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Suppose that a pair of sequence spaces is admissible with respect to a discrete linear
Volterra operator. This paper gives sufficient conditions for the same pair of spaces to
be admissible with respect to the associated resolvent operator. The spaces considered
include spaces of weighted bounded and weighted convergent sequences. Classes of
discrete kernels are discussed for which the appropriate weight sequences are not
purely exponential, but the product of an exponential and a slowly decaying sequence.
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1. Introduction

Recently Song and Baker [14] studied admissibility for linear and nonlinear discrete
Volterra equations. Also, Appleby et al. [1] examined the asymptotic properties of
solutions of discrete Volterra equations using weighted sequence spaces; subsequently the
main result in [1] was improved by Gyori and Horvath [9]. This paper studies some
connections between these works.

As motivation, consider the linear discrete Volterra equation

x(n) = h(n) + > H(n,x(j), n€Z", (1
j=0

with H(n, j) = 0, for j > n and det({ — H(n, n)) # 0. Its solutions can be expressed in
terms of the resolvent kernel {R(n, j)} by

x(n) = h(n) = > R, ph(j), n€Z*. )

=0

Associated with the resolvent kernel is the resolvent operator R:/ — / defined by
(Rop)(n) = Z]'.':OR(n,j)d>(j) for all sequences {@(j)};=o in 7. A pair (X,Y) of subspaces
of / is admissible with respect to R, if R(X) C Y. It is plainly desirable to know
conditions under which this happens. Application of results in [14] give necessary and
sufficient conditions in terms of the resolvent kernel {R(n, j)} rather than the kernel
{H(n, j)} occurring in (1).
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In this paper, the techniques developed in [1,9] are used to obtain new sufficient
conditions in terms of {H(n, j)} for (X, Y) to be admissible with respect to R. The form of
all the results is that if (X, Y) is admissible with respect to 7{ and stability conditions holds,
then (X,Y) is also admissible with respect to R. The results in [14] are stated in terms of
norms, while the methods of [1,9] involve manipulating the absolute values of matrices.
Therefore we require necessary and sufficient conditions for admissibility in terms of
absolute values: in two cases the admissibility conditions of [14] are merely translated, but
in one case it is more expedient to use an alternative set of conditions.

Our results are applied to a class of linear nonconvolution equations whose solutions
can be weighted by a sequence which is not purely exponential, but the product of an
exponential and a slowly decaying sequence.

Nonlinear equations of the form x(n) = h(n) + ZJ'.’:OH(n, N, x(j)) for n =0, are
also studied in [14]. Admissibility conditions and fixed-point methods are used to
determine qualitative properties of the solutions. However, in some cases a variation of
constants procedure should be used to transform the nonlinear equation into one amenable
to this approach. Admissibility results for resolvent operators are required.

2. Preliminaries
2.1 Notation

In this paper, [ denotes either R or C. E*“ is the space of all d X d matrices with entries in
[E; the zero and identity matrices are denoted by O and I, respectively, and the matrix E
is defined by Ej; = 1. E*/ can be endowed with many norms, but they are all equivalent.
l|Al| usually stands for the Euclidean norm of a matrix A = (4;) € . This should not
be confused with its absolute value, which is the matrix in R™ defined by (lA]); = 1A,1.
A matrix A =(A;) in R™4 is nonnegative, if A; = 0, in which case we write A = 0.
A partial ordering is defined on E**/ by letting A < B, if and only if B — A = 0.

The spectral radius of a matrix A is given by p(A) = lim,,_.||A"||'", where ||-|| is any
norm on E?. p(A) is independent of the norm employed to calculate it, and equals the
maximum of the absolute values of the eigenvalues of A. We use the inequalities
p(A) = p(JA]) and p(A) = p(B),if 0 = A = B.

2.2 Sequence spaces

The linear space of sequences ¢ : ZT — E¢ is denoted by /(E?). For each m = 0, let
alldll == maxg=, = .||dp(n)ll, where ||-|| is the Euclidean norm on E“. Each ¢ — ,||¢| is a
semi-norm on 7(E ), which is a Fréchet space if endowed with the topology generated by
this family of semi-norms. A sequence in /(E?) converges if and only if it converges on
every finite subset of ZT. /*(E¢) is the Banach space consisting of all bounded sequences
¢ € /(EY, equipped with the norm |||l ~ = sup,=olldp®)|l: then /®(E%) C /(E%
algebraically and topologically. Two important subspaces of /*(EY) are /“(E¢) and
/O(EY: /() consists of all sequences ¢ in /°(E?), for which lim,_.¢(n) exists (and
is finite), and /°(EY) consists of all sequences ¢ in /°(EY) for which lim,_.,$(n) = 0. It is
well-known that /%(E%) C /“(E%) C /*(E?) both algebraically and topologically.

Let {y(n)},cz+ be a non-vanishing sequence in [; i.e. y(n) # 0 for all n = 0. Then,
,/([Ed) denotes the space of all sequences ¢ in [Ed with sup,=ollp@)||/| y(n)| < oo.
Hence, /(E%) =/ y([Ed) where y(n) = 1. Also, let / C([Ed) denote the subspace of

sequences ¢ in 7 ([E ) such that lim,,_.,¢(n)/y(n) exists.
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Where it is clear from the context, we suppress the dependence on the codomain of the
sequences, and for example write /~ for /%(E%).

2.3 Resolvent kernels and operators

Throughout the paper H : Z+ x Z+ — E“ satisfies H(n, j) = 0, for j > n. Corresponding
to the sequence {H(n, j)} is a continuous operator H : / (E) — /(%) defined by

(Hd)m) = > Hn, (), n€Z". 3)
=0

J

The equation (1) has a unique solution {x(n)} € / for each {h(n)} € /, provided
detd — H(n,n)) #0, neZ*. %)

If (4) holds, the resolvent kernel {R(n, m)} is defined to be the solution of

R(n, k) =Y H(n,)R(j, k) = Hn,k), 0=k=n, )
Jj=k

with R(n, k) = 0 for all k > n = 0. It can be shown that {R(n, m)} also obeys

R(n,k) = R(n,)H(j,k) = H(n,k), 0=k=n.
j=k

The unique solution of (1) can be represented in terms of the resolvent as in (2).
The resolvent operator R : /(E%) — /(E?) is defined by

(Re)n) = > R, j)$(j), n€Z", (6)
j=0

For further information about the resolvents of discrete Volterra operators, see Vecchio
[15].

One motivation for studying the admissibility of the resolvent operator is Theorem 4.2
of [14], which is stated here for ease of reference.

THEOREM 2.1. Suppose that H(n, j) = 0 for j > n and (4) holds. Let X be one of the spaces
4 y([Ed), LP(EY, 1°(EY, (°(EY). Then the following statements are equivalent.

(1) For each {h(n)},=q in X, the solution {x(n)},=¢ of (1) is in X.
(2) The pair (X,X) is admissible with respect to the operator R given by (6).

2.4 Admissibility

The theory of admissibility for ordinary differential equations was developed by Perron,
Bellman, and Massera and Schéffer [10]. The theory for Volterra integral operators was
begun by Corduneanu [3], and advanced by Miller, Cushing and others. Different but
related concepts of admissibility have been employed in different works; so for example
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that used in [10] differs from employed in [3]. Corduneanu [4,5] give informative and
comprehensive accounts of the theory up to 1991.

The theory of admissibility for discrete Volterra equations was studied in [14]. It is
clear from Section 4 of [14] that admissibility of the resolvent is an important ingredient in
using fixed point theorems to prove results about nonlinear perturbations of (1). The work
of Medina on h-stability of Volterra difference equations in [11] is also connected to
admissibility of pairs of weighted spaces with respect to resolvent operators. One of the
motivations of h-stability was to obtain estimates on solutions decaying to either an
exponentially stable or weakly stable equilibrium.

DEFINITION 2.2. Let X and Y be two subspaces of ¢ ([Ed). The pair (X,Y) is said to be
admissible with respect to K : ((E) — /() IfFKX) CY.

Since /(E?) is a Fréchet space, the following is a statement of a standard result
(e.g., Lemma 1.1 of Chapter 2 in [4], Lemma 2.6 in [14]).

ProposITION 2.3. If (X)Y) is admissible with respect to K, and the topologies
of both X and Y are stronger than that of /(E%), then the restriction K = IC|; X—Yis
continuous.

3. Admissibility for discrete Volterra operators

Three theorems in [14] are central to our paper. They provide necessary and sufficient
conditions for the pairs (£, /), (/, /) and (/,, /) to be admissible with respect to the
operator H defined by (3). In order to reveal the connections between the results in [1] and
[14], two of these three key theorems are reformulated in terms of absolute values of
matrices rather than norms.

Firstly, we reformulate Theorem 3.1 of [14].

THEOREM 3.1. Let 7y and & be non-vanishing sequences in ((E). Then (/,, /) is
admissible with respect to 'H, if and only if

" |Hn ) YO
ii‘é; EI @

Theorem 3.1 of [14] in fact uses the condition

n H . r
S IOl ©
where ||-|| denotes the Euclidean norm on E“. By considering the maximum norm on

E™ it is easily shown that (8) is equivalent to (7).

The sufficiency of (8) appears in Gol’dengersel’ [6] in the case that d =1 and
y(n) = 8(n) =r" with r> 0. Though no proofs are given, details of proofs for
corresponding results for Volterra integral equations can be found in Gol’dengersel’ [7].

The following is an alternative formulation of Theorem 3.7 of [14].
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THEOREM 3.2. Suppose that
limH(n,j) = Ho(j) exists. )

Then (£, £°) is admissible with respect to H if and only if H satisfies both

sup _ |H(n, j)l < co, (10)
nz()j:()
lim E H(n,j) exists. (11)
n—»ooj:(]

If these conditions hold, for every ¢ € / with ¢(00) = lim, . P(n),

1im (Hp)(n) = Vid(00) + Y Heo(N()), (12)
Jj=0
where
Vi = lim» Hn,j) =) He()). (13)
j=0 j=0

The next result assures us that the second term in (12) is well-defined and finite.

PRrOPOSITION 3.3. Suppose that H obeys (9) and (10). Then

n=0"

oo} n n
|Ho(j)l = limsupy _ |H(n,j)| = sup _ |H(n,j)l. (14)
j=0 =0 i j=0

Proof. The argument used to establish ([14], equation (3.41)) is modified by changing
norms to absolute values. For every k = 0,

k k k
> He(Dl = lim> " |H(,j)l = lim sup> " |H(n, j)
=0 =0 =
= limsup) _|H(n, )l = limsup» _|H(n,j)| = sup> _ |H(n,j)l.
=0 = =0 n—o00 =0 nz()j:O
By taking the limit superior as k — oo, we obtain (14). g

The matrix Vy occurs in several places with different assumptions in force. For the
sake of clarity, we state the following.

PROPOSITION 3.4. Suppose that H obeys (9) and (10). Then the following are equivalent:
(i) limy—w i oH(n, ) exists;
(i) Vi = limy—wlim,—e) ., H(n,j) exists and,

(iii) 1imy—eolim sup,—eo|Vy — > ¢, H(n, j)‘ =0 for some Vy in E™
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It is not hard to demonstrate that (i) = (ii) = (iii) = (i). In examples, it is often easier
to verify (iii) than the other conditions.

Finally, in this section, we give necessary and sufficient conditions for (7, /) to be
admissible with respect to H. Theorem 3.4 and Remark 3.5 of [14] stated that the two
conditions

n

su;onz IH@, V)] < oo, (15)

n=0=0

lim > IH@ ) =D Ha(D¥O, (16)
Jj=0 j=0

taken together, are necessary and sufficient for this. Other variants are also discussed.
However, our proofs are more succinct if we employ an alternative pair of conditions.

THEOREM 3.5. Let {y(n)} be a non-vanishing sequence in /(). Suppose that H satisfies
(9). Then (£, () is admissible with respect to H if and only if H obeys

sup_ [Hm. Iy < oo, (17)

n=05=20

lim limsup _ [H(n, )ll¥(j)] = 0. (18)
n—oo j:m

If these conditions hold, lim,—.(Hd)(n) = ZJZOHm(j)qS(j) for every p € £,
Proof. We prove that (15) and (16) are equivalent to (15) and
lim limsupy _ [IH (2, )lll ¥l = 0. (19)
n—oo j:m
Suppose that (15) and (16) hold. Let n > m > 0. By taking the limit as n — o0 in

n m—1 n
S MH@ MY =D IH@ YD+ IH@ IO, (20)
j=0 j=0

j=m

we deduce using (9) that
n m—1 n
lim > H@ YD =D IHIIY)] + Tim > @)Y,
Jj=0 j=0 Jj=m

and therefore that limn_,ooz;’:mIIH(n,j)III'y(j)l = Z;imIIHoo(j)III'y(j)l, which in turn
implies (19).
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Next, we suppose that (15) and (19) are true. By taking the limit superior as n — oo of
both sides of (20), we obtain

lim supz I, DY) = Z IH=HIADI + Tim supz Il DY

o0
n= j=m

Therefore, (19) implies that

MWZWWWW<ZMWWM

n—eo ST

The reverse inequality follows from the argument showing ([14], equation (3.41)): for
every k = 0,

1Hn§:|UHhJNHVUN-— hnmup}jluanfﬂnyoﬂ

1‘1170

k
> IH DY
j=0

SMWZWWWW—MWZWWWW

n—oo

By taking the limit superior of each side as k — oo, we get the desired inequality.
Finally, we observe that the equivalence between (15) and (19), and the pair (17) and

(18), can be concluded using the equivalence of the Euclidean and the maximum norms

on [, O

4. Asymptotic behaviour of solutions of discrete Volterra equations

A variant of Theorem 5.1 of [1] will be used to establish that the solutions of various
equations are bounded.

THEOREM 4.1. Suppose that H(n, j) = 0 for all (n, j) € Z+ X Z*, and that

Wy == lim lim supz H(n,j) < oo, p(Wg) <I1, 21
m—o e
j=m
sup H(n,j) < oo foreach j = 0. (22)
n=j

Suppose also that h = {h(n)},=¢ and y = {y(n)},=¢ are sequences of nonnegative vectors
in E¢ such that h is bounded and

Y(n) = h(m)+ Y H(n,j)y(j), n=0. (23)

J=0

Then y is also bounded.
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Proof. It is a consequence of (21) that there are positive integers M, and Ny, with Ny > M,
such that

(sup > Hn, ])> <1 (24)

n>N()j M,

Then (23) implies that for n = M,,

Yn) = a(m)+ > Hmy(j), n= Mo, (25)

J=Mo
where a(n) = h(n) + ZM" 'H (n,)y(j). The boundedness of & and (22) force {a(n)},=u,

to be bounded. Let k > NO be an integer. Then taking the maximum of each side of (25)
over Moy =n <k,

max y(n) = pmax X a(n) + ymax ZH(”J)y(j)-
J=Mo

My=n=k

The last term can be bounded in the following manner:

max ZH(n Q) = | max ZH(n i)+  max ZH(w)y(f)

M0<Vl<

= max H(n, max + su H(n, max
M0<n<NOZ (n, ), max_ y(j) ">1€012M:0 (n.j) max y(j).

It follows that

max v(n) = p+ sup 3 Hnj) max y()).
My=r n=k NOJ Mo

where p is the nonnegative vector

p = supa(n)+ max ZH(n ]) max y(])

n=M, My=n<N,

Due to (24), (I — suanNOZJ'?:MOH(n, j))f1 exists and is nonnegative. Hence, for every
k > No,

-1
Jmax y(n) = (1 — sup ZH(n,J)> P,

n=Noj=p1,

establishing that sup,=,, y(n) is finite. Hence, {y(n)},=¢ is bounded. U

PROPOSITION 4.2. Suppose that H(n, j) = 0 for all (n,j) € Z* X Zt and (21) holds. Then
supnzozj'.'on (n,j) is finite if and only if (22) holds.
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Proof. Assume that (22) is true. Let Ny > My > 0 be as in (24). Then

supZ H(n, j) = sup Z H(n,j)+ sup Z H(n, )

n>0 n= No] Mo n>Moj 0

+  max ZH(n J)+ max ZH(";J)

My=n=N,

The sum on the right hand side is finite, the last two terms being finite sums. Conversely, if
SUPp=0Y poH(m, k) < 00, H(n,j) = sup,=0y oH(m,k) for all n = j. O

Our next result gives a condition for the bounded solutions of (23) to obey an
asymptotic inequality.

THEOREM 4.3. Suppose that the hypotheses of Theorem 4.1 hold. Let lim sup,—.H(n,j) =
H(j) for all j € 7. Then

limsupy(n) = (I — Wg)™! <lim sup h(n) + Z H(j)y(j)) . (26)

— 00 — 00 5
n n j=0

Proof. By Proposition 4.2, supn>ozj oH(n,j) is finite, and the argument used
in Proposition 3.3 demonstrates that Z H( j) is finite; hence Z 0H( Jy(j) is finite.
Let n = m > 0. The inequality (23) can be expressed as

m—1

Y(n) = h(n) + Zﬂ(mm + Z (H(n,j) — H())Y () + ZH(",])Y(]) 27)

J= J= j=m
Since h and y are bounded, lim sup,—e/(n) and sup;=,,y(j) are both finite. Moreover,
m—1 m—1

limsup _ (H(n,j) = H())Y()) = thsup(H(n D = Hy(j) =0.

— 00 P — 00
n —() n

J=

By taking the limit superior of each side of (27) as n — oo,

m—1
limsup y(n) = limsup h(n) + Z H(j)y(j) + lim supz H(n, ])sup y(j)-
N1—00 Nn—00 =0 n—00 j=m

If the limit superior as m — oo is taken of each side, we obtain that

lim sup y(n) = limsup h(n) + ZH(J)Y(J) + Wy lim sup y()),

n—o0o n—00 j—oo

j=0
where Wy, is given by (21). Since (I — W)~ ! = 0, we obtain (26). O

Theorem 3.1 of [9] established an asymptotic representation for solutions of the linear
Volterra difference equation z(n + 1) = g(n) + >_7_,G(n,j)z(j), subject to an initial
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condition z(0) = zq. This result simplified and generalized Theorem 3.1 of [1]. The solution
of the above initial-value problem satisfies a particular form of (1). We now give a variant
of Theorem 3.1 of [9] for (1). Its statement is tailored for application to the problems for
which some admissibility conditions are known.

THEOREM 4.4. Assume that H obeys (4) and (9). Suppose also that H satisfies the
conditions

Wy = lim lim supz |H(n,j)| < oo, (28a)
n—oo ]:m
p(Wy) <1, (28b)
and
lim lim sup ZH(n,j) —Vu| =0 forsome V. (29)
e | j=m

If {h(n)} is in /€ with h(c0) = lim,—h(n), then the solution {x(n)} of (1) is in /° and

limx(n) = (I — V)~

h(e0) + ) Hoo(j)x(j)] : (30)
=0

J

Proof. Observing firstly that (9) implies (22), we deduce from Proposition 4.2 that (10) is
true. Therefore, by Proposition 3.3, Z;iOIHw( j)| is finite. Note also that it is a
consequence of Proposition 3.4 and (28) that p(|Vy|) = p(Wy) < 1, and hence p(Vy) < 1
and I — Vg is invertible. Taking absolute values of each side of (1),

Ll = [k + > [H(n, pllx()l-
j=0

By Theorem 4.1, x is bounded.
For any x™ in E, (1) can be expressed as

m—1 m—1
xX(n) = h(n) + Y Ha(DX() + Vigx™ + Y [H(n, ) = Ho(NIR()
=0

=0 j
+ (Zn: H(n,j) - VH>X°° + zn:H(n,j)[X(j) —x7]. (31)
j=m j=m
We apply this in the case that x™ solves the equation
x% = h(c0) + io:Hoo(j)X(j) + Vux®, (32)
j=0

which has the unique solution x® = (I — V) ! {h(OO) + Z;OH oo (J)x( j)} . By subtracting
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(32) from (31), and taking the absolute value of each side of the resulting equation, we
deduce that

oo m—1
lx(n) = x| = |h(n) = h(eo)| + | Y Hu(Dx(f)| + Y 1H(n,j) = Hu(DIX()I
j=m j=0
+ D Hj) = Vil kLD H llx() — <), (33)
j=m j=m

Since {x(n)} is bounded, sup;=,,|x(j) — x*| and lim sup,—c|x(n) — x *| are both finite.
By taking the limit superior of each side of (33) as n — oo,

lim suplx(n) — x| = ZHw(j)x(j) + lim sup ZH(n,j) — Vullx®|
n—oo Jj=m LLant el [
+ limsup _ |H(n, j)lsuplx(j) = x*|.
n—oo ST j=m

Since (29) holds, the limit superior as m — oo can be taken of each side of this inequality,
to obtain

lim sup|x(n) — x| = Wy lim sup|x(j) — x*|,

n—oo Jj—oo

where Wy is given by (28). Since (I — Wb,)7l = 0, it follows that lim sup,—c|x(n) —
x%®| = 0 and hence x(n) — x ~ as n — . O

The limit formula (30) is the counterpart of ([1], equation (10)) or ([9], equation (3.5)).
The stability condition (28) is also an hypothesis in [6], in the case of geometric weight
functions and d = 1. Assumptions like (28) also appear in the theory of Volterra integral
equations; for example, see [7] and Gripenberg [8].

Remark 1. If (28) holds with Wy = 0, then (29) is true with V= 0.

5. General results and discussion

Theorems 3.1, 3.7 and 4.10 of [14] can be applied to the resolvent kernel to obtain three
sets of necessary and sufficient conditions for the pairs (Z,, Z,), (/, /%) and (¢/,, /),
respectively, to be admissible with respect to the resolvent operator. However these
conditions would be in terms of the resolvent kernel {R(n, j)} rather than {H(n, j)}, which
is not desirable.

Reference [14] contains some results which give sufficient conditions in terms of
{H(n, j)} for admissibility conditions to hold. Lemma 4.18 of [14] states that if

n

sup» _lHm, Il < 1, (34)

n=0 =0

then sup,,zozj'.':OIIR(n,j)ll < o0: moreover, if lim,—eH(n,j) =0 for all j € Z", then
lim,—wR(n,j) = 0. The proofs can be found in Song [12,13]. We now present some
improvements of these results.
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Firstly, we state a sufficient condition for the pair (£, /5) to be admissible with respect
to R. The notation Hy(n, j) = H(n, j)6(j)/6(n) is sometimes used.

THEOREM 5.1. Let 'y and & be non-vanishing sequences in /(E). Suppose that H satisfies (4)
and

~ |H(n,))3())l

Wy, == lim limsu , (35a)
e = Jm lmsup )
p(Wy,) < 1. (35b)

If (7, s) is admissible with respect to 'H, then (£, {'5) is also admissible with respect to 'R.

It is convenient to state a preliminary result.

LEMMA 5.2. Let {8(n)} be a non-vanishing sequences in /(E), and ¢ € / (EY. Suppose that
H satisfies (4). Let h = {h(n)} and x = {x(n)} be the sequences given by

&R & Hn)
x(n)—]_; son P A = ]; 500 B())- (36)

Then x satisfies the equation

n o e
) = hm)+ > %x( j, neZ*. (37)
=0

Proof. Let ¢ € /(E%. By premultiplying ¢(k) by each side of (5), summing over
0 = k = n and interchanging the order of summation in the double sum, we obtain

n n n J
> R, (k) = = Hn, )k + > H(n, )y  R(j, (k) (38)
=0 k=0 =0 =0

and therefore

" R(n,k) "\ H(n, k) "\ H(n, )8(j) X~ R(j, k)
k)= — k k).
k; TOIRAR ; 5o Y )+j:0 P k; 5 W

Equation (37) is an immediate consequence of this and the definitions in (36). O

Theorem 5.1 is now proved: Theorem 4.1 is not used in the proof.
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Proof. Let €/ 7([Ed), and s and x the sequences defined in (36). By hypothesis 4 is
bounded. Equation (37) is satisfied, and hence

“~ |H(n,/)8())|

= |h(n)| + h, jEZT. 39
lx(n) < |h(n)l ; B0 x(DI, j (39)

Due to (35), |Hj| obeys (21). Let j = 0 be fixed. Define a sequence {¢(n)} in £, by
&(j) = ¥(j) and ¢p(n) = 0 for all n # j. By our admissibility assumption,

[H(n, o) _ 18)I [Hn, )yl _ 18()] [(H p)(m)]
18(m)] vl 18l vl 18

is uniformly bounded for all n = j, and therefore |Hj| satisfies (22). We conclude from
Theorem 4.1 that x must be bounded. O

Because of Theorem 3.1, Theorem 5.1 can be restated.

COROLLARY 5.3. Let y and 8 be non-vanishing sequences in /(E). Suppose that H satisfies
(4), (7) and (35). Then the resolvent of H satisfies

" IRV _

su
nzI(; =0 | 8(”)'

(40)

Proof. Due to Theorem 3.1, (/,, /5) is admissible with respect to H. Let v € E be a
constant vector, and define ¢p(n) = y(n)v. If h and x are as in (36), the inequality (39) again
holds. The conclusion follows upon again applying Theorem 4.1 to it. Alternatively, the
result is a consequence of Theorem 3.1, which says that (40) is necessary and sufficent for
(7., {5) to be admissible with respect to K. O

A sufficient condition for the admissibilty of (7, /%) with respect to R is now given:
Theorem 3.2 is not employed in the proof.

THEOREM 5.4. Let 'y and & be non-vanishing sequences in /(E). Suppose that H satisfies (4)
and lim,_.H(n, j)/8(n) exists for all j = 0. Assume also that H obeys (35) and

L "~ H(n, j)d(j)
lim 1 —_— =
el s

Vu,| =0 forsome Vy,. 41)
If(/i,, /%) is admissible with respect to 'H, then (/i/, /%) is admissible with respect to R.

Proof. Let ¢ be a sequence in /f/, and define the sequences /2 and x as in (36).
By assumption % is in /¢. We conclude from Proposition 3.4, and Theorem 4.4 that x is also
convergent. g

A sufficient condition for (¢, / “) to be admissible with respect to R is now described.
Theorem 3.5 is not used in the proof.
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THEOREM 5.5. Let vy be a non-vanishing sequence in /(E). Suppose that (4), (9), (28) and
(29) hold. If (£, £°) is admissible with respect to 'H, then (£, /) is also admissible with
respect to R.

Proof. Define 6(n) = 1. Let ¢ be a sequence in /., and define sequences 4 and x as in (36).
By assumption £ is in /. Proposition 5.2 says that (37) holds. We conclude from Theorem
4.4 that x is also convergent. |

Granted that (/f/, /) lor (£,, £)] is admissible with respect to H, sufficient conditions
have been found for the same pairs to be admissible with respect to R. Our aim is now to
establish some properties of the resolvent kernel, including the necessary conditions given in
Theorems 3.2 and 3.5. One approach is to invoke those theorems and the following result.

PROPOSITION 5.6. Assume that the kernel H satisfies (4) and (9). Suppose also that H obeys
(28) and (29). Then lim,—.R(n, k) = R« (k) exists for each k = 0, with

Rook) = (I = Vi) " | S Ho(DR(j k) — HeolB) |, 42)
=k

where Vi is as in (29).

Proof. Letk € Z™ be fixed. We introduce an arbitrary vector v # 0 in E“. It follows from (5)
that (1) holds with x(n) = R(n, k)v and h(n) = — H(n, k)v for n = k, and x(n) = h(n) =0
otherwise. Since h(n) — —Hx(k)v as n— oo, h € /. Theorem 4.4 says that R(n,
k)v = x(n) — x(©) as n— oo. Since v is arbitrary, R(n, k) — Ro(k) as n— oo, where
x(00) = Ry(k)v. Because x(o0) satisfies (30),

Rk = (I = Vi)' | =Ha (kv + Y Ho(HR(j, KV |,
=k

which implies (42). O

Generally, (42) does not give an explicit formula for lim,_,.R(n, m). Comparing our
hypotheses to those of Lemma 4.18 of [14], (34) has been replaced by the weaker
condition (28) and H(j) need not be trivial.

It is intended that the next result be compared with Theorem 3.2.

THEOREM 5.7. Suppose that H obeys (4), (9), (28) and (29). Then lim,,_,oozj'.’ZOR(n, h))
exists, and Vg = limy—co > 1_oR(n, k) — D_1" (Reo(k) 0beys

I—Ve=U-Vy . (43)

Also, for all ¢ € (¢ with ¢(0) = lim,—c P(n),

1im (Rp)(n) = Vee(00) + Y Roo(k)p(k). (@4
k=1
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Proof. Our assumptions imply that the hypotheses of Proposition 5.6 hold, and
therefore that lim,—R(n, k) = Re(k) exists and obeys (42). Let v in E? be an arbitrary
vector. By applying Lemma 5.2 in the case that ¢(n) = v and 8(n) = 1, we obtain the
equation

x(n) = h(n) + > _H(n,x(j), n€Z",
j=0

where h and x are given by x(n) =) ;_ R(n,k)v and h(n)= —>;_H(n, k.
Proposition 3.4 says that (11) is true, and hence h(n)— —lim,,_,ooz,f:oH(n,k)v as
n—oo: h is in /°. If we apply Theorem 4.4, we can deduce that lim,_.x(n) =
limn_,ooZZ:OR(n,k)v exists. Since v is arbitrary, (30) leads to

n 00 j n
lim > "R, k)= = Vi)™ | Y Ho(j)> RGK) — m> Hnk)|.  (45)
=0 =0 k=0 =0
It is a consequence of this and (42) that
lim " R(n,k) = Y " Reo(k) = —(I = Vi) V4.
=0 =0

(43) follows from this and (I — VH)fl(I — Vy) = I. The last assertion in Theorem 3.2
implies (44). O

Another result of interest is to deduce, for fixed M = 0, that Z yR(n,j) and
ZJ oR(n,j) are both convergent as n — oo. The convergence of Zm OR(n n) as n — o0
assuming (34) is proved in [13].

COROLLARY 5.8. Suppose that H satisfies the hypotheses of Theorem 5.7. Then the limits
limy—e0 Y+ 4 R(n,j) and lim,,_,oto,f:OR(n, m) both exist. Moreover, a limit formula for
each can be derived from (42) and (45).

If our sufficient conditions hold for (¢, /) to be admissible with respect to R, it is now
shown directly that the resolvent kernel {R(n, j)} has the same properties as {H(n, j)} in
Theorem 3.5.

THEOREM 5.9. Let 7y be a non-vanishing sequence in {(E). Suppose that H obeys (4), (9),
(17) and (18). Assume also that (28) and (29) hold. Then (£ ,, /) is admissible with respect
to R, lim,—R(n, k) =t Re(k) with Rw(k) given by (42), and

SHPE [R(n, Ily()] < oo, (46)
n>0
nlll_rgo lim sup g [R(n, pllv(H] = 0. 47)
n—o0 =

Proof. We conclude from Theorem 3.5 that (., /) is admissible with respect to . Then
Theorem 5.5 establishes that this pair is also admissible with respect to R. We can also
observe from Corollary 5.3 that (46) is true. It only remains to prove (47).
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Let v be an arbitrary vector in [Ed, and M > 0 a fixed integer. In a similar fashion to the
demonstration of (38) in the case ¢(n) = y(n)v, we can deduce that for all n = M,

n n n /
> IR, byl = > [H@m, )yl + Y " 1H@ ) IRG, vkl
k=M k=M =M

=M k

This inequality can be expressed as

() = hy(n) + > 1H plyw (), n =M, (48)
j=0

if we put hy(n) = >}y, |H(n, k)y(k)v| and yy(n) = >} _,,IR(n, k)y(k)v| for n = M, and
hp(n) = yy(n) = 0, for n < M. We deduce from (18) that lim sup,—.co y ., [H(n, k) y(k)v|
is a finite vector, and hence that {/,,(n)} is bounded. Then, Theorem 4.1 says that y,, is
bounded as well. Also, limsup,—c|H(n,j)| = lim,—|H(n,j)| = |Ho(j)| is finite.
Therefore, it can be concluded from Theorem 4.3 that

limsup yy(n) = (I = W)™ <lim sup hy(n) + HOO(j)yM(j)>- (49)
n—oo n—oo j:M

But (18) implies that lim sup,—«/hy(n)— 0 as M — oo. Therefore, taking the limit
superior as M — o in (49) demonstrates that lim sup,—cyy(n) — 0 as M — oo, from
which we infer that (47) holds. O

6. Applications

In [1] a result was proved about the asymptotic behaviour of solutions of the linear
convolution equation z(n + 1) = g(n) + Z]'-IZOG‘*(n — )z(j). An important feature was
that the assumptions implied that the characteristic equation had no roots. In this section,
the result is generalized to linear perturbations of such convolution equations.

In order to precisely state our results, we recall a definition from [1].

DEFINITION 6.1. Let v > 0 be finite. A real-valued sequence y= {y(n)},=¢ is in W(r)
if y(n) > 0 for all n = 0, and

N el DR BRI
lim === ;v(m'mo, (50)
Tim (1151 sogpj; W) =0. (51)

In Proposition 4.4 of [1], it is proved that a positive real-valued sequence
v = {y(n)},=¢ satisfying (50), is in W(r) if and only if

. Y = )yG) >~
lim S~ DN Ny (52)
n—»oojz(; ‘y(n) ]:ZO
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In [2], results are proved about sequences satisfying (50) and (52). It is shown there that
y¥(n) = r'n"%fora > 1; y(n) = r'n"%xp(—nf) for « ER, 0 < B<1; and y(n) =
r"e ~"/0ogm are all sequences in W(r). However, the sequences defined by y(n) = r”, and
y(n) =r"n"% a = 1 are not in W(r).

We can deduce from Theorem 4.1 a result in the case that vy is in W(r). It is envisaged
that the main applications of this result would be in the case r = 1.

THEOREM 6.2. Let 7y be in W(r) for some r > 0. Suppose that

limsupH(n,n — k) = H*(k) < o0, k€ Z, (53)
> IH ()lr T < oo, p<z |H“(k)|r‘k> < 1. (54)
k=0 k=0

Assume also that there is a non-negative matrix C, such that
|Hmnpl = Cyin—j, 0=j=n (55)

If (4) holds, then (1) has a solution x in Z, for every h € Z,

Proof. We divide (1) by y(n) and obtain

X(n) = h(n) + > _ Hm,)x(j), n€ 77, (56)
j=0

where %(n) = x(n)/y(n), h(n) = h(n)/y(n) and

H(n, ) ¥())

A, j) = )

0=j=n (57)

We demonstrate that |H| obeys hypotheses (21) and (22) of Theorem 4.1.
It follows from (55) that, for 2n > m,

SIS "I y(n — DIHM N I 1H,n — k)lyn — k)
B =
> @l = Z Y kz:; )

n—m—1 _ m
<Z i ])V(J)>C+Z|H(n7n—k)|yo;( )").
k=0

Taking the limit superior as n — oo of each side and using (50) and (53), we obtain the
matrix inequality

hmsupz |H(n,j)| = lim sup Z WC+Z|Hﬁ(k)Ir

Jj=m
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By taking the limit superior as m — oo, we deduce from (51) and (54) that

(o)

lim lim supz |Hn,j)| = Z |H*(k)|r % < oo. (58)

n—oo k=0

It is then a consequence of the spectral radius condition in (54) that (28) holds with
=S JlH ()lr k.
The fact that (22) is true follows from

\Fi(n, )| = (7(;(;)”) YT, 0=j=n.

Due to (50) the term in parentheses converges to r " as n — o0, and hence is uniformly
bounded for n = j. ]

The next result gives sufficient conditions for the solution of (1) to be such that
x(n)/y(n) converges to a limit as n — oo.

THEOREM 6.3. Let vy be in W(r) for some r > 0. Suppose that the limit
limH(n,n — k) = Hﬂ(k) exists forall k € 77, (59)
and H* obeys (54). Assume also that (55) holds, and the limit

oy H@D)
o yY(n = j)

= Cw(j) existsforall j € 7+, (60)

If (4) holds, the solution x of (1) is in /fyfor every h € /fy, and

1
1L n x("> < Z H( m—z) ( 11330 — + Z Coo(])r_Jx(J)> (61)

Proof. It is shown that the hypotheses of Theorem 4.4 hold for A defined by (57). Because,
the hypotheses of Theorem 6.3 imply those of Theorem 6.2, the stability condition (28)
must hold. The existence of the limit in (9) can be deduced immediately from (50) and
(60), since

H(n,j) y(n —j)
yin—j) vn)

Hn,j) = V() = Col)r “W(j) = He(j) as n—oo.  (62)
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Next it is proved that lim,—clim sup,1_.oo'27:m1:1(n,j) — VH‘, with Vg =
ZZOZOH”(k)r ~k_ This series is convergent because of (54). For all n > 2m > 0

y(n — k) _
ZH(n,]) ZH”(k)r :Z{H(n,n—k)y(n)—m(k)r k}

j=m k=0

o K Hnj) vin = v
— H¥or ™ + ’ .
kzm;] Ot Y Sa=h

Because of assumptions (50) and (59),

lim supz H(n,n — k)% —H¥yr*

—00
n =0

=0.

Therefore, it is a consequence of (63) and (55) that

ZH(n,p ZH (kyr =

lim sup

n— 00

n—m—1 _
+ lim sup Z Y =)y C.

n—oo S ZT ¥(n)

Z H*(kyr %

k=m+1

The right-hand side of this inequality tends to zero as m — oo because of (51) and (54).
The hypotheses of Theorem 4.4 have been verified, and therefore X(n) = x(n)/y(n)
converges to a limit as n — oo. This limit satisfies (30), which in this case becomes

x() IPNON x()
lim hin) (D
My~ TV l " Z ) (1)1

i ( —i X))
= - —— E Coo =
—=Vy l + ) () v )]

completing the proof of (61). U

Remark 1.1If (1) is a convolution equation with H(n, j) = H ”(n — J), the hypotheses on H
in Theorem 6.3 reduce to

Z [H*(k)|r ™ < o0, p(Z |Hﬁ(k)|r_k> <1, lim ) exists.
=0 =0 nme ()

We thereby recover the counterpart of Theorem 3.2 of [1].
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