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The existence of non-negative convergent solutions of discrete Volterra equations is
obtained, by using a variety of fixed-point theorems. Examples are given to illustrate
the results.
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1. Introduction

In this paper, we study the implicit discrete Volterra equations

xðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; xð jÞÞ; n [ Zþ; ð1Þ

with

Bðn; jÞ [ R for each j # n [ Zþ and f : Zþ £ R! R:

(We write Zþ ¼ {0; 1; . . . ; }, R ¼ ð21;1Þ and Rþ ¼ ½0;1Þ.) Values Bðn; jÞ with j . n

do not enter the summation equations above and are to be set to zero.

Here, x ¼ {xðnÞ}n[Zþ is a sequence, with xðnÞ [ R, that is to be determined. Thus

in the study of (1), the first issue to address is the existence of a solution x(n) to the

equation

xðnÞ2 Bðn; nÞf ðn; xðnÞÞ ¼
Xn21

j¼0

Bðn; jÞf ð j; xð jÞÞ ðfor each n ¼ 0; 1; 2; . . . Þ;

given, for n $ 1, the ‘preceding’ values xð0Þ; . . . ; xðn2 1Þ.

Such a solution {xð0Þ; xð1Þ; xð2Þ; . . . } of (1) is non-negative, if xð jÞ $ 0 for j [ Zþ and

is termed a convergent solution, if limj!1xð jÞ exists and is finite. We continue the work

started in [30], in order to establish existence results for non-negative convergent solutions
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of (1); we use admissibility theory for discrete equations [30] and a variety of fixed-point

theorems. We also give examples to illustrate the results.

Remark 1. The theory of difference equations (see, for example [1,17]) has gained

widespread attention. For recent work related to discrete Volterra equations such as (1),

see (for example) [1,3,4,6–8,14–19,21,25,27–31].

The results in this paper are theoretical, but they are in principle applicable. In practice,

discrete equations of the form (1)mayarise in their own right as discretemodels or fromcertain

discretizationprocedures in thenumerical solutionofVolterra integral or functional equations.

See, for example, [5,9–11,23] and references therein. Integral equations can sometimes be

reduced to ordinary differential equations, integro-differential equations, or delay-differential

equations; likewise, if Bðn; jÞ ¼ 0 when n2 j . k then our summation equations reduce to

finite-term recurrence relations, and if {Bðn; jÞ} satisfy an appropriate recurrence relation then
the summation equations can be reduced to related difference equations.

Our paper is organized as follows. In Section 2, we present some basic results and

recall several fixed-point theorems; we give our main results in Section 3, which contains

separate subsections corresponding to each of the fixed-point theorems that are employed

to deduce results.

2. Preliminaries and basic results

In the next subsections, we consider some basic infrastructure.

2.1 Some Banach spaces whose elements are sequences

We need to consider various spaces of sequences (equivalent to spaces of functions

defined on Zþ). We denote by l(R), the linear space

lðRÞ ¼ u : u ¼ {uðnÞ}1n¼0; uðnÞ [ R
� �

: ð2Þ

When endowed with a metric induced by a choice of norm (for example,

kuk U supj[Zþjuð jÞj), l(R) is a topological space. For any positive sequence g ¼

{gðnÞ}n[Zþ [ lðRÞ (i.e. gðnÞ . 0 for all n [ Zþ), we will denote by lg(R), the Banach

space of all sequences of l(R) such that supn[Zþ jxðnÞj=jgðnÞj , 1 with the norm k·klg
defined by

kuklg ¼ sup
n[Zþ

juðnÞj

jgðnÞj
; ð3Þ

for all u [ lgðRÞ. For {gðnÞ}n[Zþ with jgðnÞj ¼ 1 (n [ Zþ), the space lg(R) becomes the

well-known space l1ðRÞ with norm j·j1 given by

juj1 ¼ sup
n$0

juðnÞj: ð4Þ

The opportunities for the choice of {gðnÞ}n[Zþ provide a large variety of spaces consisting

of sequences with a required behaviour. One subspace of l1ðRÞ is needed in the sequel.

Y. Song et al.424
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We denote by l1cvgðRÞ, the space of convergent sequences, namely

l1cvgðRÞ ¼ uju [ l1ðRÞ; lim
n!1

uðnÞ exists
n o

; ð5Þ

with the norm (4) inherited from l1ðRÞ. A set S of sequences, with S , l1cvgðRÞ, is termed

equi-convergent if, given 1 . 0, there corresponds Nð1Þ . 0 such that (where

uð1Þ U limn!1uðnÞ), we have juðnÞ2 uð1Þj , 1 for any n $ Nð1Þ and for all u [S.

Definition 2.1. Let X0 X1, and X2 denote (normed) linear spaces and suppose an operator

T maps X0 onto a set R0 # X2 and R0 ¼ TðX0Þ. We use the same notation for the operator

obtained by restricting T to X1 , X0. If we seek to emphasize that an operator T is acting

on a space X1 and its range is R1 # X2, we write T [ ðX1 ! X2Þ or, with greater

precision, T [ ðX1 ! R1Þ. The notation CðX1 ! X2Þ denotes the set of maps that are

continuous from X1 into X2.

Suppose that X\;X
\ are normed linear spaces. The pair ðX\;X

\Þ is termed admissible

with respect to the operator T, if TðX\Þ # X \.

2.2 Admissibility of the pair ðllgðRÞ; ll
1
cvgðRÞÞ and related results

For a given equation, solution properties, such as convergence, boundedness and

positivity, are fundamental properties to be studied. As observed in ([13], §5.5),

admissibility concepts are related to stability in various senses. Convergent solutions of

Volterra integral equations and related causal problems have been discussed in [12]

(Chapter 2), [13] (pp. 119–122) and [22], by using admissibility theory for continuous

Volterra operators, contraction mapping theorems and topological degree, respectively.

Below, we investigate convergent solutions of (1) by employing admissibility theory for

discrete Volterra operators [30] and various fixed-point theorems.

We employ the notation

ðBuÞðnÞ ¼
Xn
j¼0

Bðn; jÞuð jÞ; where u [ lðRÞ; n [ Zþ; ð6Þ

(uð jÞ [ R for j [ Zþ). Associated with (6) is a ‘discrete Volterra operator’ B defined on

the linear space l(R); we use the same notation for the corresponding operator defined on

any normed linear subspace of l(R), such as lg(R). We adopt the following hypotheses

throughout this paper. By definition, the pair ðlgðRÞ; l
1
cvgðRÞÞ is admissible with respect to

the operator B defined by (6), if BðlgðRÞÞ # l1cvgðRÞ.

Hypothesis H1. The pair ðlgðRÞ; l
1
cvgðRÞÞ is admissible with respect to the operator B

defined by (6), Bðn; jÞ $ 0 for all 0 # j # n, n [ Zþ, and

lim
n!1

Bðn; jÞ ¼ bð jÞ , 1; for each j [ Zþ: ð7Þ

Theorem 2.2(a) (see [30], Theorem 3.4) establishes conditions that ensure the

admissibility needed in Hypothesis H1 once (7) is known to hold.

Journal of Difference Equations and Applications 425
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Theorem 2.2.

(a) Given the discrete Volterra operator B given by (6), suppose that (7) holds. Then a

necessary and sufficient condition for the admissibility of the pair ðlgðRÞ; l
1
cvgðRÞÞ

with respect to B is that:

X1
j¼0

jbð jÞkgð jÞj , 1; ð8Þ

lim
n!1

Xn
j¼0

jBðn; jÞkgð jÞj ¼
X1
j¼0

jbð jÞkgð jÞj: ð9Þ

(b) In addition, if ðlgðRÞ; l
1
cvgðRÞÞ is admissible with respect to B, then for any

u ¼ {uðnÞ}n$0 [ lgðRÞ,

lim
n!1

ðBxÞðnÞ ¼
X1
j¼0

bð jÞxð jÞ:

Remark 2. If the kernel B(n, j) in (6) is of convolution type Bðn; jÞ ¼ bðn2 jÞ, then

limn!1bðn2 jÞ ¼ limn!1bðnÞ for any j $ 0. In this case, it follows from (8) and (9) that

Theorem 2.2 holds either for limn!1bðnÞ ¼ 0 and any sequence {gðnÞ}n[Zþ with gðnÞ – 0

(n [ Zþ) or limn!1bðnÞ – 0 and
P1

j¼0jgð jÞj , 1. Thus the results in this paper include

the convolution kernel as a special case.

Remark 3. The choice of ‘quadrature weights’ used in quadrature discretization of

yðtÞ ¼

ðt
0

kðt2 sÞf ðs; yðsÞÞds;

provides a source of examples in which B(n,j) has the form bðn2 jÞ for integer j with

j0 # j # n (compare the preceding Remark). As a very simple example, using a

trapezoidal rule with h . 0, we obtain Bðn; jÞ ¼ Wðn; jÞkð½n2 j�hÞ for j, n [ Zþ, where

Wð0; 0Þ ¼ 0, Wðn; 0Þ ¼ Wðn; nÞ ¼ 1=2h (n . 0), Wðn; jÞ ¼ h for 0 , j , n, Wðn; jÞ ¼ 0

for j . n. See also [24].

We list some results to be used in our discussion and omit details (see [26]). The first

concerns a compactness criterion in l1cvgðRÞ.

Observation 2.3. Let S , l1cvgðRÞ satisfy the following conditions: (i) S is bounded

in l1cvgðRÞ and (ii) the sequences in S are equi-convergent. Then S is compact in l1cvgðRÞ.
This observation leads to the following result (see [26], Lemma 6) concerning discrete

Volterra operators acting from lg(R) to l1cvgðRÞ.

Lemma 2.4. Suppose that Hypothesis H1 holds for the discrete Volterra operator B [
ðlgðRÞ! l1cvgðRÞÞ given by (6). Then B is completely continuous (the linear operator B is

continuous and compact).

Remark 4. We recall that an operator T [ ðX# ! X #Þ where X# is a topological space is

called a compact operator when it maps an arbitrary bounded subset of X# into a

corresponding set that is relatively compact in X #. (A subset S of a topological space X # is

Y. Song et al.426
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called relatively compact, if its closure �S is compact.) A continuous compact operator is

called completely continuous.

The existence of one or more non-negative convergent solutions of (1) will be

established via fixed-point methods. To be specific, we will use either Kransnoselskii’s

fixed-point theorem (see [2], Theorem 2.1.1), the nonlinear alternative (see [2], Theorem

1.2.1) or the Leggett–Williams fixed-point theorem (see [2], Theorem 4.3.1). We now

recall these theorems, in Theorems 2.5–2.7, respectively. (For basic properties of cones,

and induced partial orderings, see [20].)

Theorem 2.5 (Kransnoselskii’s Fixed-Point Theorem). Let X be a Banach space with

a norm k·k and let W , X be a cone in X. Assume V1 and V2 are open subsets of X with

0 [ V1, �V1 , V2, and let T : W > ð �V2nV1Þ!W be a completely continuous operator

such that either (i) kTuk # kuk, u [ W > ›V1 and kTuk $ kuk, u [ W > ›V2 or (ii)

kTuk $ kuk, u [ W > ›V1 and kTuk # kuk, u [ W > ›V2. Then T has a fixed point in

W > ð �V2nV1Þ.

Theorem 2.6 (Nonlinear Alternative). Let W be a convex subset of a normed linear

space E and let U be an open subset of W, with pw [ U. Then every completely

continuous map T : �U!W has at least one of the following two properties: (i) T has

a fixed point in �U and (ii) there exists u [ ›U with u ¼ ð12 lÞpw þ lTu for

some 0 , l , 1.

Theorem 2.7 (Leggett–Williams Fixed-Point Theorem). Let E ¼ ðE; k·kÞ be a

Banach space, W , E a cone in E, r1 . 0, r2 . 0, r1 – r2 with R ¼ sup{r1; r2} and

r ¼ min{r1; r2}. Define �Wh ¼ {u [ W : kuk # h} and Sh ¼ {u [ W : kuk ¼ h}. Let

N : �WR !W be a completely continuous map such that (i) there exists u0 [ Wn{0} with

Nu � u for u [ Sr >Wðu0Þ; here, Wðu0Þ ¼ {u [ W : there exists l . 0 with u $ lu0}

and (ii) kNuk # kuk for u [ SR. Then N has at least one fixed point x [ W with

r # kxk # R.

Here, we start by studying the Nemytskii operator F, associated with f in (1) and

defined by

FðuÞðnÞ ¼ f ðn; uðnÞÞ where f : Zþ £ R! R: ð10aÞ

We make one of the following assumptions:

Hypothesis H2. f : Zþ £ R! Rþ and f ðn; ·Þ is continuous for each n [ Zþ.

Hypothesis H2þ. f : Zþ £ Rþ ! Rþ and f ðn; ·Þ is continuous for each n [ Zþ.

Clearly, the definition of the operator F requires us to specify the space in which u is

required to lie (and the range of possible arguments n – the domain of u). (We use the

same notation F whatever its domain; see Remark 2.1.) We always require u [ lðRÞ, but
in general, we ask that

u [ l1cvgðRÞ; n [ {0; 1; 2; . . . }; ð10bÞ

Journal of Difference Equations and Applications 427
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Thus F [ ðl1cvgðRÞ! lðRÞÞ. We shall wish to strengthen this by showing that for given g,

Fðl1cvgðRÞÞ # lgðRÞ , lðRÞ and that F has additional properties. The following

observations follow immediately from appropriate definitions.

Observations 2.8.

(i) The Nemytskii operator F on l1cvgðRÞ defined in (10) transforms bounded subsets of

l1cvgðRÞ into bounded subsets of lg(R), if and only if

sup
n$0;juj#k

j f ðn; uÞj

gðnÞ
¼: Mk , 1 for each k . 0:

(ii) To verify that the Nemytskii operator F defined by (10) is a continuous map of

l1cvgðRÞ into lg(R), it is necessary and sufficient to establish (first) that Fðl1cvgðRÞÞ #
lgðRÞ and also that

limjsup
n$0

j f ðn; ujðnÞÞ2 f ðn; u0ðnÞÞj

gðnÞ
¼ 0;

when limj!1uj ¼ u0 [ l1cvgðRÞ.

Suppose f, g are as above, then

f ðn; vÞ ¼ gðnÞpðn; vÞ for all n $ 0 if pðn; vÞ ¼
f ðn; vÞ

gðnÞ
ðv [ RÞ: ð11aÞ

In our examples, we shall always discuss functions f with the related form

f ðn; vÞ ¼ gðnÞpðn; vÞ: ð11bÞ

Clearly, the properties of the Nemytskii operator F can be characterized by those of p(n,u).

Thus it is readily seen from Observations 2.8 that F [ ðl1cvgðRÞ! lgðRÞÞ defined by (10)

is a continuous map, if f has the property j f ðn; vÞ2 f ðn; v0Þj # DngðnÞjv2 v0j for all n $ 0

and any v, v0 [ R, where Dn $ 0 and supn$0Dn , 1.

3. Main results

Now, we return to equation (1), that is,

xðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; xð jÞÞ; n [ Zþ: ð12Þ

We define a corresponding operator T on l(R) by Tu ¼ BðFuÞ (we write T ¼ B +F);

ðTuÞðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; uð jÞÞ; for n [ Zþ for any u ¼ {uðnÞ}n[Zþ [ lðRÞ: ð13Þ

A fixed-point x of T (with x ¼ Tx) is a solution of (12).

3.1 Positive convergent solutions via Krasnoselskii’s fixed-point theorem

We now apply Krasnoselskii’s fixed-point theorem to establish a result for (12).

Y. Song et al.428
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Theorem 3.1. Suppose that Hypotheses H1 and H2þ hold. If the following conditions are

satisfied:

Condition 3.1-1. F [ Cðl1cvgðRÞ! lgðRÞÞ (the Nemytskii operator F is a continuous

mapping of l1cvgðRÞ into lg(R)).
Condition 3.1-2. There exists a non-decreasing function c and a sequence q with the

following properties: c [ ðRþ ! RþÞ, q ¼ {qðnÞ}n$0 [ l1ðRÞ, qðnÞ $ 0 for all n [
Zþ and

A0qðnÞcðvÞ #
f ðn; vÞ

gðnÞ
# qðnÞcðvÞ;

for all v [ Rþ and n [ Zþ, where A0 is a constant with 0 , A0 # 1.

Condition 3.1-3. There exists a function f [ ðð0; 1Þ! ð0;1ÞÞ such that for any

0 , t , 1 and v $ 0, we have

cðtvÞ $ fðtÞcðvÞ;

Condition 3.1-4.

K2 ¼ inf
n$0

Xn
j¼0

qð jÞBðn; jÞgð jÞ . 0:

Condition 3.1-5. There exists 0 , M , 1 with

M

fðMÞ
# A0

K2

K1

; where K1 ¼ sup
n$0

Xn
j¼0

qð jÞBðn; jÞgð jÞ:

Condition 3.1-6. There exists a . 0 with a . K1cðaÞ.

Condition 3.1-7. There exists b . 0, b – a, with b , A0K2cðMbÞ.

Then (12) has at least one positive convergent solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ and
either (A) 0 , a , jxj1 , b and xðnÞ $ Ma for n [ Zþ; if a , b or ðBÞ 0 , b ,

jxj1 , a and xðnÞ $ Mb for n [ Zþ; if b , a.

Remark 5. To obtain required properties of solutions of (12) by use of a particular theorem,

one requires corresponding conditions on B(n, j) and f( j,u). Thus, Conditions 3.1-1 to 3.1-7

guarantee that we can apply Kransnoselskii’s fixed-point theorem to deduce the existence

of positive convergent solutions of (12). Similar conditions were given for obtaining

positive periodic (or almost periodic) solutions of non-linear Volterra integral equations in

[2] (Chapter 4) and constant-sign periodic and almost periodic solutions of a system of

difference equations in [3].

Note that K1 in Condition 3.1-5 is finite due to Hypothesis H1 and the fact that

q ¼ {qðnÞ}n$0 [ l1ðRÞ. Indeed, (8) and (9) in Theorem 2.2 guarantee that

0 # sup
n$0

Xn
j¼0

Bðn; jÞgð jÞ , 1:

Journal of Difference Equations and Applications 429
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Proof. Let X ¼ ðl1cvgðRÞ; j·j1Þ and

W ¼ u ¼ {uðnÞ}n[Zþ [ l1cvgðRÞ : uðnÞ $ Mjuj1 for n [ Zþ
n o

;

where M is defined in Condition 3.1-5. It is obvious that W is a cone in l1cvgðRÞ. The
operator T ¼ B +F is defined by

ðTuÞðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; uð jÞÞ; n [ Zþ:

We shall prove that TðWÞ # W and then that T has a fixed point in l1cvgðRÞ. Since the

Nemytskii operator F associated with f is an operator from l1cvgðRÞ into lg(R) by Condition
3.1-1 and since the pair ðlgðRÞ; l

1
cvgðRÞÞ is admissible with respect to the operator B, we

have ðB +FÞðWÞ # l1cvgðRÞ, that is TðWÞ # l1cvgðRÞ. We first show that

T [ ðW !WÞ: ð14Þ

Let u ¼ {uðnÞ}n[Zþ [ W . Then Condition 3.1-2 implies that for n [ Zþ,

jðTuÞðnÞj # cðjuj1Þsup
n$0

Xn
j¼0

qð jÞBðn; jÞgð jÞ ¼ K1cðjuj1Þ: ð15Þ

On the other hand, since u [ W , we have uðnÞ $ Mjuj1 for n [ Zþ, and therefore

Conditions 3.1-2 to 3.1-3, (15) and Condition 3.1-5 give

ðTuÞðnÞ $ A0

Xn
j¼0

qð jÞBðn; jÞgð jÞcðuð jÞÞ $ A0cðMjuj1Þ
Xn
j¼0

qð jÞBðn; jÞgð jÞ

$ A0fðMÞcðjuj1Þ
Xn
j¼0

qð jÞBðn; jÞgð jÞ $ K2A0fðMÞcðjuj1Þ $
K2

K1

A0fðMÞjTuj1

$ MjTuj1;

for n [ Zþ. Thus Tu [ W and (14) holds. Next, Condition 3.1-2 implies that the

Nemytskii operator F associated with the function f transforms bounded subsets of l1cvgðRÞ
into bounded subsets of lg(R) by Observations 2.8. It follows that T is a completely

continuous map of l1cvgðRÞ into l1cvgðRÞ because B +F is the composition of F, which is

continuous and transforms bounded subsets of l1cvgðRÞ into bounded subsets of lg(R),
while B is completely continuous by Lemma 2.4.

Let Va ¼ {u [ l1cvgðRÞ : juj1 , a} and Vb ¼ {u [ l1cvgðRÞ : juj1 , b}. To apply

Krasnoselskii’s fixed-point theorem (Theorem 2.5), we shall show that

jTuj1 , juj1 for u [ W > ›Va ¼ Sa; ð16Þ

and

jTuj1 . juj1 for u [ W > ›Vb ¼ Sb: ð17Þ

Notice that conditions (16) and (17) imply naturally that the operator T satisfies the

conditions in Theorem 2.5.
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To establish (16), let u [ W > ›Va ¼ Sa. In this case, juj1 ¼ a and uðnÞ $ Ma for

all n [ Zþ. Now, for n [ Zþ, we have

jðTuÞðnÞj # cðjuj1Þ
Xn
j¼0

qð jÞBðn; jÞgð jÞ # cðaÞK1:

This, together with Condition 3.1-6, yields jðTuÞj1 # cðaÞK1 , a ¼ juj1. Thus (16) is

satisfied.

Let u [ W > ›Vb ¼ Sb. Thus, jujb ¼ b and Mb # uðnÞ # b for all n [ Zþ. Now,

for n [ Zþ, it follows from Condition 3.1-2 that

jðTuÞðnÞj $ A0

Xn
j¼0

qð jÞBðn; jÞgð jÞcðuð jÞÞ $ A0K2cðMbÞ;

which together with Condition 3.1-7, yields ðTuÞðnÞ $ A0K2cðMbÞ . b ¼ juj1 for n $ 0,

and thus jTuj1 . juj1, that is, (17) holds.

Applying Krasnoselskii’s fixed-point theorem (Theorem 2.5), we conclude that (12)

has a solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ with x [ W > ðVanVbÞ if b , a, whereas x [
W > ðVbnVaÞ if a , b. Finally, it follows from (16) and (17) that the solution satisfies

jxj1 – a and jxj1 – b. This completes the proof. A

Remark 6. Since the proof of Theorem 3.1 is based on Krasnoselskii’s fixed-point theorem

(Theorem 2.5), Condition 3.1-1 can be replaced by the following less restrictive one

(Condition 3.1-1*, say): F [ Cð �VbnVa ! lgðRÞÞ, or F [ Cð �VanVb ! lgðRÞÞ. (The

Nemytskii operator F is a continuous mapping ofW > ð �VbnVaÞ or ofW > ð �VanVbÞ into

lg(R).)

Example 3.2. Consider the nonlinear system

xðnÞ ¼
Xn
j¼0

Bðn; jÞgð jÞ½xð jÞ�g; for n [ Zþ; ð18Þ

with 0 , g , 1 and Hypothesis H1 holds where {g(n)} is a positive sequence defining the

space lg(R). In addition, assume that

inf
n$0

Xn
j¼0

Bðn; jÞgð jÞ . 0: ð19Þ

Then (18) has at least one positive convergent solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ with

b ¼
1

2
M g=ð12gÞðK2Þ

1=ð12gÞ , jxj1 , 2ðK1Þ
1=ð12gÞ ¼ a and xðnÞ $ Mb for n [ Zþ;
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here M ¼ ð1=2ÞðK2=K1Þ
1=ð12gÞ with

K2 ¼ inf
n[Zþ

Xn
j¼0

Bðn; jÞgð jÞ and K1 ¼ sup
n[Zþ

Xn
j¼0

Bðn; jÞgð jÞ:

To see that the result in Example 3.2 is correct, we will apply Theorem 3.1 with

f ðn; uÞ ¼ gðnÞug; cðvÞ ¼ vg; q ; 1; A0 ¼ 1 and fðvÞ ¼ vg:

Noting Remark 6, we shall first show that the Nemytskii operator F for

f ðn; uðnÞÞ ¼ gðnÞ½uðnÞ�g is a continuous mapping of W > ð �VanVbÞ into lg(R). To this

end, let limj!1uj ¼ u0 in W > ð �VanVbÞ. Then, b # jujj1 # a for all j $ 0 and Mb #

ujðnÞ # a for all j $ 0 and n $ 0. Now, for any j . 0 and n $ 0 with ujðnÞ – u0ðnÞ, it

follows from the mean-value theorem that

½ujðnÞ�
g 2 ½u0ðnÞ�

g ¼ g
1

m12g
½ujðnÞ2 u0ðnÞ�;

where m [ ðujðnÞ; u0ðnÞÞ (or m [ ðu0ðnÞ; ujðnÞÞ), and hence

j½ujðnÞ�
g 2 ½u0ðnÞ�

gj ¼
g

m12g
jujðnÞ2 u0ðnÞj #

g

ðMbÞ12g
jujðnÞ2 u0ðnÞj: ð20Þ

Notice that (20) also holds, if ujðnÞ ¼ u0ðnÞ. Then, we obtain

jFðujÞðnÞ2 Fðu0ÞðnÞj # gðnÞ
g

ðMbÞ12g
jujðnÞ2 u0ðnÞj; ð21Þ

which implies that the Nemytskii operator F corresponding to f ðn; uðnÞÞ ¼ gðnÞ½uðnÞ�g is a

continuous mapping of W > ð �VanVbÞ into lg(R) by Observations 2.8 and (11).

Notice that Conditions 3.1-1 to 3.1-3 are obviously satisfied. To verify Condition

3.1-5, note that

M

fðMÞ
¼ M 12g ¼

1

2

� �12g
K2

K1

#
K2

K1

¼ A0

K2

K1

:

Also Condition 3.1-6 is satisfied since a=ðcðaÞÞ ¼ a12g ¼ 212g K1 . K1. Finally,

Condition 3.1-7 is satisfied since

b

cðMbÞ
¼

1

M g
b12g ¼

1

M g

1

2

� �12g

M gK2 ¼
1

2

� �12g

K2 , K2 ¼ A0K2:

Now apply (B) in Theorem 3.1. A
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Example 3.3. By taking Bðn; jÞ ¼ e2ðn2jÞ and gðnÞ ; 1 for all n $ 0 in Example 3.2, we

consider as a concrete example the equations

xðnÞ ¼
Xn
j¼0

e2ðn2jÞ½xð jÞ�g for n [ Zþ; with 0 , g , 1: ð22Þ

In this case, Hypothesis H1 holds with

lim
n!1

Bðn; jÞ ¼ lim
n!1

e2ðn2jÞ ¼ 0 for all j $ 0;

K2 ¼ inf
n$0

Xn
j¼0

Bðn; jÞgð jÞ ¼ inf
n$0

Xn
j¼0

e2ðn2jÞ ¼ 1 . 0;

and

K1 ¼ sup
n$0

Xn
j¼0

Bðn; jÞgð jÞ ¼ sup
n$0

Xn
j¼0

e2ðn2jÞ ¼
e

e2 1
, 1:

By Example 3.2, we see that (22) has at least one positive convergent solution x ¼

{xðnÞ}n[Zþ [ l1cvgðRÞ with

b ¼
1

2
M g=ð12gÞ , jxj1 , 2ðK1Þ

1=ð12gÞ ¼ a and xðnÞ $ Mb for n [ Zþ;

here

M ¼
1

2

1

K1

� �1=ð12gÞ

¼
1

2

e2 1

e

� �1=ð12gÞ

:

With additional conditions on B(n,j) and f in (12), applications of Theorem 3.1 will

yield additional positive convergent solutions of (12). For completeness, we provide one

multiple solution result.

Theorem 3.4. Suppose that Hypothesis H1 and Conditions 3.1-1 to 3.1-5 hold (with K1,2

and M as defined therein). In addition, suppose there are constants g0 , g1 , g2 with the

following satisfied:

Condition 3.1-1. g0 . 0 is such that g0 , A0K2cðMg0Þ.

Condition 3.1-2. g1 . 0 is such that g1 . K1cðg1Þ.

Condition 3.1-3. g2 . 0 is such that g2 , A0K2cðMg2Þ.

Then, (12) has at least two positive solutions x1 ¼ {x1ðnÞ}n[Zþ , x2 ¼ {x2ðnÞ}n[Zþ [
l1cvgðRÞ with 0 , g0 , jx1j1 , g1 , jx2j1 , g2, x1ðnÞ $ Mg0 and x2ðnÞ $ Mg1 for

n [ Zþ.

Proof. The existence of x1 follows from (B) in Theorem 3.1 with a ¼ g1 and b ¼ g0, and

the existence of x2 follows from (A) in Theorem 3.1 with a ¼ g1 and b ¼ g2. A
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3.2 Non-negative convergent solutions via the non-linear alternative

Comparing Kransnoselskii’s fixed-point theorem (Theorem 2.5) with the non-linear

alternative (Theorem 2.6; which we are now about to apply), we note that both theorems

guarantee the existence of a fixed point for an operator, but under different conditions.

Since the location of a fixed point in Theorem 2.5 is more precise than that in Theorem 2.6,

the hypotheses for the completely continuous operator in Theorem 2.5 are stricter than

those in Theorem 2.6. It is, therefore, understandable that the assumptions in the following

theorem are less strict than those in Theorem 3.1.

Theorem 3.5. Suppose that Hypotheses H1 and H2 hold. In addition, assume the

following:

Condition 3.5-1. F [ Cðl1cvgðRÞ! lgðRÞÞ (the Nemytskii operator F is a continuous

mapping of l1cvgðRÞ into lg(R)).
Condition 3.5-2. There exists a non-decreasing function c [ ðRþ ! RþÞ and q [
l1ðRÞ with qðnÞ $ 0 such that

f ðn; vÞ

gðnÞ
# qðnÞcðvÞ for all v [ Rþ and n [ Zþ;

Condition 3.5-3. There exists a . K1cðaÞ, where

K1 ¼ sup
n[Zþ

Xn
j¼0

qð jÞBðn; jÞgð jÞ:

Then, (12) has at least one non-negative convergent solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ
with jxj1 , a.

Proof. Let E ¼ ðl1cvgðRÞ; j·j1Þ and U ¼ {u [ l1cvgðRÞ : juj1 , a}. It is easy to see, from

the conditions, that the operator T acting on l1cvgðRÞ, defined by

ðTuÞðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; uð jÞÞ;

for n [ Zþ, maps l1cvgðRÞ to l1cvgðRÞ. In addition, Condition 3.5-1 to 3.5-2 and the

admissibility of the operator B guarantee that T [ ðl1cvgðRÞ! l1cvgðRÞÞ is completely

continuous.

The remainder of the proof proceeds by applying Theorem 3.5 (with T replaced by T,

etc.), and establishing that the option (ii) therein cannot hold so that option (i) does hold.

Let xl ¼ {xlðnÞ}n[Zþ [ l1cvgðRÞ be any solution of

xlðnÞ ¼ l £
Xn
j¼0

Bðn; jÞf ð j; xlð jÞÞ; n [ Zþ;

for 0 , l , 1. Since Bðn; jÞ $ 0 and f [ ðZþ £ R! RþÞ, the right-hand side of the

above equation is non-negative, which implies that xlðnÞ $ 0 for all n [ Zþ. Now, for
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n [ Zþ, we have

jxlðnÞj , l
Xn
j¼0

qð jÞBðn; jÞgð jÞcðxlð jÞÞ # cðjxlj1Þ
Xn
j¼0

qð jÞBðn; jÞgð jÞ # K1cðjxlj1Þ;

and therefore

jxlj1 # K1cðjxlj1Þ: ð23Þ

In addition, Condition 3.5-3 and (23) implies that jxlj1 – a. Apply the nonlinear

alternative (notice that (ii) cannot occur) to deduce that (12) has a solution x ¼

{xðnÞ}n[Zþ [ l1cvgðRÞwith ðxðnÞ $ 0 for all n [ Zþ) and jxj1 , a. (Note jxj1 # a by the

nonlinear alternative. If jxj1 ¼ a, it is readily shown that a ¼ jxj1 # K1cðjxj1Þ ¼ K1a,

which contradicts Condition 3.5-3.) A

Remark 7. If there are positive integers j0 # n0 in Zþ such that Bðn0; j0Þf ð j0; 0Þ . 0, then

the convergent sequence {yðnÞ}n[Zþ , yðnÞ ¼ 0 for all n [ Zþ, is not a solution of (12). In

this case, the non-negative solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ with jxj1 , a in Theorem

3.5 satisfies jxj1 . 0.

3.3 Non-negative convergent solutions via the Leggett–Williams fixed-point theorem

It is possible to use the Leggett–Williams fixed-point theorem to obtain non-negative

convergent solutions of (12).

Theorem 3.6. Suppose that Hypotheses H1 and H2þ hold, and let Condition 3.1-1 be

satisfied (the Nemytskii operator F is a continuous mapping of l1cvgðRÞ into lg(R)).
In addition, assume the following conditions are satisfied:

Condition 3.6-1. There exist a non-decreasing continuous map c [ ðRþ ! RþÞ, a

continuous map f [ ðRþ ! RþÞ and q [ l1ðRÞ such that

fðvÞqðnÞ #
f ðn; vÞ

gðnÞ
# qðnÞcðvÞ for all v [ Rþ and n [ Zþ;

where qðnÞ $ 0 for n [ Zþ,

Condition 3.6-2. K2 . 0 where

K2 ¼ inf
n[Zþ

Xn
j¼0

qð jÞBðn; jÞgð jÞ:

Condition 3.6-3. There exists r . 0 with r , K2fðrÞ.

Condition 3.6-4. fðvÞ=v is non-increasing on (0,r).

Condition 3.6-5. There exists R . r with R . cðRÞK1, where

K1 ¼ sup
n[Zþ

Xn
j¼0

qð jÞBðn; jÞgð jÞ:
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Then, (12) has a non-negative convergent solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ with

r # jxj1 , R.

Proof. Let E ¼ ðl1cvgðRÞ; j·j1Þ and W ¼ {u [ l1cvgðRÞ : uðnÞ $ 0 for n [ Zþ}. Clearly,

W is a cone in l1cvgðRÞ. To prove our result by applying Theorem 2.7, we shall first chose

u0 [ Wn{0}. We do this by letting u0 ¼ {u0ðnÞ}n[Zþ [ Wn{0} with u0ðnÞ ¼ 1 for all

n [ Zþ and let

Wðu0Þ ¼ {u [ W such that there exists l . 0 with uðnÞ $ lu0ðnÞ ¼ l for n [ Zþ}:

Note that the aboveW(u0) can be also defined byWðu0Þ ¼ {u [ W : infn$0uðnÞ ¼ u . 0}.

From Hypothesis H1, Conditions 3.1-1 and 3.6-1, it follows that T [ ðW !WÞ is

completely continuous, where Tu is defined by

ðTuÞðnÞ ¼
Xn
j¼0

Bðn; jÞf ð j; uð jÞÞ for n [ Zþ and u ¼ {uðnÞ}n[Zþ [ W :

In order to verify the hypotheses of Theorem 2.7, we first show

jTuj1 # jxj1 for u [ SR ¼ {u [ W : juj1 ¼ R}; ð24Þ

where R is given in Condition 3.6-5. In fact, if u ¼ {uðnÞ}n[Zþ [ SR, then juj1 ¼ R. Thus

for n [ Zþ, we have

ðTuÞðnÞ #
Xn
j¼0

qð jÞBðn; jÞgð jÞcðuð jÞÞ # cðjuj1Þ
Xn
j¼0

qð jÞBðn; jÞgð jÞ # cðRÞK1: ð25Þ

This together with Condition 3.6-5 gives

jTuj1 # cðRÞK1 , R ¼ juj1; ð26Þ

which implies that (24) holds. Next, for r in Condition 3.6-3, we show that

Tu � u for u [ Sr >Wðu0Þ; where Sr ¼ {u [ W : juj1 ¼ r}: ð27Þ

To see this, let u ¼ {uðnÞ}n[Zþ [ Sr >Wðu0Þ, hence juj1 ¼ r and r $ uðnÞ . 0 for

n [ Zþ. Now for n [ Zþ, we have

ðTuÞðnÞ $
Xn
j¼0

qð jÞBðn; jÞgð jÞ
fðuð jÞÞ

uð jÞ
uð jÞ $

fðrÞ

r

Xn
j¼0

qð jÞBðn; jÞgð jÞuð jÞ:

Let u ¼ infn[ZþuðnÞ . 0 for u [ Sr >Wðu0Þ and this together with the previous

inequality yields

ðTuÞðnÞ $
fðrÞ

r
u
Xn
j¼0

qð jÞBðn; jÞgð jÞ $
fðrÞ

r
K2

� �
u;
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for n [ Zþ and hence,

inf
n$0

ðTuÞðnÞ $
fðrÞK2

r
u: ð28Þ

Set p ¼ fðrÞK2=r. Since p . 1 by Condition 3.6-3 and pu . u, there is n0 [ Zþ such that

pu . uðn0Þ, and hence ðTuÞðn0Þ $ pu . uðn0Þ by (28). This implies that (27) is valid.

Applying Theorem 2.7, we conclude that (12) has a non-negative convergent solution

x ¼ {xðnÞ}n[Zþ [ W with r # jxj1 # R. Finally, it follows from (26) that jxj1 – R. A

To illustrate Theorem 3.6 with an example, we consider, a case where gðnÞ ; 1 for all

n $ 0 – as an example, this simplification involves no essential loss of generality.

Example 3.7. Consider the following discrete nonlinear system

xðnÞ ¼
Xn
j¼0

Bðn; jÞhð jÞ½Gðxð jÞÞ�; n [ Zþ; ð29Þ

where GðuÞ ¼ 1=ð1 þ lnð1 þ uÞÞ þ u, h ¼ {hð jÞ}j$0 [ l1cvgðRÞ, hð jÞ . 0 for all j [ Zþ

and Hypothesis H1 is satisfied with gðnÞ ; 1 for all n $ 0. In addition, assume

K2 ¼ inf
n[Zþ

Xn
j¼0

hð jÞBðn; jÞ . 0; ð30Þ

and

K1 ¼ sup
n[Zþ

Xn
j¼0

hð jÞBðn; jÞ ,
1þ ln 2

2þ ln 2
; ð31Þ

hold. Then (29) has a non-negative solution x ¼ {xðnÞ}n[Zþ [ l1cvgðRÞ with

r # jxj1 , 1 for any 0 , r , 1 with r½1þ ln ð1þ rÞ� , K2:

To see this, let f ðn; vÞ ¼ hðnÞGðvÞ, cðvÞ ¼ GðvÞ, fðvÞ ¼ 1=ð1 þ lnð1 þ vÞÞ and qðnÞ ¼

hðnÞ with 0 , rð1 þ lnð1 þ rÞÞ , K2 and R ¼ 1. Now, we show that Conditions 3.1-1,

3.6-1 and 3.6-3 to 3.6-5 hold.

It is readily shown that the Nemytskii operator F, defined by FðfÞðnÞ ¼ f ðn;fðnÞÞ,
satisfies condition (i) in Observations 2.8 and thus it transforms bounded subset of l1cvgðRÞ
into bounded subsets of lg(R) by Observations 2.8.

For any 0 # u1 , u2, it follows from the mean-value theorem that there exists a v with

v1 , v , v2 such that

j f ðn; v2Þ2 f ðn; v1Þj ¼ hðnÞ
21

ð1þ vÞ½1þ ln ð1þ vÞ�2
þ 1

� �
ðv2 2 v1Þ

����
���� # jhj1jv2 2 v1j;

which implies that the Nemytskii operator F is a continuous mapping of l1cvgðRÞ into lg(R)
by Observations 2.8 and (11), and hence Condition 3.1-1 is satisfied.

Obviously, cðvÞ $ 0 for v [ Rþ and increasing on Rþ, and hence Condition 3.6-1 is

true. Notice that the function pðvÞ ¼ v½1 þ lnð1 þ vÞ� is continuous and increasing onRþ.
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This implies that the function fðvÞ=u ¼ 1=pðvÞ is non-increasing on ð0;1Þ. Since pð0Þ ¼ 0

and pðvÞ ¼ v½1 þ lnð1 þ vÞ� is continuous, we can chose a positive 0 , r , 1 such that

pðrÞ ¼
r

fðrÞ
¼ r½1þ lnð1þ rÞ� , K2;

which implies that Conditions 3.6-3 and 3.6-4 hold.

For R ¼ 1 . r, it is clear that cðRÞK1 ¼ ð2 þ ln 2Þ=ð1 þ ln 2ÞK1 , 1 ¼ R, and

hence Condition 3.6-5 is satisfied. Now apply Theorem 3.6.
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