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The existence of non-negative convergent solutions of discrete Volterra equations is
obtained, by using a variety of fixed-point theorems. Examples are given to illustrate
the results.
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1. Introduction

In this paper, we study the implicit discrete Volterra equations

x(n) =Y B, j)f(j,x(j), n€Z, (1

=0
with
B(n,j) ER foreach j=n€Z" and f: Z" xR—R.

(We write ZT = {0, 1, ..., }, R = (—00,00) and R" = [0, ®).) Values B(n,j) with j > n
do not enter the summation equations above and are to be set to zero.

Here, x = {x(n)},c7+ is a sequence, with x(n) € R, that is to be determined. Thus
in the study of (1), the first issue to address is the existence of a solution x(n) to the
equation

n—1

x(n) — B(n,n)f (n,x(n)) = ZB(mj)f(j,JC(j)) (foreachn =0,1,2, ...),
=0

given, for n = 1, the ‘preceding’ values x(0), ..., x(n — 1).

Such a solution {x(0), x(1), x(2), ... } of (1) is non-negative, if x(j) = 0 forj € 7" and
is termed a convergent solution, if lim;_..x(j) exists and is finite. We continue the work
started in [30], in order to establish existence results for non-negative convergent solutions
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of (1); we use admissibility theory for discrete equations [30] and a variety of fixed-point
theorems. We also give examples to illustrate the results.

Remark 1. The theory of difference equations (see, for example [1,17]) has gained
widespread attention. For recent work related to discrete Volterra equations such as (1),
see (for example) [1,3,4,6—8,14-19,21,25,27-31].

The results in this paper are theoretical, but they are in principle applicable. In practice,
discrete equations of the form (1) may arise in their own right as discrete models or from certain
discretization procedures in the numerical solution of Volterra integral or functional equations.
See, for example, [5,9—11,23] and references therein. Integral equations can sometimes be
reduced to ordinary differential equations, integro-differential equations, or delay-differential
equations; likewise, if B(n,j) = O when n — j > k then our summation equations reduce to
finite-term recurrence relations, and if { B(n, j) } satisfy an appropriate recurrence relation then
the summation equations can be reduced to related difference equations.

Our paper is organized as follows. In Section 2, we present some basic results and
recall several fixed-point theorems; we give our main results in Section 3, which contains
separate subsections corresponding to each of the fixed-point theorems that are employed
to deduce results.

2. Preliminaries and basic results

In the next subsections, we consider some basic infrastructure.

2.1 Some Banach spaces whose elements are sequences

We need to consider various spaces of sequences (equivalent to spaces of functions
defined on ZT). We denote by /(R), the linear space

/(R) = {u cu={un)},_, un) € R}. 2)

When endowed with a metric induced by a choice of norm (for example,
llull := sup;ez+lu(p), Z(R) is a topological space. For any positive sequence g =
{g)},cr+ € £(R) (i.e. g(n) > 0 for all n € ZT), we will denote by /o(R), the Banach
space of all sequences of Z(R) such that sup,cz+|x(n)|/|g(n)| < co with the norm ||~||/g
defined by

3

lull,, = sup 12!
* nezt |g(n)|7

for all u € /4(R). For {g(n)},cz+ with |gn)| = 1 (n € Z™), the space /,(R) becomes the
well-known space /*(R) with norm ||, given by

|uloo = suplu(n)|. 4)

n=0

The opportunities for the choice of {g(n)},c,+ provide a large variety of spaces consisting
of sequences with a required behaviour. One subspace of /% (R) is needed in the sequel.
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We denote by /g‘;g(u%a), the space of convergent sequences, namely

/2 (R) = {ulu € /*(R); limu(n) exists}, (5)

cvg

with the norm (4) inherited from /% (R). A set S of sequences, with S C 7, Zf,g(lR), is termed
equi-convergent if, given & >0, there corresponds N(g) > 0 such that (where

u(00) := lim,—cu(n)), we have |u(n) — u()| < & for any n = N(e) and for all u € S.

DEFINITION 2.1. Let Xo X, and X, denote (normed) linear spaces and suppose an operator
T maps X, onto a set Ry C X, and Ry = T(Xy). We use the same notation for the operator
obtained by restricting T to X C X. If we seek to emphasize that an operator T is acting
on a space X; and its range is Ry C X,, we write T € (X; — X;) or, with greater
precision, T € (X1 — Ry). The notation C(X|; — X;) denotes the set of maps that are
continuous from X, into X.

Suppose that Xy, X ¥ are normed linear spaces. The pair (X by X %) is termed admissible
with respect to the operator I, if T(X,) C X ".

2.2 Admissibility of the pair (£,(R), £, ,(R)) and related results

cvg
For a given equation, solution properties, such as convergence, boundedness and
positivity, are fundamental properties to be studied. As observed in ([13], §5.5),
admissibility concepts are related to stability in various senses. Convergent solutions of
Volterra integral equations and related causal problems have been discussed in [12]
(Chapter 2), [13] (pp. 119-122) and [22], by using admissibility theory for continuous
Volterra operators, contraction mapping theorems and topological degree, respectively.
Below, we investigate convergent solutions of (1) by employing admissibility theory for
discrete Volterra operators [30] and various fixed-point theorems.
We employ the notation

(Bu)(n) = ZB(mj)u(j)7 where u € /(R), n€ 7%, (6)

J=0

(u(j) € R for j € ZT). Associated with (6) is a ‘discrete Volterra operator’ B defined on
the linear space /(R); we use the same notation for the corresponding operator defined on
any normed linear subspace of /(R), such as /,(R). We adopt the following hypotheses
throughout this paper. By definition, the pair (/4(R), 7, ,(R)) is admissible with respect to
the operator B defined by (6), if B(/,(R)) C /5, (R).

“cvg

cve
Hypothesis H1. The pair (/g(R),/zf,g(R)) is admissible with respect to the operator B
defined by (6), B(n,j) = 0forall 0 =j<=n,n € Z*, and

limB(n, j) = B(j) < o, foreach j € 7. (7

Theorem 2.2(a) (see [30], Theorem 3.4) establishes conditions that ensure the
admissibility needed in Hypothesis H1 once (7) is known to hold.
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THEOREM 2.2.

(a) Given the discrete Volterra operator B given by (6), suppose that (7) holds. Then a
necessary and sufficient condition for the admissibility of the pair (/,(R), /‘c";g([R))
with respect to B is that:

> IBDNlg < oo, ®)
Jj=0
lim > 1B, pllg(Hl = > 1Bl ©)
j=0 Jj=0

(b) In addition, if (/4(R),/%.(R)) is admissible with respect to B, then for any

cvg

= {u(m)} =0 € /x(R),
lim (Bx)(m) = Y _ BUMX().
j=0

Remark 2. If the kernel B(n,j) in (6) is of convolution type B(n,j) = b(n — j), then
lim,—b(n — j) = lim,—b(n) for any j = 0. In this case, it follows from (8) and (9) that
Theorem 2.2 holds either for lim,—...b(n) = 0 and any sequence {g(n)},cz+ with g(n) # 0
(n € Z™) or lim,—eb(n) # 0 and Z;iOl g(j)] < co. Thus the results in this paper include
the convolution kernel as a special case.

Remark 3. The choice of ‘quadrature weights’ used in quadrature discretization of

) = J k(t — $)f (s, y(s))ds,
0

provides a source of examples in which B(n,j) has the form b(n — j) for integer j with
jo =j =n (compare the preceding Remark). As a very simple example, using a
trapezoidal rule with 2 > 0, we obtain B(n,j) = W(n,j)k([n — jlh) for j, n € Z", where
W(0,0) =0, W(n,0) = Wn,n) = 1/2h (n > 0), W(n,j) =hfor0 < j<n, W(n,j)=0
for j > n. See also [24].

We list some results to be used in our discussion and omit details (see [26]). The first
concerns a compactness criterion in 7 zf,g(R).

Observation 2.3. LetS C/ g"g(lR) satisfy the following conditions: (i) S is bounded

V

in /g‘;g(R) and (ii) the sequences in S are equi-convergent. Then S is compact in /gf,g(R).
This observation leads to the following result (see [26], Lemma 6) concerning discrete

Volterra operators acting from Z,(R) to /g, (R).

cvg

LeEMMA 2.4. Suppose that Hypothesis H1 holds for the discrete Volterra operator B €
(lo(R)— /?;g([R)) given by (6). Then B is completely continuous (the linear operator B is
continuous and compact).

Remark 4. We recall that an operator T € (Xz — X*) where X, is a topological space is
called a compact operator when it maps an arbitrary bounded subset of X, into a
corresponding set that is relatively compact in X *. (A subset S of a topological space X * is
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called relatively compact, if its closure S is compact.) A continuous compact operator is
called completely continuous.

The existence of one or more non-negative convergent solutions of (1) will be
established via fixed-point methods. To be specific, we will use either Kransnoselskii’s
fixed-point theorem (see [2], Theorem 2.1.1), the nonlinear alternative (see [2], Theorem
1.2.1) or the Leggett—Williams fixed-point theorem (see [2], Theorem 4.3.1). We now
recall these theorems, in Theorems 2.5-2.7, respectively. (For basic properties of cones,
and induced partial orderings, see [20].)

THEOREM 2.5 (KRANSNOSELSKII'S FIXED-POINT THEOREM). Let X be a Banach space with
a norm ||-|| and let W C X be a cone in X. Assume ), and ), are open subsets of X with
0€ Qy, O C Oy, andlet T: W N (Q\Q))— W be a completely continuous operator
such that either (i) ||Tull = |lull, v € W N8O and ||Tull = |ull, ©« € W N 9O, or (i)
|Tull = lull, u € W N oQy and ||Tul| < |lull, u € W N dQ». Then T has a fixed point in
W N (@Q\Q)).

THEOREM 2.6 (NONLINEAR ALTERNATIVE). Let W be a convex subset of a normed linear
space E and let U be an open subset of W, with p* € U. Then every completely
continuous map T : U— W has at least one of the following two properties: (i) T has
a fixed point in U and (ii) there exists u € dU with u= (1 — ANp* +AIu for
some 0 < A < 1.

THEOREM 2.7 (LEGGETT—WILLIAMS FIXED-POINT THEOREM). Let E = (E,||-||) be a
Banach space, W C E a cone in E, ri >0, ry >0, r| # ry with R= sup{ry,r} and
r= min{ry,r,}. Define Wy, ={u € W : |lull =7} and S, = {u € W : |lull = n}. Let
N : Wg — W be a completely continuous map such that (i) there exists ug € W\{0} with
Nu % uforu € S, N W(ug), here, W(up) = {u € W : thereexists A > 0 with u = Augy}
and (ii) ||Null = ||lull for u € Sg. Then N has at least one fixed point x € W with
r=|xll =R

Here, we start by studying the Nemytskii operator F, associated with f in (1) and
defined by

F(u)(n) = f(n,u(n)) where f: 7" XxR— R. (10a)

We make one of the following assumptions:
Hypothesis H2. f : 7 x R— R" and f(n, -) is continuous for each n € Z™.

Hypothesis H2T. f : Zt x Rt — R" and f(n, -) is continuous for each n € 7.

Clearly, the definition of the operator F requires us to specify the space in which u is
required to lie (and the range of possible arguments n — the domain of u). (We use the
same notation F whatever its domain; see Remark 2.1.) We always require u € /(R), but
in general, we ask that

ue (XM, nE(0,1,2,...}, (10b)
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Thus F € (/z';g(ﬂ:\?) — /(R)). We shall wish to strengthen this by showing that for given g,
F(/g';g([R)) C /,(R) C/(R) and that F has additional properties. The following

observations follow immediately from appropriate definitions.

Observations 2.8.

(1) The Nemytskii operator F on /z';g([R{) defined in (10) transforms bounded subsets of
/&, (R) into bounded subsets of /(R), if and only if

7 cvg
L7, w) =: M; < o foreach k > 0.
n=0,lul<k g(n)

(i1) To verify that the Nemytskii operator F defined by (10) is a continuous map of
/?;g([R) into /4(R), it is necessary and sufficient to establish (first) that F(/S’;g(R)) -
/,(R) and also that

L 10) = f 1, w0 )] _

lim;su 0,
11120 g(”)
when limj_ou; = up € Zz‘\’,g(lR).
Suppose f, g are as above, then
Fnv) = gyp(n,v) forall n=0 if p(n,v) =L ;’Zn;) vER).  (lla)

In our examples, we shall always discuss functions f with the related form

fn,v) = gmp(n, v). (11b)

Clearly, the properties of the Nemytskii operator F can be characterized by those of p(n,u).
Thus it is readily seen from Observations 2.8 that F' € (/zf,g(lR) — /4(R)) defined by (10)
is a continuous map, if £ has the property | f(1,v) — f(n,V)| = D,g(n)lv — V| foralln =0
and any v, V' € R, where D, = 0 and sup,=¢D, < .

3. Main results

Now, we return to equation (1), that is,
x(n) =Y Bjf(j,x(j)), n€Z". (12)
=0

We define a corresponding operator 7 on /(R) by Tu = B(Fu) (we write T = BoF);

(Tu)(n) = B(n,j)f(j,u(j)), for n € Z* forany u = {u(n)},ez+ € ((R). (13)
j=0

A fixed-point x of T (with x = TXx) is a solution of (12).

3.1 Positive convergent solutions via Krasnoselskii’s fixed-point theorem
We now apply Krasnoselskii’s fixed-point theorem to establish a result for (12).
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THEOREM 3.1. Suppose that Hypotheses H1 and H2V hold. If the following conditions are
satisfied:

Condition 3.1-1. F € C(/f",g([R) — £ 4(R)) (the Nemytskii operator F is a continuous
mapping of £, (R) into £ ,(R)).

Condition 3.1-2. There exists a non-decreasing function  and a sequence q with the
following properties: iy € (RT = R™Y), ¢ = {q(n)},=0 € /7 (R), q(n) = 0 for all n €
7" and

Aogmv) = 192 < gy,
g(n)

forallv € R* and n € Z™, where Ag is a constant with 0 < Ay < 1.
Condition 3.1-3. There exists a function ¢ € ((0,1)— (0,00)) such that for any
0 < 7<1and v=0, we have

W) = H(T)(v),
Condition 3.1-4.

— 1 1 ) > 0.
K, ggj:zo q())B(n,jg(j) >0

Condition 3.1-5. There exists 0 < M < 1 with

M

- <

dM)

0>, where Ky =sup>_ q(j)B(n,))g(j).
n=0"_
Jj=0

K

Condition 3.1-6. There exists o > 0 with a > Kj{(w).
Condition 3.1-7. There exists >0, B# a, with B < AgKy(Mp).

Then (12) has at least one positive convergent solution x = {x(n)},cz+ € /zf,g(R) and
either (A) 0 < a < |x|o < B and x(n) = Ma for n € ZV,if a <B or (B) 0 < B<
IXlow < @ and x(n) = MB forn € 7", if B< a.

Remark 5. To obtain required properties of solutions of (12) by use of a particular theorem,
one requires corresponding conditions on B(n, j) and f{ j,u). Thus, Conditions 3.1-1 to 3.1-7
guarantee that we can apply Kransnoselskii’s fixed-point theorem to deduce the existence
of positive convergent solutions of (12). Similar conditions were given for obtaining
positive periodic (or almost periodic) solutions of non-linear Volterra integral equations in
[2] (Chapter 4) and constant-sign periodic and almost periodic solutions of a system of
difference equations in [3].

Note that K; in Condition 3.1-5 is finite due to Hypothesis H1 and the fact that
q = {qg)},=0 € /*(R). Indeed, (8) and (9) in Theorem 2.2 guarantee that

n

0=sup» B(n,jg(j) < co.

n=0 j=0
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Proof. Let X = (/% (R), |-|«) and

cvg

W= {u = {u(n)},c+ € /gf,g(lR) cu(n) = Mlul, for n € Z+},
where M is defined in Condition 3.1-5. It is obvious that W is a cone in /g’;g(R). The
operator 7' = Bo F is defined by

(Tu)(n) = ZB(n,j)f(j, u(j)), n€Zz".
=0

We shall prove that 7(W) C W and then that 7 has a fixed point in /g’;g(R). Since the

Nemytskii operator F associated with fis an operator from /| g’;g(R) into Z4(R) by Condition

3.1-1 and since the pair (/4(R), / ‘C’ig(R)) is admissible with respect to the operator B, we
have (Be F)(W) C /% (R), that is T(W) C /% (R). We first show that

cvg cvg

T e (W—W). (14)

Let u = {u(n)},cz+ € W. Then Condition 3.1-2 implies that for n € 7",

[Ty = ylul)sup ~ g(NB, () = Ky lules). (15)

n=0 j=0

On the other hand, since u € W, we have u(n) = Ml|ul, for n € Z*, and therefore
Conditions 3.1-2 to 3.1-3, (15) and Condition 3.1-5 give

(Tu)(n) = Aoy q(j)B(n, Ng()iu( ) = AgpMIul=)> _ q(j)B(n, )g(j)
=0 j=0

L K
= Aoqb(M)([;(Iquo)Z g(NBn, j)g(j) = K2Agp(M)(|uls) = K—?Ao¢(M)|Tu|oo
=0

= M|Tu|w,

for n € Z*. Thus Tu € W and (14) holds. Next, Condition 3.1-2 implies that the
Nemytskii operator F associated with the function f transforms bounded subsets of 7 E‘;g(R)
into bounded subsets of /,(R) by Observations 2.8. It follows that T is a completely
continuous map of 7 Sg(R) into /:,g(R) because Be F is the composition of F, which is
continuous and transforms bounded subsets of /Z’;g([R) into bounded subsets of /,(R),
while B is completely continuous by Lemma 2.4.

Let Qp = {u € /3, (R) : Julw < a} and Qp = {u € /3,(R) : lul < B}. To apply
Krasnoselskii’s fixed-point theorem (Theorem 2.5), we shall show that

ITule < |l for u € WM aQ, = Sa, (16)
and
|Tuloo > lule for u € W N ag = Sg. a7

Notice that conditions (16) and (17) imply naturally that the operator 7T satisfies the
conditions in Theorem 2.5.
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To establish (16), let u € W N 90, = S,. In this case, |u|o = o and u(n) = M« for
alln € Z". Now, for n € Z", we have

[(Tu)(n)| = w(luloo)z q()NB(n,))g(j) = Pa)K;.
=0

This, together with Condition 3.1-6, yields |(Tu)|o = (@)K < a = |u|w. Thus (16) is
satisfied.

Let u € W N Qg = Sg. Thus, |ulg = B and MB = u(n) = B for all n € Z*. Now,
for n € Z™, it follows from Condition 3.1-2 that

[(Tw)(m)| = A0 q()B(n, N(Nu( ) = AgK2 (M B),

=

which together with Condition 3.1-7, yields (Tu)(n) = AgK> (M B) > B = |ul forn = 0,
and thus |Tule > |ule, that is, (17) holds.
Applying Krasnoselskii’s fixed-point theorem (Theorem 2.5), we conclude that (12)

has a solution x = {x(n)},c7+ € /o (R) withx € W N (Q,\Qp) if B < «a, whereas x €

ity cvg
W N (Qp\Qy) if a < B. Finally, it follows from (16) and (17) that the solution satisfies
|x|w # a and |x|e # B. This completes the proof. O

Remark 6. Since the proof of Theorem 3.1 is based on Krasnoselskii’s fixed-point theorem
(Theorem 2.5), Condition 3.1-1 can be replaced by the following less restrictive one
(Condition 3.1-1%, say): F € C(Qp\Qy— £o(R)), or F € C(Q,\Qp— 74(R)). (The
Nemytskii operator F is a continuous mapping of W N (Q\Q,) or of W N (,\p) into
Zo(R).)

Example 3.2. Consider the nonlinear system
x(n) =Y B, jgpIx(j))", for n€ Z7, (18)
=0

with 0 < y < 1 and Hypothesis H1 holds where {g(n)} is a positive sequence defining the
space /(R). In addition, assume that

inf> " Bn.jg(j) > 0. (19)
R0

Then (18) has at least one positive convergent solution x = {x(n)},c7+ € /zf,g(R) with

1
B= EMV/“’“/)(KZ)I/“’” < |xlee < 2(K)Y""Y = @ and x(n) = MB for n € 7™,
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here M = (1/2)(K»/K )"/ ™7 with

K> = inf ZB(n Dg(j) and Ky = sup ZB(n e
nez* j=0

To see that the result in Example 3.2 is correct, we will apply Theorem 3.1 with

fn,u)=gmu?, ) =v”?, g=1, Ag=1 and ¢()=v".

Noting Remark 6, we shall first show that the Nemytskii operator F for
f(n,u(n)) = g(n)[u(n)]” is a continuous mapping of W N (QQ\QB) into /4(R). To this
end, let limj_oou; = up in W N (Q2,\Qp). Then, B = |ujle =  for all j = 0 and MB =
uj(n) = a for all j = 0 and n = 0. Now, for any j > 0 and n = 0 with u;(n) # up(n), it
follows from the mean-value theorem that

[wj(m)]” = [ug(m)]” = Yy

= [uj(n) — up(m)],

where u € (uj(n), up(n)) (or w € (up(n), uj(n))), and hence

[[uj(m)]” — [uo(m)]”| = M?:’ luj(n) — up(n)| = luj(n) — up(m)l. ~ (20)

Y
Mp)'

Notice that (20) also holds, if u;(n) = up(n). Then, we obtain

|F(uj)(n) — F(up)(n)| = g(n) |luj(n) — uo(n)l, 21

_r
Mp)Y

which implies that the Nemytskii operator F corresponding to f(n, u(n)) = g(n)[u(n)]” is a
continuous mapping of W N (QQ\QB) into /,(R) by Observations 2.8 and (11).

Notice that Conditions 3.1-1 to 3.1-3 are obviously satisfied. To verify Condition
3.1-5, note that

M _ _(1)1 Ky _Ky_ K>

=M= =2
(M) 2 K| K1 °K,

Also Condition 3.1-6 is satisfied since «/((a)) = al=r=21"7K, > K,. Finally,
Condition 3.1-7 is satisfied since

B 1 /1\'7? I
WMB) mﬂly M7<> M’K2=<2> K> < K> = ApK>.

Now apply (B) in Theorem 3.1. g
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Example 3.3. By taking B(n,j) = e~ and g(n) = 1 for all n = 0 in Example 3.2, we
consider as a concrete example the equations

x(n) = Ze‘“"ﬁ[x( N for n € Z', with 0 < y< 1. (22)
Jj=0

In this case, Hypothesis H1 holds with

limB(n,j) = lime ™ =0 forall j =0,
n—oo n—oo
n n
K, =infy B(n,jg(j)=infy e "V =1>
2 ;20; (n,/)g(j) 520];6 0,

and

n n
Ky = sup " Bn, () = sup " e = Ll < co.
n=0 j:() nEOj:O e —

By Example 3.2, we see that (22) has at least one positive convergent solution x =
{x(n)},cs+ € /zf,g(R) with

1
B= EMV/“_” < Ixle < 2KV Y =qa and x(n) =MB for n € ZT,

here

M 1 1 1/(1_')')_ 1/e—1 1/(1—y)
- 2\K, 2\ e '

With additional conditions on B(n,j) and f in (12), applications of Theorem 3.1 will
yield additional positive convergent solutions of (12). For completeness, we provide one
multiple solution result.

THEOREM 3.4. Suppose that Hypothesis H1 and Conditions 3.1-1 to 3.1-5 hold (with K »
and M as defined therein). In addition, suppose there are constants yy < y; < vy, with the
following satisfied:

Condition 3.1-1. yy > 0 is such that yy < AgK, (M yp).
Condition 3.1-2. y; > 0 is such that y; > K{(y;).
Condition 3.1-3. y, > 0 is such that vy, < AgK, (M y,).

Then, (12) has at least two positive solutions x; = {x1(n)},cz+, X2 = {x2(n)},ez+ €
L@ with 0 < o < [xile <% < |02l < %2, x1(0) = My and x3(n) = My, for

nezZ".

Proof. The existence of x; follows from (B) in Theorem 3.1 with « = 7, and 8 = vy, and
the existence of x, follows from (A) in Theorem 3.1 with @« = 7y, and B = v,. O
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3.2 Non-negative convergent solutions via the non-linear alternative

Comparing Kransnoselskii’s fixed-point theorem (Theorem 2.5) with the non-linear
alternative (Theorem 2.6; which we are now about to apply), we note that both theorems
guarantee the existence of a fixed point for an operator, but under different conditions.
Since the location of a fixed point in Theorem 2.5 is more precise than that in Theorem 2.6,
the hypotheses for the completely continuous operator in Theorem 2.5 are stricter than
those in Theorem 2.6. It is, therefore, understandable that the assumptions in the following
theorem are less strict than those in Theorem 3.1.

THEOREM 3.5. Suppose that Hypotheses H1 and H2 hold. In addition, assume the
following:

Condition 3.5-1. F € C(/gf,g(R) — £ 4(R)) (the Nemytskii operator F is a continuous
mapping of ¢, (R) into £ ((R)).
Condition 3.5-2. There exists a non-decreasing function y € (Rt — R"%) and ¢ €

/% (R) with g(n) = 0 such that

m = gn)p(v) forall vE RY and n€ 7™,

g(n)

Condition 3.5-3. There exists a > K y(«), where

Ky = sup > q(j)B(n,))g(j).

nezZ" j=o

Then, (12) has at least one non-negative convergent solution x = {x(n)},c;+ € fz';g([R)
with |x]e < o

Proof. Let E = (/% (R),|"|o) and U = {u € /‘C";g(R) s |ulo < a}. It is easy to see, from

cvg

the conditions, that the operator T acting on /o (R), defined by

“cvg

(Tu)(n) = ZB(mj)f(j, u(j)),

J=0

for n € Z*, maps fzf,g(R) to /?;g([R). In addition, Condition 3.5-1 to 3.5-2 and the
admissibility of the operator B guarantee that T &€ (/z';g(R)ﬁfzf/g([R{)) is completely
continuous.

The remainder of the proof proceeds by applying Theorem 3.5 (with T replaced by 7,
etc.), and establishing that the option (ii) therein cannot hold so that option (i) does hold.

Let x, = {xa(n)},c7+ € /o (R) be any solution of

cvg

) =AX > Bo)f(jxa()), n€Z,
j=0

for 0 < A < 1. Since B(n,j) =0 and f € (Z* Xx R— R™), the right-hand side of the
above equation is non-negative, which implies that x,(n) = 0 for all n € Z". Now, for
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n € Z", we have

Lol < A g(DB0, g (i) = dllxale)d  a()B,Hg() = K1),

=0 =0
and therefore

Ixrloo = Kii(lxaloo) (23)

In addition, Condition 3.5-3 and (23) implies that |x)|. 7 @. Apply the nonlinear
alternative (notice that (ii) cannot occur) to deduce that (12) has a solution x =
{x(m)} ezt € £ (R) with (x(n) = Oforalln € Z"yand |x]e < a. (Note |x|c = a by the
nonlinear alternative. If |x|, = «, it is readily shown that a = |x|e = K ¢(|x|e) = K1,
which contradicts Condition 3.5-3.) O

Remark 7. If there are positive integers jo = ng in Z such that B(ny, Jjo)f(jo,0) > 0, then
the convergent sequence {y(n)},c7+, y(n) =0 foralln € 7™, is not a solution of (12). In
this case, the non-negative solution x = {x(n)},c7+ € /Z’;g(R) with |x|e < @ in Theorem
3.5 satisfies |x], > 0.

3.3 Non-negative convergent solutions via the Leggett—Williams fixed-point theorem

It is possible to use the Leggett—Williams fixed-point theorem to obtain non-negative
convergent solutions of (12).

THEOREM 3.6. Suppose that Hypotheses H1 and H2" hold, and let Condition 3.1-1 be
satisfied (the Nemytskii operator F is a continuous mapping of /gf,g([R) into £4(R)).
In addition, assume the following conditions are satisfied:

Condition 3.6-1. There exist a non-decreasing continuous map € (R" = R"), a
continuous map ¢ € (R™ — RY) and q € /™(R) such that

b(v)q(n) SM = gn)Y(v) forall vER' and n € 7,

g(n)
where q(n) = 0 forn € Z+,
Condition 3.6-2. K, > 0 where

Ky = inf Y q(j)B(n, )g(j).
ne”z =0

Condition 3.6-3. There exists r > 0 with r < K> ¢(r).
Condition 3.6-4. ¢(v)/v is non-increasing on (0,r).
Condition 3.6-5. There exists R > r with R > Y(R)K |, where

Ky = sup Y q(j)B(n, ))g(j)-

nezZ" j=o
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Then, (12) has a non-negative convergent solution x = {x(n)},cz+ € /:,g([R) with
r = x|l <R.

Proof. Let E = (/% (R), ||l) and W = {1 € /% (R) : u(n) =0 for n € Z"}. Clearly,

cvg Y cvg
Wis a cone in / ‘C";g([R). To prove our result by applying Theorem 2.7, we shall first chose
uy € W\{0}. We do this by letting uy = {uo(n)},cz+ € W\{0} with up(n) =1 for all
n € 7" and let

W(uy) = {u € W suchthatthere exists A > 0 with u(n) = Aup(n) = A for n € Z+}.

Note that the above W(ug) can be also defined by W(up) = {u € W : inf,=ou(n) = u > 0}.
From Hypothesis HI, Conditions 3.1-1 and 3.6-1, it follows that T € (W — W) is
completely continuous, where Tu is defined by

(Tu)(n) = > B, j)f(j,u(j)) for n € Z* and u = {u(n)},cz+ € W.
=0

In order to verify the hypotheses of Theorem 2.7, we first show
|Tulo = |x|leo for u € Sg = {u € W : uloo = R}, (24)

where R is given in Condition 3.6-5. In fact, if u = {u(n)},c7+ € S, then |u|, = R. Thus
forn € Z", we have

(Tu)(n) =Y~ q(DB, NP ) = lule)> (B, )g(j) = YRK.  (25)
=0 =0
This together with Condition 3.6-5 gives

|Tuloo = YR)K| < R = |ut] w0, (26)
which implies that (24) holds. Next, for » in Condition 3.6-3, we show that

Tu < u for u €S, N W(up), where S, ={u € W: |ulo =r}. 27)

To see this, let u = {u(n)},cy+ €S- N W(uo), hence |ulo =r and r = u(n) > 0 for
nE 7. Now forn € Z', we have

D) i = 20 3" 4B, H(u()).
j=0

(Tu)(m) =Y q(j)B(n,j)g(j)
i=0

: u(j) r

Let u = inf cy+u(n) >0 for u € S, N W(up) and this together with the previous
inequality yields

@i =005 geiponigth = (47K )
=0
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for n € Z* and hence,

¢(”)K2

mf (Tu)(n) = ——u (28)

Set p = ¢(r)K»/r. Since p > 1 by Condition 3.6-3 and pu > u, there is ny € Z™ such that

pu > u(np), and hence (Tu)(ng) = pu > u(ng) by (28). This implies that (27) is valid.
Applying Theorem 2.7, we conclude that (12) has a non-negative convergent solution

x = {x(n)},cy+ € W with r = |x|c = R. Finally, it follows from (26) that |x| # R. O

To illustrate Theorem 3.6 with an example, we consider, a case where g(n) = 1 for all
n = 0 — as an example, this simplification involves no essential loss of generality.

Example 3.7. Consider the following discrete nonlinear system

x(n)=>_ B, Y(NIGE()], n€ 7, (29)

J=0

where G(u) = 1/(1 + In(1 + w)) +u, h = {h(N}j=0 € /CVg(R), h(j) > 0foralljE Z"
and Hypothesis H1 is satisfied with g(n) = 1 for all » = 0. In addition, assume

K, = inf Y A(j)B(n,j) > 0, 30
> le“z; ()B(n, ) (30)
and
+ln2
Ki = sup Zh(J)B(nJ) et 31

nEZJr =0

hold. Then (29) has a non-negative solution x = {x(n)},cz+ € /o, (R) with

cvg

r=|xlo <1 forany 0 <r <1 with r[1+ In(1 +r)] < K,.

To see this, let f(n,v) = h(M)G(V), P(v) = G(v), d(v) = 1/(1 + In(1 + v)) and g(n) =
h(n) with 0 < r(1 4+ In(1 4+ r)) < K, and R = 1. Now, we show that Conditions 3.1-1,
3.6-1 and 3.6-3 to 3.6-5 hold.

It is readily shown that the Nemytskii operator F, defined by F(¢)(n) = f(n, ¢p(n)),
satisfies condition (i) in Observations 2.8 and thus it transforms bounded subset of 7 ?;g([R)
into bounded subsets of /,(R) by Observations 2.8.

For any 0 = u; < uy, it follows from the mean-value theorem that there exists a v with
v; < v < v, such that

—1
| f(n,v2) — f(n,vi)| = 'h(n)< + 1>(V2 —v)| = |hlelva — wil,

A4+ [+ In(1 +v)]?

which implies that the Nemytskii operator F is a continuous mapping of £

by Observations 2.8 and (11), and hence Condition 3.1-1 is satisfied.
Obviously, y(v) = 0 for v € R* and increasing on R*, and hence Condition 3.6-1 is

true. Notice that the function p(v) = v[1 + In(1 + v)]is continuous and increasing on R™.

(R) into /4(R)

cvg
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This implies that the function ¢(v)/u = 1/p(v) is non-increasing on (0, o). Since p(0) = 0
and p(v) = v[1 4+ In(1 + v)] is continuous, we can chose a positive 0 < r < 1 such that

;
¢(r)
which implies that Conditions 3.6-3 and 3.6-4 hold.

For R=1 > r, it is clear that (R)K; = (2 + In2)/(1 + In2)K; <1 = R, and
hence Condition 3.6-5 is satisfied. Now apply Theorem 3.6.

p(r) = =r[1+In(1+r] <K,
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