.2). Admissibility theory provides a framework for investigation of solvability of

equations and stability of solutions, and our program is as follows: In section 2, we present

some Banach sequence spaces and define admissibility for discrete Volterra operators. In

section 3, we present and prove results on admissibility. Finally, we discuss some properties of

solutions of linear discrete Volterra equations, and bounded, exponential and convergent

solutions of nonlinear discrete Volterra equations, in section 4.

2. Preliminaries

2.1 Some Banach sequence spaces

We need to consider some spaces of sequences, or functions defined on Zþ. We denote by

lðEdÞ the linear topological space

lðEdÞ ¼ {x : x ¼ {xðnÞ}1n¼0; xðnÞ [ Ed}; ð2:1Þ

(which with the obvious definition of addition and scalar multiplication, is a linear space of

sequences of elements of Ed), the topology being that of convergence on any finite subset of

Zþ. This means that {xm ¼ {xmðnÞ}n[Zþ}m[Zþ converges to x ¼ {xðnÞ}n[Zþ if and only if

limm!1x
mðnÞ ¼ xðnÞ for each n [ Zþ (point-wise).

For any x ¼ {xðnÞ}1n¼0 [ lðEdÞ and any integer m $ 0, write

mkxk ¼ max {jxðnÞj : 0 # n # m}; ð2:2Þ

where j·j stands for the Euclidean norm in Ed. It is clear that the mapping x!m kxk is a semi-

norm on lðEdÞ and the topology of convergence on any finite subset of Zþ is that generated by

the family of semi-norms mkxk : m ¼ 0; 1; . . .. A distance can be defined on lðEdÞ by the

metric

rðx; yÞ :
X1
m¼0

1

2m

mkx2 yk

1 þm kx2 yk
:

The topology induced by r is the same as the topology of convergence on any finite subset

of Zþ.

A sequence g ¼ {gðnÞ}n[Zþ [ lðEÞ is non-vanishing if gðnÞ – 0 for all n [ Zþ. If g [

lðEÞ is non-vanishing, we will denote by lgðE
dÞ the linear space of all sequences of lðEdÞ

such that sup n[ZþjxðnÞj=jgðnÞj , 1. If we define

kxklg ¼ sup
n[Zþ

jxðnÞj

jgðnÞj
ð2:3Þ

for all x [ lgðE
dÞ, then x! kxklg is clearly a norm; likewise, lgðE

dÞ is the linear space with

the norm kxklg for a given non-vanishing sequence g ¼ {gðnÞ}n[Zþ [ lðEÞ. Obviously, the

following lemma is true.
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Lemma 2.1 lgðE
dÞ is a Banach space under the norm kxklg .

Remark 2.2 The topology of lgðE
dÞ is stronger than that of lðEdÞ. Indeed, suppose that

xm ! x in lgðE
dÞ as m!1. Then, given e . 0, there exists MðeÞ . 0 such

that jxmðnÞ2 xðnÞj , e jgðnÞj, n [ Zþ, whenever m $ MðeÞ. Since jgðnÞj is finite, it follows

that lim xmðnÞ ¼ xðnÞ as m!1. That is we have convergence in lðEdÞ. A

For {gðnÞ}n[Zþ with jgðnÞj ¼ 1 for n [ Zþ, the space lgðE
dÞ becomes the well-known

space l1ðEdÞ with norm k·k1 given by

kxk1 ¼ sup n$0jxðnÞj ð2:4Þ

It is obvious that if jgðnÞj $ g* . 0 for all n [ Zþ then lgðE
dÞ is isomorphic to

l1ðEdÞ. (The isomorphic mapping from l1ðEdÞ into lgðE
dÞ is x ¼ {xðnÞ}n[Zþ $ xg ¼

{xðnÞgðnÞ}n[Zþ .) Nevertheless, the opportunities for the choice of {gðnÞ}n[Zþ provide a

large variety of spaces consisting of sequences with a required behaviour. Several

subspaces of the space l1ðEdÞ are needed in the sequel. By l1c ðE
dÞ we denote the space

of convergent sequences, namely,

l1c ðE
dÞ ¼ {xjx [ l1ðEdÞ with lim

n!1
xðnÞ ¼ xð1Þ , 1} ð2:5Þ

with the norm of l1ðEdÞ and

l10 ðE
dÞ ¼ {xjx [ l1c ðE

dÞ with lim
n!1

xðnÞ ¼ 0} ð2:6Þ

with the norm of l1ðEdÞ. We note that the topology of l1c ðE
dÞ is stronger than that of

lðEdÞ. If there is no confusion, we sometimes write l, lg, l
1, lc and l0 for lðEdÞ, lgðE

dÞ,

l1ðEdÞ, lcðE
dÞ and l0ðE

dÞ, respectively.

Definition 2.3 A matrix-valued function CðnÞ on Zþ is said to be exponential, or to decay

exponentially if it satisfies jCðnÞj # Mvn for some M . 0 and v [ ð0; 1Þ.

If gðnÞ ¼ vn for v [ ð0; 1Þ, then any element of lgðE
dÞ is exponential. We say that a

summation or difference equation has an exponential (or convergent) solution if the solution

is in lgðE
dÞ with gðnÞ ¼ vn for v [ ð0; 1Þ (or in lcðE

dÞ).

2.2 The definition of admissibility for discrete Volterra operators

We now turn to equations (1.1) and (1.2) namely,

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ x ð jÞ; n [ Zþ; ð2:7Þ

and

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j; xð jÞÞ; n [ Zþ: ð2:8Þ

Y. Song and C. T. H. Baker436
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The behaviour of the solutions of equations (2.7) and (2.8) is, in part, determined by the

associated linear discrete Volterra operator B on lðEdÞ (see [3]) given by

ðBfÞðnÞ ¼
Xn
j¼0

Bðn; jÞfð jÞ; n [ Zþ; f [ lðEdÞ: ð2:9Þ

Therefore, to investigate the behaviour of solutions of equations (2.7) and (2.8), we first

study the operator B given by equation (2.9) in various sequence spaces. Without risk of

confusion, we employ the same notation B for the operators, for the individual matrices, and

(we define Bðn; jÞ ; 0 when j . n) the matrix sequence B ¼ {Bðn;mÞ}m;n[Zþ (and, similarly,

the notation x for the function from Zþ to Ed, the vectors xðnÞ and the sequence

x ¼ {xðnÞ}n[Zþ).

For a detailed discussion of Volterra summation operators on lðEdÞ, see [3]. We need the

following definition.

Definition 2.4 Let X and Y be two sequence spaces; the pair ðX; YÞ is called admissible

with respect to the operator B if Bx [ Y for any x ¼ {xðnÞ}n[Zþ [ X.

Lemma 2.5 Suppose that {Bðn;mÞ} is a d £ d matrix sequence. Then the discrete Volterra

operator B, defined by equation (2.9), is continuous from lðEdÞ to lðEdÞ.

Proof. Let fm ¼ {fmðnÞ}n[Zþ [ lðEdÞ be a sequence converging to f ¼ {fðnÞ}n[Zþ . This

implies that fmðnÞ! fðnÞ as m!1 for each n [ Zþ. Since ðBfmÞðnÞ2 ðBfÞðnÞ ¼Pn
j¼0Bðn; jÞðf

mðjÞ2 fðjÞÞ and Bðn; jÞ are bounded for 0 # j # n, it follows that Bfm ! Bf

in lðEdÞ as m!1. A

Since complete metric spaces (and Banach spaces) are Hausdorff with the natural

topologies, the next lemma applies for such cases. We use it to investigate the

continuity of linear operators (see, e.g. [6]), which plays an important rôle in our

discussion.

Lemma 2.6 Let X and Y be two linear topological Hausdorff spaces and assume L : X ! Y

is a continuous linear mapping. Assume further that X1 , X and Y1 , Y are Fréchet spaces

whose topologies are stronger than the topologies of X and Y, respectively. If LX1 , Y1, then

L is continuous from X1 to Y1.

Thus, for any two complete metric subspaces X1 , lðEdÞ and Y1 , lðEdÞ whose

topologies are stronger than the topologies of lðEdÞ and lðEdÞ, respectively, if BX1 , Y1,

then B : X1 ! Y1 is continuous, where B is given by equation (2.9).

3. Admissibility of linear discrete Volterra operators

3.1 Admissibility of the pair ðllg; llgÞ with respect to discrete Volterra operators

We are in a position to prove the following result.
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Theorem 3.1 Suppose that {Bðn;mÞ} is a d £ d matrix sequence. Then, a necessary and

sufficient condition for the admissibility of the pair ðlg; lgÞ with respect to the operator B

given by equation (2.9) is that

Xn
j¼0

jBðn; jÞjjgð jÞj

( )
n[Zþ

[ lgðEÞ: ð3:1Þ

Proof. Condition (3.1) ensures that there exists a positive constant A such that

Xn
j¼0

jBðn; jÞjjgð jÞj # AjgðnÞj; n [ Zþ: ð3:2Þ

Thus, for f ¼ {fðnÞ}n[Zþ [ lgðE
dÞ, we have

���Xn
j¼0

Bðn; jÞfð jÞ
��� # Xn

j¼0

jBðn; jÞjjgð jÞjðjfð jÞ=jjgð jÞjÞ # AjgðnÞjkfklg ; n [ Zþ;

which shows that Bf [ lg.

To prove the necessity of condition (3.2), we first consider the case d ¼ 1 (thus, {Bðn; jÞ} is

either a real- or complex-number sequence) and suppose that condition (3.2) does not hold.

We shall prove that the result

Blg , lg ð3:3Þ

is, with this assumption, impossible. In fact, if equation (3.2) is not satisfied, then there exists

an integer sequence nm, nm !1 as m!1, such that

Xnm
j¼0

jBðnm; jÞjjgð jÞj $ mjgðnmÞj; m $ 1: ð3:4Þ

For fixed n . 0 and E ¼ R, define f nm [ lg to be†

f nm ð jÞ ¼
sign{Bðnm; jÞ}jgð jÞj if 0 # j # nm;

0 if j . nm

(
ð3:5Þ

or define f nm [ lg to be

f mð jÞ ¼

0 if 0 # j # nm and jBðnm; jÞj ¼ 0;

Bðnm; jÞjgð jÞj=ðjBðnm; jÞjÞ if 0 # j # nm and jBðnm; jÞj – 0;

0 if j . nm

8>><
>>: ð3:6Þ

†For u [ R, sign(u) ¼ 1 if u $ 0, sign(u) ¼ 21 if u , 0.
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if E ¼ C, where �a denotes the conjugate of the number a. It is clear that in both cases

kf nmklg # 1 for m ¼ 0; 1; . . .; and

Xnm
j¼0

Bðnm; jÞf
nm ð jÞ ¼

Xnm
j¼0

jBðnm; jÞjjgð jÞj $ mjgðnmÞj: ð3:7Þ

If equation (3.3) is true, it follows from Remark 2.2, Lemmas 2.5 and 2.6 that B : lg ! lg
is continuous. Consequently, {Bf nm} should be bounded in lg. This contradicts equation

(3.7). Thus, the hypothesis that equation (3.3) does not hold implies that Blg C lg.

We now consider the general case where Bðn;mÞ ¼ ½br;sðn;mÞ� (r; s ¼ 1; 2; . . .; d) is a

matrix kernel. Observe that f ¼ {fðnÞ}n[Zþ [ lgðE
dÞ if and only if each coordinate of f

belongs to lgðEÞ. This follows easily from the definition of the space lgðE
dÞ. Generally, we

can write f ¼ ðf1; . . .;fdÞ, where fq [ lgðEÞ. Now take f [ lgðE
dÞ such that fq ; 0 on

Zþ for q – s where s is fixed. Since Bf [ lgðE
dÞ,

Xn
k¼0

br;sðn; kÞfsðkÞ

( )
n[Zþ

[ lgðEÞ; ð3:8Þ

for any r [ {1; 2; . . .; d}, and the fixed s. Since fs is arbitrary in lgðEÞ we have, from the

discussion above for the scalar case,

Xn
k¼0

jbr;sðn; kÞjjgðkÞj

( )
n[Zþ

[ lgðEÞ; for r ¼ 1; 2; . . .; d: ð3:9Þ

As r can be chosen arbitrarily from the set {1; 2; . . .; d}, it follows from equation (3.9) that

{
Pn

k¼0jBðn; kÞjjgðkÞj}n[Zþ [ lgðE
dÞ: This completes the proof of Theorem 3.1. A

From Lemma 2.6 and Theorem 3.1 we obtain the following result.

Corollary 3.2 The discrete Volterra operator B defined by equation (2.9) is continuous

from lgðE
dÞ! lgðE

dÞ if and only if the condition (3.1) holds.

The next result follows from particular choices of g ¼ {gðnÞ}n[Zþ and g ¼ {gðnÞ}n[Zþ .

Corollary 3.3 Consider the operator B given by equation (2.9). Then (i) the necessary

and sufficient condition for the admissibility of the pair ðlg; l
1Þ with respect to the operator

B is
Pn

j¼0 jBðn; jÞjjgðjÞj # M; n [ Zþ; (ii) the necessary and sufficient condition for the

admissibility of the pair ðl1; l1Þ with respect to the operator B is
Pn

j¼0 jBðn; jÞj # M,

n [ Zþ, where M is a constant; (iii) the necessary and sufficient condition for the

admissibility of the pair ðl1; lgÞ with respect to the operator B is
Pn

j¼0 jBðn; jÞj # MjgðnÞj,

n [ Zþ, where M is a constant.

3.2 Admissibility of the pair ðllg; llc
1Þ

A convergent solution of equations (2.7) and (2.8) is of interest in applications. This

motivates us to consider the problem of admissibility of the pair ðlg; l
1
c Þ with respect to the

operator B in equation (2.9).

We make the following hypotheses throughout the remainder of this section.
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Hypothesis H1 The limit limn!1Bðn; jÞ ¼ B* ðjÞ exists for each j [ Zþ, where {Bðn; jÞ} is

the d £ d matrix sequence defining the operator B in equation (2.9).

We note that {B* ðnÞ}n[Zþ is a d £ d matrix sequence.

Theorem 3.4 Suppose that Hypothesis H1 holds. Then a necessary and sufficient condition

for the admissibility of the pair ðlg; l
1
c Þ with respect to the discrete Volterra operator B in

equation (2.9) is that

X1
j¼0

jB* ð jÞjjgð jÞj , 1; ð3:10Þ

lim
n!1

Xn
j¼0

jBðn; jÞjjgð jÞj ¼
X1
j¼0

jB* ð jÞjjgð jÞj: ð3:11Þ

In addition, if ðlg; l
1
c Þ is admissible with respect to B, then, for any f [ lgðE

dÞ,

lim
n!1

ðBfÞðnÞ ¼
X1
j¼0

B* ð jÞfð jÞ: ð3:12Þ

Proof. Suppose conditions (3.10) and (3.11) hold. It is clear that if equation (3.12) holds for

any f ¼ {fðnÞ}n[Zþ [ lgðE
dÞ, then ðlg; l

1
c Þ is admissible with respect to B. Thus, we just

need to prove that equation (3.12) holds.

Note that for any f ¼ {fðnÞ}n[Zþ [ lgðE
dÞ, there is a positive constant Af such that

jfðnÞj # AfjgðnÞj for n [ Zþ. It follows from equation (3.10) that the right-hand side of

equation (3.12) make sense for any f ¼ {fðnÞ}n[Zþ [ lgðE
dÞ and

lim
n!1

Xn
j¼0

B* ð jÞfð jÞ ¼
X1
j¼0

B* ð jÞfð jÞ: ð3:13Þ

On the other hand, since equation (3.12) can be written as

lim
n!1

Xn
j¼0

½Bðn; jÞ2 B* ð jÞ�fð jÞ ¼ 0; ð3:14Þ

the result (3.12) will follow from

lim
n!1

Xn
j¼0

jBðn; jÞ2 B* ð jÞjjgð jÞj ¼ 0; ð3:15Þ

and we shall now prove equation (3.15) by using equations (3.10), (3.11) and Hypothesis H1.

For any 1 . 0, it follows from equations (3.10) and (3.11) that there exists an integer N . 0

such that

X1
j¼Nþ1

jB* ð jÞjjgð jÞj , 1 ð3:16Þ
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and

Xn
j¼0

jBðn; jÞjjgð jÞj ,
X1
j¼0

jB* ð jÞjjgð jÞj þ 1 ð3:17Þ

whenever n $ N. For n . N, we can write

Xn
j¼0

jBðn; jÞ2 B* ð jÞjjgð jÞj #
XN
j¼0

jBðn; jÞ2 B* ð jÞjjgð jÞj

þ
Xn

j¼Nþ1

jBðn; jÞjjgð jÞj þ
Xn

j¼Nþ1

jB* ð jÞjjgð jÞj:

ð3:18Þ

For the given 1 . 0, it follows from Hypothesis H1 that there exists an integer N1 . N

such that

2
XN
j¼0

jBðn; jÞjjgð jÞj , 2
XN
j¼0

jB* ð jÞjjgð jÞj þ 1 ð3:19Þ

and

XN
j¼0

jBðn; jÞ2 B* ð jÞjjgð jÞj , 1 ð3:20Þ

whenever n . N1. From equations (3.16), (3.19) and (3.20), we have

Xn
j¼Nþ1

jB* ð jÞjjgð jÞj #
X1

j¼Nþ1

jB* ð jÞjjgð jÞj , 1 ð3:21Þ

for n . N1 and

Xn
j¼Nþ1

jBðn; jÞjjgð jÞj #
Xn
j¼0

jBðn; jÞjjgð jÞj2
XN
j¼0

jBðn; jÞjjgð jÞj

,
X1
j¼0

jB* ð jÞjjgð jÞj þ 12
XN
j¼0

jB* ð jÞjjgð jÞj þ 1

¼
X1

j¼Nþ1

jB* ð jÞjjgð jÞj þ 21 , 31:

ð3:22Þ

Thus, from equations (3.18),(3.20)–(3.22), we have
Pn

j¼0 jBðn; jÞ2 B* ðjÞjjgðjÞj # 51,

n . N1, which implies that equation (3.15) holds and ðlg; l
1
c Þ is admissible with respect to B.

To prove the necessity of the condition, we first note that Bf [ l1c ðE
dÞ implies

Bf [ l1ðEdÞ. From Corollary 3.3 one obtains

Xn
j¼0

jBðn; jÞjjgð jÞj # M; n [ Zþ; ð3:23Þ
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where M is a positive constant. Since for any fixed integer n [ Zþ and i $ n,

Xn
j¼0

jB* ð jÞjjgð jÞj ¼ lim
i!1

Xn
j¼0

jBði; jÞjjgð jÞj ¼ lim
i!1

inf
m$i

{
Xn
j¼0

jBðm; jÞjjgð jÞj}

# lim
i!1

inf
m$i

Xm
j¼0

jBðm; jÞjjgð jÞj

( )
# M;

we have X1
j¼0

jB* ð jÞjjgð jÞj # lim
i!1

inf
m$i

Xm
j¼0

jBðm; jÞjjgð jÞj

( )
# M; ð3:24Þ

which implies that equation (3.10) holds. To prove the necessity of equation (3.11), we first

consider the special case k ¼ d ¼ 1. It is clear from equation (3.24) that

L ¼
X1
j¼0

jB* ð jÞjjgð jÞj # lim
i!1

inf
m$i

Xm
j¼0

jBðm; jÞjjgð jÞj

( )

# lim
i!1

sup
m$i

Xm
j¼0

jBðm; jÞjjgð jÞj

( )
¼ L0 # M:

ð3:25Þ

Note that equation (3.11) holds if L0 ¼ L. Therefore, it suffices to prove that L0 . L will

result in a contradiction. To this end, we note that there exists an integer n0 . 0 such that

Xn
j¼n0

jB* ð jÞjjgð jÞj , M1 , ðL0 2 LÞ=3; n $ n0: ð3:26Þ

From Xn
j¼n0

jBðn; jÞjjgð jÞj ¼
Xn
j¼0

jBðn; jÞjjgð jÞj2
Xn021

j¼0

jBðn; jÞjjgð jÞj; ð3:27Þ

one obtains

lim
i!1

sup
n$i

Xn
j¼n0

jBðn; jÞjjgð jÞj

( )
$ L0 2

Xn0

j¼0

jB* ð jÞjjgð jÞj $ L0 2 L . 3M1: ð3:28Þ

Thus, there exists an increasing integer sequence {nm}, with limm!1nm ¼ 1, such that

Xnm
j¼n0

jBðnm; jÞjjgð jÞj . 3M1; m $ 1: ð3:29Þ

From equation (3.26) one obtains

Xnm
j¼n0

jB* ð jÞjjgð jÞj , M1; m $ 1: ð3:30Þ

We can assume, without loss of generality, that the sequence {nm} also satisfies

Xnm
j¼n0

jBðnmþ1; jÞjjgð jÞj , M1; m $ 1: ð3:31Þ
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Indeed, it follows from Hypothesis H1 that

lim
n!1

Xn1

j¼n0

jBðn; jÞjjgð jÞj ¼
Xn1

j¼n0

jB* ð jÞjjgð jÞj , M1

Hence, there exists a first nq . n1 in the sequence {nm} such thatPn1

j¼n0
jBðnq; jÞjjgðjÞj , M1. We can omit all the terms of the sequence that lie between n1

and nq and denote nq by n2. Thus equation (3.31) holds for m ¼ 1. Starting now from

limn!1

Pn2

j¼n0
jBðn; jÞjjgðjÞj ¼

Pn2

j¼n0
jB* ðjÞjjgðjÞj , M1, we can construct n3 such thatPn2

j¼n0
jBðn3; jÞjjgðjÞj , M1. Of course, n3 will also be chosen from amongst the terms of

the sequence {nm}. Therefore, we can assume that the sequence {nm} satisfies both conditions

(3.30) and (3.31). The next step is to construct a sequence f [ lgðEÞ such that Bf � lcðEÞ.

For m $ 1, we define such f* ¼ {f*ðnÞ}n[Zþ as follows.

f* ðnÞ ¼
0 if 0 # n # n0;

ð21Þm21sign{Bðnm; nÞ}jgðnÞj if nm21 þ 1 # n # nm:

(
ð3:32Þ

if E ¼ R, or if E ¼ C

f* ðnÞ ¼

0 if 0 # n # n0;

0 if nm21 þ 1 # n # nm and jBðnm; nÞj ¼ 0;

ð21Þm21jgðnÞj Bðnm;nÞ
jBðnm;nÞj

if nm21 þ 1 # n # nm and jBðnm; nÞj – 0:

8>>><
>>>:

ð3:33Þ

Obviously, jf*ðnÞj # jgðnÞj. From equations (3.29) and (3.31), we have

ð21Þm21
Xnm

j¼nm21þ1

Bðnm; jÞf* ð jÞ ¼
Xnm

j¼nm21þ1

jBðnm; jÞjjgð jÞj

¼
Xnm
j¼n0

jBðnm; jÞjjgð jÞj2
Xnm21

j¼n0

jBðnm; jÞjjgð jÞj

$ 3M1 2M1 ¼ 2M1;

namely,

ð21Þm21
Xnm

j¼nm21þ1

Bðnm; jÞf* ð jÞ ¼
Xnm

j¼nm21þ1

jBðnm; jÞjjgð jÞj . 2M1: ð3:34Þ

It is clear that f* satisfies

ðBf* ÞðnmÞ ¼
Xnm
j¼0

Bðnm; jÞf* ð jÞ ¼
Xnm
j¼n0

Bðnm; jÞf* ð jÞ:

We show now that limðBf*ÞðnmÞ does not exist as m!1. In fact, it follows from

equations (3.31), (3.34) and jf*ðnÞj # jgðnÞj that

ð21Þm21
Xnm
j¼n0

Bðnm; jÞf* ð jÞ ¼ ð21Þm21
Xnm21

j¼n0

Bðnm; jÞf* ð jÞ þ ð21Þm21
Xnm

j¼nm21þ1

Bðnm; jÞf* ð jÞ

$ 2M1 2
Xnm21

j¼n0

jBðnm; jÞkf* ð jÞj $ 2M1 2
Xnm21

j¼n0

jBðnm; jÞjjgð jÞj . 2M1 2M1 ¼ M1:
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Thus, we obtain the inequalities

Xnm
j¼n0

Bðnm; jÞf* ð jÞ . M1 if m ¼ 2pþ 1;
Xnm
j¼n0

Bðnm; jÞf* ð jÞ , 2M1 if m ¼ 2p:

Therefore, limðBf*ÞðnmÞ does not exist as m!1, which implies L0 . L should be

rejected. Consequently, equation (3.11) is necessary in the scalar case.

For the general case when d . 1, we note that a vector sequence f ¼ {fðnÞ}n[Zþ is in

l1c ðE
dÞ if and only if each coordinate of f belongs to l1c ðEÞ. By the same procedure of

reduction used in the proof of Theorem 3.1, we deduce that it suffices to prove equation

(3.11) holds if limn!1

Pn
j¼0 jbr;sðn; jÞjjgðjÞj ¼

P1
j¼0 jb

*
r;sðjÞjjgðjÞj for all r; s [ {1; . . .; d}.

This follows immediately if we choose the norm of a matrix as the sum of absolute values of

its elements. Thus, Theorem 3.4 is established. A

Remark 3.5 Condition (3.10) can be replaced by equation (3.23). In fact, from Hypothesis

H1 and equation (3.24) we derive equation (3.10). Conversely, from equations (3.10) and

(3.11), we obtain the admissibility of pair ðlg; l
1
c Þ, this implies equation (3.23).

If c ¼ 0 in l1c , we obtain the following result. A

Corollary 3.6 Suppose that the Hypothesis H1 holds. Then a necessary and sufficient

condition that the pair ðlg; l
1
0 Þ be admissible with respect to the discrete Volterra operator B

given by equation (2.9) is that

Xn
j¼0

jBðn; jÞjjgð jÞj

( )
n[Zþ

[ l10 ðRÞ: ð3:35Þ

Proof. It is clear that condition (3.35) is equivalent to the condition

lim
n!1

Xn
j¼0

jBðn; jÞjjgð jÞj ¼ 0: ð3:36Þ

The sufficiency of equation (3.35) follows from Theorem 3.4 and the Remark 3.5. In this

case, both conditions (3.23) and (3.10) are fulfilled, the latter with B* ðnÞ ; 0.

For the necessity of equation (3.35), we argue as follows. From f [ lg, we

have Bf [ l10 , l1c . Thus, equations (3.11) and (3.12) are necessary. In this case,

limn!1ðBfÞðnÞ ¼ 0 for any f [ lg, which implies that
P1

n¼0 B* ðnÞfðnÞ ¼ 0. This leads

easily to B* ðnÞ ; 0, and equation (3.11) reduces to equation (3.36). A

3.3 Admissibility of the pair ðll1c ; ll
1
c Þ

We note that there does not exist a sequence g ¼ {gðnÞ}n[Zþ such that lg ¼ l1c . Thus we

cannot obtain the corresponding admissibility results for the pair ðl1c ; l
1
c Þ directly from those

proved in the above section. But using the same techniques in the previous sections, we can

prove the following result.
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Theorem 3.7 Let Hypothesis H1 be satisfied for B defined by equation (2.9). Then, a

necessary and sufficient condition for the pair ðl1c ; l
1
c Þ to be admissible with respect to B is

that the conditions of Corollary 3.3 (ii) hold, namely,

sup
n[Zþ

Xn
j¼0

jBðn; jÞj ¼ M , 1 ð3:37Þ

and the limit

lim
n!1

Xn
j¼0

Bðn; jÞ ð3:38Þ

exists. In addition, if the pair ðl1c ; l
1
c Þ is admissible with respect to B, then for any f ¼

{fðnÞ}n[Zþ [ l1c the following condition holds:

lim
n!1

Xn
j¼0

Bðn; jÞfð jÞ ¼ 2fð1Þ
X1
j¼0

B* ð jÞ þ
X1
j¼0

B* ð jÞfð jÞ þ fð1Þ lim
n!1

Xn
j¼0

Bðn; jÞ: ð3:39Þ

Proof. For sufficiency, suppose that equations (3.37) and (3.38) hold. We first show

X1
j¼0

jB* ð jÞj # M , 1: ð3:40Þ

To this end, we define Bðn; jÞ ; 0 when n , j. Since B* ðjÞ ¼ limn!1Bðn; jÞ, we have

Xn
j¼0

jB* ð jÞj ¼ lim
i!1

Xn
j¼0

jBði; jÞj ¼ lim
i!1

inf
m$i

Xn
j¼0

jBðm; jÞj

( )

# lim
i!1

inf
m$i

Xm
j¼0

Bðm; jÞj j

( )
# M

ð3:41Þ

for any fixed integer n [ Zþ. Thus equation (3.40) holds. It remains to prove condition

(3.39). Note that equation (3.39) is equivalent to the following condition:

lim
n!1

Xn
j¼0

½Bðn; jÞ2 B* ð jÞ�½fð jÞ2 fð1Þ� ¼ 0 ð3:42Þ

for f ¼ {fðnÞ}n[Zþ [ l1c and fð1Þ ¼ limn!1fðnÞ.

To prove equation (3.42), let f ¼ {fðnÞ}n[Zþ [ l1c and denote fð1Þ ¼ limn!1fðnÞ. For

any 1 . 0, there corresponds an integer N . 0 such that if n . N, then

jfðnÞ2 fð1Þj #
1

2ðkfk1 þMÞ
;

XN
j¼0

jBðn; jÞ2 B* ð jÞj ,
1

2ðM þ kfk1Þ
: ð3:43Þ

Admissibility for discrete Volterra equations 445

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 F

ed
er

al
 D

o 
Pa

ra
na

] 
at

 1
2:

42
 2

2 
M

ar
ch

 2
01

3 



Thus for any n . N, it follows from equations (3.37), (3.40) and (3.43) that

���Xn
j¼0

½Bðn; jÞ2 B* ð jÞ�½fð jÞ2 fð1Þ�

���

#
XN
j¼0

jBðn; jÞ2 B* ð jÞkfð jÞ2 fð1Þj þ
Xn

j¼Nþ1

jBðn; jÞ2 B* ð jÞkfð jÞ2 fð1Þj

# 2kfk1
XN
j¼0

jBðn; jÞ2 B* ð jÞj þ
12M

2ðkfk1 þMÞ
, 1;

which implies equation (3.42) and thus equation (3.39) holds.

We now consider necessity: suppose that Bl1c , l1c and we show that equations (3.37) and

(3.38) are satisfied. The latter is the simplest to establish: Take as a special case fðnÞ ¼ 1 and

f ¼ {fðnÞ}n[Zþ for n [ Zþ; then f [ l1c , and lim
Pn

j¼0 Bðn; jÞfðjÞ exists as n!1, since

Bl1c , l1c . Since
Pn

j¼0 Bðn; jÞfðjÞ ¼
Pn

j¼0 Bðn; jÞ; condition (3.38) is satisfied.

To prove equation (3.37), we use techniques similar to those found in the proof of

Theorem 3.1. Without loss of generality, we can consider only the scalar case. Since

B : l! l is continuous by Lemma 2.5 and Bl1c , l1c , it follows from Lemma 2.6 that

B : l1c ! l1c is continuous, which implies the following condition holds.

sup
kfk1#1

kBfk1 ¼ sup
n[Zþ

���Xn
j¼0

Bðn; jÞfð jÞ
���

( )
¼ M2 , 1; ð3:44Þ

where f ¼ {fðnÞ}n[Zþ [ l1c . Assume condition (3.37) does not hold. For M2 þ 1 . 0,

there exists an integer m . 0 such that
Pm

j¼0 jBðm; jÞj . M2 þ 1. We define f* as

follows. Let

f* ð jÞ ¼
sign{Bðm; jÞ} if 1 # j # m;

0 if j . m

(
ð3:45Þ

if E ¼ R and let

f* ð jÞ ¼

0 if 0 # j # m and jBðm; jÞj ¼ 0;

Bðm; jÞ=ðjBðm; jÞjÞ if 1 # j # m and jBðm; jÞj – 0;

0 if j . m

8>><
>>: ð3:46Þ

if E ¼ C. It is clear that kf*k1 # 1 and
Pm

j¼0 Bðm; jÞf*ðjÞ ¼
Pm

j¼0 jBðm; jÞj . M2 þ 1.

Hence kBf*k1 ¼ supn[Zþj
Pn

j¼0 Bðn; jÞf*ðjÞj . M2 þ 1, which contradicts equation (3.44).

This completes the proof of Theorem 3.7. A

Remark 3.8 Note that f* in equations (3.45) or (3.46) belongs to l10 . Therefore, we prove,

in fact, that if Bl10 , l10 , then supn[Zþ

Pn
j¼0 jBðn; jÞj , 1: A

Corollary 3.9 Let Hypothesis H1 be satisfied for B defined by equation (2.9). Then, a

necessary and sufficient condition for the pair ðl10 ; l
1
0 Þ be admissible with respect to B is that
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the condition of Corollary 3.3 (ii) holds, namely,

sup
n[Zþ

Xn
j¼0

jBðn; jÞj ¼ M , 1 ð3:47Þ

and

B* ðnÞ ; 0; n [ Zþ: ð3:48Þ

Proof. For sufficiency: suppose that equations (3.47) and (3.48) hold. From equation (3.42) it

follows that

lim
n!1

Xn
j¼0

Bðn; jÞfð jÞ ¼ 0 for any f ¼ {fðnÞ}n[Zþ [ l10 : ð3:49Þ

For necessity, suppose that Bl10 , l10 . It follows from Remark 3.8 that condition (3.47)

holds. Thus condition (3.40) is also satisfied. From equation (3.42), we have

lim
n!1

Xn
j¼0

Bðn; jÞfð jÞ ¼
X1
j¼0

B* ð jÞfð jÞ ¼ 0 for any f ¼ {fðnÞ}n[Zþ [ l10 ;

so that B* ðnÞ ; 0 for n [ Zþ. A

4. Solutions of some discrete Volterra equations

In section 3, we discussed several admissibility properties of the discrete Volterra operator B

in different situations; in this section we consider the existence of solutions of the

corresponding Volterra summation equation,

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j; xð jÞÞ; n [ Zþ; ð4:1Þ

and investigate the properties of solutions using the notation and concepts above.

4.1 linear discrete Volterra equations

We commence with the linear equations

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ x ð jÞ; n [ Zþ; ð4:2Þ

where h ¼ {hðnÞ}n[Zþ is a given sequence in Ed and B : Zþ £ Zþ ! Ed£d, and investigate the

relation between the properties of solutions of equation (4.2) and the admissibility theory

developed in section 3. A necessary and sufficient condition (see [15]) for the existence and

unicity of a solution of equation (4.2) in lðEdÞ is that

detðI 2 Bðn; nÞÞ – 0 for all n [ Zþ ð4:3Þ
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and we always assume that equation (4.3) holds in this subsection. The resolvent R :

Zþ £ Zþ ! Ed£d of the kernel B in equation (4.2) is defined via the solution of

Rðn;mÞ ¼
Xn
j¼m

Rðn; jÞBð j;mÞ2 Bðn;mÞ; m # n [ Zþ ð4:4aÞ

or

Rðn;mÞ ¼
Xn
j¼m

Bðn; jÞRð j;mÞ2 Bðn;mÞ; m # n [ Zþ; ð4:4bÞ

Rðn;mÞ ¼ 0 for m . n: ð4:4cÞ

We note that both equations (4.4a) and (4.4b) are solvable by equation (4.3). It is known

(see [15]) that if Rðn;mÞ satisfies equation (4.4a), then it also satisfies equation (4.4b) and

vice versa. For details of the resolvent and the variation of constants formula (4.5), see [15]

whose sign conventions we follow here.† The solution x ¼ {x(n)} of equation (4.2) can be

expressed as

xðnÞ ¼ hðnÞ2
Xn

j¼0
Rðn; jÞhð jÞ; n [ Zþ: ð4:5Þ

The operator R on lðEdÞ corresponds to the resolvent matrices {Rðn;mÞ} associated with

the operator B (also defined on lðEdÞ) by the matrices {Bðn;mÞ}:

ðBfÞðnÞ ¼
Xn
j¼0

Bðn; jÞfð jÞ; ðRfÞðnÞ ¼
Xn
j¼0

Rðn; jÞfð jÞðn [ Zþ;f [ lðEdÞÞ: ð4:6Þ

The operators B and R on lðEdÞ in equation (4.6) are related through the equations

ðI 2 BÞR ¼ 2B; or RðI 2 BÞ ¼ 2B: ð4:7Þ

Remark 4.1 From equation (4.3), {Rðn;mÞ} (given by equations (4.4a) or (4.4b)) satisfies

detðI 2 Rðn; nÞÞ – 0 for all n [ Zþ. If we consider the linear discrete equations

yðnÞ ¼ hðnÞ þ
Xn
j¼0

Rðn; jÞyð jÞ; n [ Zþ; ð4:8Þ

where h ¼ {hðnÞ}, the solution y ¼ {yðnÞ} of equation (4.8) is given by

yðnÞ ¼ hðnÞ2
Xn
j¼0

Bðn; jÞhð jÞ; n [ Zþ: ð4:9Þ

The equations (4.2), (4.5), (4.8) and (4.9) can be written as x ¼ hþ Bx, x ¼ h2 Rh,

y ¼ hþ Ry and y ¼ h2 Bh, respectively. A

We are now in a position to give our main results in this section.

†If we sought to preserve the analogy with R(t,s) in Remark 1.2, we would make a change of sign in equation (4.5)
and the associated equations.

Y. Song and C. T. H. Baker448

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 F

ed
er

al
 D

o 
Pa

ra
na

] 
at

 1
2:

42
 2

2 
M

ar
ch

 2
01

3 



Theorem 4.2 Let V be one of the spaces: lgðE
dÞ, l1ðEdÞ, l1c ðE

dÞ or l10 ðE
dÞ. Then the

following statements are equivalent. (i) For each h [ V , the solution x ¼ {xðnÞ}n[Zþ of

equation (4.2) on Zþ (equivalently, the solution of x ¼ hþ Bx) belongs to V. (ii) The pair

ðV;VÞ is admissible with respect to the operator R given in equation (4.6).

Proof. We show that (i) implies (ii): for each h [ V , the solution x of x ¼ hþ Bx belongs to

V and x ¼ h2 Rh by the variation of constants formula (4.5), which implies that for each

h [ V we have Rh ¼ h2 x [ V . It follows from Definition 2.4 that the pair (V,V) is

admissible with respect to the operator R.

We show that (ii) implies (i): since Rh [ V for each h [ V, we have h2 Rh [ V . Set

x ¼ h2 Rh. Then x ¼ h2 Rh is a solution of x ¼ hþ Bx and x [ V . A

By the same arguments, we obtain the following results.

Theorem 4.3 Let V be one of the spaces: lgðE
dÞ, l1ðEdÞ, l1c ðE

dÞ or l10 ðE
dÞ. Then the

following statements are equivalent. (i) For each h [ V , the solution x ¼ {xðnÞ}n[Zþ of

equation (4.8) (or the equation x ¼ hþ Rx) on Zþ belongs to V. (ii) The pair ðV;VÞ is

admissible with respect to the operator B given by equation (4.6).

Remark 4.4 We see from Theorem 4.3 that the admissibility of the pair ðV ;VÞ with respect

to the operator B given by equation (4.2) does not necessarily relate to the properties of the

solutions of equation (4.2).

Let V be one of the spaces: lgðE
dÞ, l1ðEdÞ, l1c ðE

dÞ or l10 ðE
dÞ. The equivalent conditions for

the admissibility of the pair ðV;VÞ with respect to B (or R) can be found in Theorem 3.1,

Corollary 3.2, Theorem 3.7 and Corollary 3.9, respectively. A

4.2 Nonlinear discrete Volterra equations

Let us turn to nonlinear equations (4.1), namely,

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j; xð jÞÞ; n [ Zþ: ð4:10Þ

We use the notation F : f! Ff to denote the map defined on lðEdÞ by

ðFfÞðnÞ ¼ f ðn;fðnÞÞ for f [ lðEdÞ: ð4:11Þ

The operator F is the discrete Niemytzki operator. We employ the same notation F when

the operator acts on lgðE
dÞ, or lcðE

dÞ. A solution of a summation equation is called an lg
solution if the solution belongs to the space lgðE

dÞ.

4.2.1 Solutions in llg. To ensure that a solution x of equation (4.10) lies in lgðE
dÞ, we shall

ask that F maps lgðE
dÞ into lgðE

dÞ, i.e.

for any f [ lgðE
dÞ; {ðFfÞðnÞ}n[Zþ [ lgðE

dÞ: ð4:12Þ
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For equation (4.10), we define the linear discrete Volterra operator B by the relation

ðBfÞðnÞ ¼
Xn
j¼0

Bðn; jÞfð jÞ; n [ Zþ: ð4:13Þ

and we show that if Blg , l (that is, the pair ðlg; lgÞ is admissible with respect to B), and

h [ lgðE
dÞ, then equation (4.10) has unique solution in lg under certain conditions on f (to be

stated in what follows).

Theorem 4.5 Suppose that (1) hðnÞ [ lgðE
dÞ; (2) {B(n,m)} satisfies

Xn
j¼0

jBðn; jÞjjgð jÞj

( )
n[Zþ

[ lgðEÞ; ð4:14Þ

(3) the operator F, defined in equation (4.11), maps lgðE
dÞ to lgðE

dÞ and satisfies

kFf2 Fcklg # lkf2 cklg : ð4:15Þ

Then the equation (4.10) has a unique solution in lgðE
dÞ for sufficiently small l.

Proof. We define a operator T on lgðE
dÞ as follows.

ðTfÞðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j;fð jÞÞ; n [ Zþ; ð4:16Þ

for f [ lgðE
dÞ. Note that the condition (4.14) is equivalent to

Xn
j¼0

jBðn; jÞjjgð jÞj # MjgðnÞj; n [ Zþ; ð4:17Þ

where M . 0 is a constant. Thus for f [ lgðE
dÞ, equations (4.16) and (4.17) yield

jðTfÞðnÞj

jgðnÞj
#

jhðnÞj

jgðnÞj
þ

Xn
j¼0

jBðn; jÞjjgð jÞj

jgðnÞj

j f ð j;fð jÞÞj

jgð jÞj
# khklg þMkFfklg ;

which implies that Tf [ lgðE
dÞ. In addition, for any f;c [ lgðE

dÞ, we have

ðTfÞðnÞ2 ðTcÞðnÞ ¼
Xn
j¼0

Bðn; jÞ½f ð j;fð jÞÞ2 f ð j;cð jÞÞ� ðn [ ZþÞ ð4:18Þ
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and

jðTfÞðnÞ2 ðTcÞðnÞj ¼
Xn
j¼0

jBðn; jÞk½f ð j;fð jÞÞ2 f ð j;cð jÞÞ�j

#
Xn
j¼0

jBðn; jÞjjgð jÞj
j f ð j;fð jÞÞ2 f ð j;cð jÞÞj

jgð jÞj

#
Xn
j¼0

jBðn; jÞjjgð jÞjlkf2 cklg # MjgðnÞjlkf2 cklg :

Hence, kTf2 Tcklg # Mlkf2 cklg and T is continuous on lgðE
dÞ. If we assume

l , M21, we conclude that T is a contraction operator on lgðE
dÞ and the proof of

Theorem 4.5 is completed. A

Remark 4.6 If we replace the Condition (3) in Theorem 4.5 by the requirement that the

mapping f! Ff takes V ¼ {f : f [ lgðE
dÞ; kfklg # r} into lgðE

dÞ such that equation

(4.15) is satisfied for any f;c [ V, then we obtain an existence result in V provided

TV , V. It is readily shown that the inclusion TV , V follows from

khklg þMkFuklg # rð1 2 lMÞ; ð4:19Þ

where u denotes the null element in lgðE
dÞ. A

The first corollary of Theorem 4.5 concerns a boundedness result for equation (4.10).

Corollary 4.7 Assume that (1) hðnÞ [ l1ðEdÞ

(2) {B(n,m)} satisfies

Xn
j¼0

jBðn; jÞj # M n [ Zþ; ð4:20Þ

(3) the mapping f : Zþ £ Ed ! Ed is continuous in the second variable and satisfies

j f ðn; uÞ2 f ðn; u0Þj # lju2 u0j for any n [ Zþ and all u; u0 [ Ed: ð4:21Þ

Then equation (4.10) has a unique solution in l1ðEdÞ for sufficiently small l.

Proof. The proof follows easily from that of Theorem 4.5 if one notes the following

circumstances: first, condition (4.20) is a special case of equation (4.17) with gðnÞ ¼ ðnÞ ¼ 1

for all n [ Zþ. Second, condition (3) of Corollary 4.7 implies that the operator F maps

l1ðEdÞ to l1ðEdÞ and satisfies kFf2 Fckl1 # lkf2 ckl1 . A

The next corollary relates to the existence of an exponential solution of equation (4.10).
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Corollary 4.8 Suppose that the data in equation (4.10) satisfy the following conditions:

(1) for h : Zþ ! Ed, there exist positive numbers h0 and v [ ð0; 1Þ, such that

jhðnÞj # h0v
n; n [ Zþ; ð4:22Þ

(2) there exists a positive number b0 such that, when v is the value in equation (4.22),

jBðn; jÞj # b0v
n2j; 0 # j # n , 1; ð4:23Þ

(3) the mapping f : Zþ £ Ed ! Ed satisfies

j f ðn; uÞ2 f ðn; u0Þj # lanju2 u0j for any n [ Zþ and all u; u0 [ Ed ð4:24Þ

and f ðn; 0Þ ; 0 for n [ Zþ, where 0 , a , v is a given constant. Then, provided l is

sufficiently small, equation (4.10) has a unique solution x [ l1ðEdÞ such that

jxðnÞj # M1v
n; n [ Zþfor some constant M1 . 0: ð4:25Þ

Proof. Condition (4.22) implies h [ lgðE
dÞ with gðnÞ ¼ vn for n [ Zþ. We define an

operator T on lgðE
dÞ by setting

ðTfÞðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j;fð jÞÞ; n [ Zþ; ð4:26Þ

for f [ l1ðEdÞ. We conclude that T maps l1ðEdÞ to lgðE
dÞ and T is also contractive. In fact,

if f;c [ l1ðEdÞ, it follows from condition (3) that

jðTfÞðnÞj

vn
#

jhðnÞj

vn
þ

Xn
j¼0

jBðn; jÞj

vn
j f ð j;fð jÞÞj

# h0 þ b0

Xn
j¼0

vn2jv2nla jjfð jÞj # h0 þ b0

lv

v2 a
kfk1 , 1; for n [ Zþ;

and

jðTfÞðnÞ2 ðTcÞðnÞj ¼
Xn
j¼0

jBðn; jÞk½f ð j;fð jÞÞ2 f ð j;cð jÞÞ�j

#
Xn
j¼0

b0v
n2jla jjfð jÞ2 cð jÞj # b0v

n lv

v2 a
kf2 ck1:

Thus Tl1ðEdÞ , lgðE
dÞ and T is a contraction operator if l , ðv2 a=b0vÞ. Finally, T has

a unique fixed point f [ l1ðEdÞ such that Tf [ lgðE
dÞ. This completes the proof. A

Remark 4.9 If, for gðnÞ ¼ vn ð0 , v , 1Þ, the pair ðlg; lgÞ is admissible with respect to the

operator B in equation (4.13), then condition (4.23) holds. Furthermore, if (with this g) we

replace the condition (4.23) by the requirement that ðlg; lgÞ is admissible with respect to B,

the conclusion of Corollary 4.8 holds for 0 , a # v in equation (4.24).
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4.3 Convergent solutions

We again consider the discrete Volterra equation (4.10), namely,

xðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j; xð jÞÞ; n [ Zþ: ð4:27Þ

A solution of a summation or difference equation is called a convergent solution, if the

solution belongs to the space lc. To study convergent solutions of equation (4.27), we assume

that Bðn; jÞ satisfies Hypothesis H1, i.e.

lim
n!1

Bðn; jÞ ¼ B* ð jÞ; j [ Zþ: ð4:28Þ

Theorem 4.10 Suppose that (i) {hðnÞ}n[Zþ [ lcðE
dÞ; (ii) the pair ðlgðE

dÞ; lcðE
dÞÞ is

admissible with respect to the operator

ðBfÞðnÞ ¼
Xn
j¼0

Bðn; jÞfð jÞ; n [ Zþ; ð4:29Þ

namely, conditions (3.10) and (3.11) hold; the operator F maps l1ðEdÞ into lg(E
d) and

satisfies

kFf2 Fcklg # lkf2 ck1 for any f;c [ lc: ð4:30Þ

Then equation (4.27) has a unique solution {xðnÞ}n[Zþ [ lcðE
dÞ for sufficiently small l.

Proof. By the assumptions of Theorem 4.10, one can readily prove that the operator

ðTfÞðnÞ ¼ hðnÞ þ
Xn
j¼0

Bðn; jÞ f ð j;fð jÞÞ ðn [ ZþÞ ð4:31Þ

carries the space lcðE
dÞ into itself. In fact, one can show the sequence {ðTfÞðnÞ}$0 is a

Cauchy sequence in l1ðEdÞ. It remains to show that T is a contraction in the metric of l1ðEdÞ.

From Theorem 3.4, it is readily show that the operator B given by equation (4.29) is

continuous from lgðE
dÞ into lcðE

dÞ. Thus there exists a positive number M . 0 such that

kBfk1 # Mkfklg for any f [ lgðE
dÞ. Consequently, for any f;c [ lc, we have

kTf2 Tck1 # lMkf2 ck1;

which implies that T is a contraction if l , M21. The proof is completed. A

Remark 4.11 By the last statement of Theorem 3.4, it is readily shown that for the unique

solution {xðnÞ}n[Zþ of equation (4.27), the value xð1Þ ¼ limn!1xðnÞ satisfies

xð1Þ ¼ hð1Þ þ
P1

j¼0 B* ðjÞf ðj; xðjÞÞ: A

Remark 4.12 As can be shown by attention to the manipulative detail, the preceding results

can be extended to the framework indicated in Remark 1.1. However, in what now follows we

assume the framework in subsection 1.1. A
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If, in Theorem 4.5, F is chosen to correspond to f ðn;fðnÞÞ ¼ fðnÞ in equation (4.11), then

the mapping w! Fw becomes the identity mapping. In this case, the crucial condition (3) in

Theorem 4.5 is not in general satisfied (equation (4.15) cannot be satisfied with l , 1).

Hence, Theorem 4.5 cannot be applied to an arbitrary linear equation

xðnÞ ¼ hðnÞ þ
Pn

j¼0 Bðn; jÞ x ð jÞ. Similar remarks also apply to all other results in subsection

4.2. However, we have something of a remedy in the following analysis.

Lemma 4.13 Suppose the operator F in equation (4.11) maps the space lðEdÞ to itself, and

suppose that equation (4.3) is satisfied. Then x is a solution of equation (4.10) if and only if

xðnÞ ¼ ĥðnÞ2
Xn
j¼0

Rðn; jÞf̂ð j; xð jÞÞ; n [ Zþ; ð4:32Þ

where, for n [ Zþ,

ĥðnÞ ¼ hðnÞ2
Xn
j¼0

Rðn; jÞhð jÞ and f̂ n; xðnÞ
� �

U f n; xðnÞ
� �

2 xðnÞ: ð4:33Þ

Proof. Equation (4.27) can be expressed as x ¼ hþ BFx. Hence, x ¼ hþ BðF 2 IÞxþ Bx

where I is the identity map. Since R exists by virtue of equation (4.3), we deduce that

x ¼ hþ BðF 2 IÞx2 Rðhþ BðF 2 IÞxÞ and hence x ¼ ðh2 RhÞ þ ðB2 RBÞðF 2 IÞx and

the result follows because B2 RB ¼ 2R and f̂ð·; ·Þ defines the discrete Niemytzki operator

F̂ U F 2 I. We have x ¼ ĥ2 RF̂x and all the steps are reversible. A

In view of the preceding results, we can state analogous results valid under analogous

conditions that correspond to the results stated earlier. The analogy is preserved if we

introduce B̂, and regard it as an alias for 2R; we also invoke the operator F̂ where

ðF̂fÞðnÞ ¼ f̂ðn;fðnÞÞ ; f ðn;fðnÞÞ2 fðnÞ for f [ lðEdÞ: ð4:34Þ

We shall need conditions on ĥ, f̂ (or F̂) and on B̂ (i.e., on R), instead of the previous

conditions on h, f (or F) and B. At the same time, we can replace g by ĝ, and replace g by ĝ in

order to obtain the analogous results. If we substitute R for 2B̂; the notation x̂ is superfluous

as x̂ is x by Lemma 4.13. Thus, the analogue of Theorem 4.5 now reads:

Theorem 4.14 Suppose that (1) ĥðnÞ [ lĝðE
dÞ; (2) the resolvent {Rðn;mÞ} satisfies

{
Pn

j¼0 jRðn; jÞkĝðjÞj}n[Zþ [ lĝðEÞ; (3) the operator F̂ maps lĝðE
dÞ to lĝðE

dÞ and satisfies

kF̂f2 F̂cklĝ # l̂kf2 cklĝ . Then equation (4.10) has a unique solution in lĝðE
dÞ for

sufficiently small l̂.

We can likewise obtain analogues of Corollary 4.8 and Theorem 4.10. The latter requires

us to make use of an analogue of Hypothesis H1, and (since B̂ ¼ 2R, B̂* ¼ 2R* ) we then

request the following Hypothesis.

Hypothesis H2 If R ¼ {Rðn; jÞ} is the d £ d matrix sequence in equation (4.4), the limit

lim
n!1

Rðn; jÞ ¼ R*ðjÞ exists for each j [ Zþ.
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Remark 4.15 The introduction of ĝ and ĝ serves to emphasize that the new requirements on

ĥ, f̂ (or F̂) and on R do not in general follow from the previous assumptions on h, f (or F) and

B. Those assumption correspond to the selection of g to be ĝ and of g to be ĝ. We then

suppose that F maps lgðE
dÞ to lgðE

dÞ, but cannot automatically conclude that F̂ maps lgðE
dÞ

to lgðE
dÞ. (F̂ ¼ F 2 I and I maps lgðE

dÞ to lgðE
dÞ.) If F (or f) satisfies conditions (4.15),

(4.24), or (4.30), we are unable automatically to conclude that F̂ ¼ F 2 I satisfies the

analogous condition where ĝ is g and ĝ is g. A

The difficulties commented on in Remark 4.15 can be eliminated if we are prepared to

limit the choice of underlying spaces. We state without proof the following lemma.

Lemma 4.16 Let V be one of the spaces lgðE
dÞ, l1ðEdÞ, l1c ðE

dÞ or l10 ðE
dÞ. If h [ V and the

pair ðV ;VÞ is admissible with respect to the operator R in equation (4.6), then ĥ, given by

equation (4.33), belongs to V.

Remark 4.17 Observe that Theorem 4.2 provides a condition that ensures that the pair

ðV;VÞ (as above) is admissible with respect to the operator R. A

We may like to have conditions expressed in terms of h, f, and B. Thus, in place of

Hypothesis H2 (for R), we may be able to adopt Hypothesis H1 (for B) and supplement it

with additional conditions. To illustrate this, it has been shown (see [18]) that the following

result holds.

Lemma 4.18 If supn[Zþ

Pn
j¼0 jBðn; jÞj , 1, then supn[Zþ

Pn
j¼0jRðn; jÞj , 1. If, in addition,

limn!1Bðn; jÞ ¼ 0 for each j $ 0, then limn!1Rðn; jÞ ¼ 0 for each j $ 0. With the stated

conditions, Hypothesis H2 is satisfied.

Our final two theorems illustrate the type of results that arise from the above analysis. In

these results, F̂ is again defined by equation (4.34).

Theorem 4.19 Suppose that (1) hðnÞ [ lgðE
dÞ; (2) the resolvent {Rðn;mÞ} satisfies

{
Pn

j¼0 jRðn; jÞjjgðjÞj}n[Zþ [ lgðEÞ; (3) F̂ maps lgðE
dÞ to lgðE

dÞ and satisfies

kF̂f2 F̂cklg # l̂kf2 cklg . Then equation (4.10) has a unique solution in lgðE
dÞ for

sufficiently small l̂.

Condition (2) in Theorem 4.19 (which we discuss further, below) is the condition

sup
n$0

1

jgðnÞj

Xn
j¼0

jRðn; jÞjjgð jÞj , 1: ð4:35Þ

Theorem 4.20 Suppose that (1) gðnÞ ¼ vn ð0 , v , 1) for all n $ 0; (2) hðnÞ [ lgðE
dÞ;

(3) the pair ðlg; lgÞ is admissible with respect to the resolvent operator R defined by equation

(4.6); (4) F̂, in equation (4.34) satisfies jðF̂wÞðnÞ2 ðF̂cÞðnÞj # l̂ânjwðnÞ2 cðnÞj for any

n [ Zþ, w;c [ lgðE
dÞ and f ðn; 0Þ ; 0 for n [ Zþ, where â [ ð0; v� is a given constant.

Then equation (4.10) has a unique solution in lgðE
dÞ for sufficiently small l̂.
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In Theorems 4.19 and 4.20, results for the nonlinear case collapse to the linear case (4.2)

on setting f ðn; xðnÞÞ ¼ xðnÞ (equivalently, f̂ðn; xðnÞÞ ¼ 0, l̂ ¼ 0).

Let us return to condition (2) in Theorem 4.19 and, for simplicity, take d ¼ 1, E ¼ R. We

find a condition in terms of {Bðn; jÞ} that guarantees equation (4.35).

We have
Pn

m¼0 jRðn;mÞjjgðmÞj ¼
Pn

m¼0 Rðn;mÞsn;mjgðmÞj, with sn;m ¼ sign{Rðn;mÞ}.

Set gðnÞ ¼
Pn

m¼0 jRðn;mÞjjgðmÞj (so gðnÞ $ 0). We can show, using equation (4.4b), that

gðnÞ ¼
Xn
m¼0

Xn
k¼0

sn;m

sk;m
Bðn; kÞjRðk;mÞjjgðmÞj2

Xn
m¼0

sn;mBðn;mÞjjgðmÞj ð4:37Þ

(since Rðk;mÞ ¼ 0 if k , m) and we obtain the inequality j1 2 Bðn; nÞjgðnÞ #
Pn21

k¼0

jBðn; kÞjgðkÞ þ
Pn

m¼0 jBðn;mÞjjgðmÞj. We deduce (see Remark 4.21) that gðnÞ # g* ðnÞ

where, with

Lðn; jÞ ¼ jBðn; jÞ={1 2 Bðn; nÞ}j for j # n; Lðn; jÞ ¼ 0 for j . n; ð4:38Þ

the sequence {g* ðnÞ}n[Zþ satisfies

g* ðnÞ ¼
Xn21

j¼0

Lðn; jÞg* ð jÞ þ n ðnÞwhere n ðnÞ ¼
Xn
j¼0

Lðn; jÞjjgð jÞj: ð4:39Þ

By the linear theory, g* ðnÞ ¼
Pn21

j¼0 Mðn; jÞn ð jÞ þ n ðnÞ for an appropriate sequence

{Mðn;mÞ} (where Mðm; nÞ $ 0); see below. Satisfaction of condition (4.35) is assured when

g* [ lgðEÞ. This, in turn, follows if n [ lgðRÞ and Mn [ lgðRÞ, which is guaranteed a

fortiori when ðlgðRÞ; lgðRÞÞ is admissible with respect to the operator L defined by the

sequence {Lðn;mÞ} given, in terms of {Bðn;mÞ}, by equation (4.38).

Remark 4.21 We give further detail: denote by L the matrix of order n with ðr; sÞ-th entry

Lr;s ¼ Lðr 2 1; s2 1Þ for s , rLr,s ¼ 0 for r $ s ðr; s [ {1; 2; · · ·; n}). Denote by I þ M the

matrix ½I 2 L�21, then M ¼ Lþ L2 þ · · ·þ Ln21 and (like L) M is strictly lower triangular

with non-negative entries. When ½I 2 L�g ¼ n, ½I 2 L�g* ¼ n* and n # n* (component-

wise) it follows that g # g* (componentwise), so gðnÞ # g* ðnÞ. Further, Mðm; nÞ ¼

Mmþ1;nþ1 for n , m, Mðm; nÞ ¼ 0 for n $ m (m; n [ Zþ).

5. Further reading

For a considerable amount of material on recurrence equations, refer to Agarwal [1] and

Elaydi [11]. We comment on a selection of the further reading available, as an indication of

approaches alternative to our own. The purpose of Cushing, in [8], was to prove an abstract

operator version of certain existence theorems for differential and Volterra integral equations

which deal with stability properties of solutions. The results unified and generalized many of

the basic theorems concerning stability of such equations. Dannan, Elaydi, and Li [9] gave a

theory for Volterra difference equations that parallels stability theory of Volterra differential

and integro-differential equations. The topics include the z-transform method, the resolvent

matrix (see also [23]) and variation of constants formulae. Kwapisz [16] analyzed the explicit

equations xðnÞ ¼
Pn21

i¼0 gðn; i; xðiÞÞ þ hðnÞ and used weighted norms to find sufficient

conditions for all solutions of such equations to be elements of an lp space. Some
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generalizations of lp spaces were also considered, and the corresponding sufficient

conditions established. We also draw further attention to [12,14,15]. Some special cases

discussed in [15] provide stimulus for developing the current work further.
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