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1. Introduction

Let R denote the set of real numbers, Z and Zþ the set of integers and nonnegative integers, respectively,
Nðn0Þ ¼ fn0;n0 þ 1; . . .g;n0 2 Zþ.

In this paper we consider a scalar linear difference equation with several delays
DxðnÞ ¼
Xm

i¼0

aiðnÞxðhiðnÞÞ þ f ðnÞ; n P n0 ð1:1Þ
where ai; f : Nðn0Þ ! R; hi : Nðn0Þ ! Z; h0ðnÞ ¼ n; hiðnÞ 6 n for i ¼ 1;2; . . . ;m and lim
n�!1

hiðnÞ ¼ 1 for i ¼ 0;1;2; . . . ;m.

By a solution of Eq. (1.1) we mean a sequence x :¼ xðnÞð Þ satisfying (1.1) for any n 2 Nðn0Þ. A solution x of (1.1) is said to be
oscillatory if the terms xðnÞ of the sequence are neither eventually all positive nor all negative. Otherwise, the solution is
called nonoscillatory.

Currently, the problem of oscillation and nonoscillation of solutions of delay difference equations is receiving much atten-
tion, see the monographs by Agarwal et al. [1] and Gy}ori and Ladas [9]. Nonoscillation of difference equations is less studied
compared to sufficient oscillation conditions. The well known result ([9], Theorem 7.8.2) for an equation of type (1.1) with
several constant delays
DxðnÞ ¼
Xm

i¼1

piðnÞxðn� kiÞ; n P n0; ð1:2Þ
states that if 0 6 k1 6 k2 6 . . . 6 km and
Xs

i¼1

piðnÞP 0 for s ¼ 1;2; . . . ;m and n P n0;
then (1.2) has a positive nondecreasing solution.
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Zhou in [21] obtained oscillation and nonoscillation results for Eq. (1.1) with negative coefficients. Existence of nonoscil-
latory solutions of (1.1) where the coefficients are positive, negative or of arbitrary signs was studied by Berezansky et al. in
[3] and by Berezansky and Braverman in [4].

The aim of this paper is to obtain asymptotic properties of the solutions of Eq. (1.1). It is known that difference equations
can be transformed in different ways to difference equations of Volterra type. Transforming further the summation Volterra
equation with delays obtained from (1.1) to the system of Volterra equations without delays of the form
yðnÞ ¼ pðnÞ þ
Xn�1

s¼n0

Qðn; sþ 1ÞyðsÞ; n P n0;
we get various results on the asymptotic behaviour of solutions for this system. These results are then used to establish some
properties of the solutions of Eq. (1.1). We provide some examples to illustrate the results.

During the last few years, asymptotic properties (stability, oscillation) of Volterra difference equations and discrete Vol-
terra systems has been investigated in a number of papers, for example, in Applelby et al. [2], Choi [5], Crisci et al. [6], Diblik
et al. [7], Gy}ori and Horvath [10], Gy}ori and Reynolds [11], Kolmanovskii [12,14], Medina [15], Morchało [16–18], Song and
Baker [19,20]; see also the references cited therein.

Let k be a positive integer. The set of all k-dimensional column vectors with real components is denoted by Rk and the set
of k� k matrices with real entries by Rk�k. Let :k k denote any norm of a vector or the associated induced norm of a square
matrix. The set Rk�k can be endowed with many norms, but they are all equivalent. The identity matrix is denoted by I. A
matrix A ¼ Aij

� �
in Rk�k is nonnegative if Aij P 0, in which case we write A P 0. A partial ordering is defined on Rk�k by letting

A 6 B if and only if B� A P 0, which is equivalent to Aij P Bij for all 1 6 i 6 k and 1 6 j 6 k. The absolute value of A is the
matrix Aj j defined by Aj jð Þij ¼ Aij

�� �� for all 1 6 i 6 k and 1 6 j 6 k.
In the future we assume any product which does not involve any factors is equal to one, and any sum which does not

include any terms is equal to zero.

2. Preliminaries

In this section we will transform the scalar difference Eq. (1.1) to the system of Volterra equations without delays. To-
gether with Eq. (1.1) we will also consider the following equation
DxðnÞ ¼ bðnÞxðnÞ; n P n0; ð2:1Þ
where b : N0 ! R; bðnÞ – � 1. The solution Xðn; kÞ of the problem
DxðnÞ ¼ bðnÞxðnÞ; n P k; xðkÞ ¼ 1;
is called the fundamental function of Eq. (2.1).
Let us note that the fundamental function (solution) of the linear difference equation
xðnþ 1Þ ¼ ð1þ bðnÞÞxðnÞ; n P n0;
can be easily computed
Xðn; kÞ ¼
Yn�1

j¼k

ð1þ bðjÞÞ; k P n0:
Let us write Eq. (1.1) in the form
xðnþ 1Þ ¼ ð1þ bðnÞÞxðnÞ þ a0ðnÞ � bðnÞ½ �xðnÞ þ
Xm

i¼1

aiðnÞxðhiðnÞÞ þ f ðnÞ
or in the equivalent form, using the function Xðn; kÞ (see [8], Theorem 3.17)), i.e.
xðnÞ ¼
Yn�1

j¼n0

ð1þ bðjÞÞ
 !

x0 þ
Xn�1

k¼n0

Yk

j¼n0

ð1þ bðjÞÞ
 !�1

f ðkÞ

2
4

3
5þXn�1

k¼n0

Yn�1

j¼kþ1

ð1þ bðjÞÞ a0ðkÞ � bðkÞ½ �xðkÞ þ
Xm

i¼1

aiðkÞxðhiðkÞÞ
( )

:

ð2:2Þ
where x0 ¼ xðn0Þ. Hence
xðnÞ ¼ Xðn;n0Þvðn;n0Þ þ
Xn�1

k¼n0

Xðn; kþ 1Þ a0ðkÞ � bðkÞ½ �xðkÞ þ
Xm

i¼1

aiðkÞxðhiðkÞÞ
( )

; ð2:3Þ
where
Xðn; sÞ ¼
Yn�1

j¼s

ð1þ bðjÞÞ ð2:4Þ
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and
vðn;n0Þ ¼ x0 þ
Xn�1

k¼n0

Yk

j¼n0

ð1þ bðjÞÞ
 !�1

f ðkÞ: ð2:5Þ
Replacing n by hqðnÞ in (2.3) we get
xðhqðnÞÞ ¼ XðhqðnÞ; n0ÞvðhqðnÞ;n0Þ þ
XhqðnÞ�1

k¼n0

XðhqðnÞ; kþ 1Þ a0ðkÞ � bðkÞ½ �xðkÞ þ
Xm

i¼1

aiðkÞxðhiðkÞÞ
( )

: ð2:6Þ
Let us denote
yqðnÞ ¼ xðhqðnÞÞ; q ¼ 0;1; . . . ;m; n P n0; ð2:7Þ

pqðnÞ ¼
XðhqðnÞ;n0ÞvðhqðnÞ;n0Þ if hqðnÞ > n0

xðhqðnÞÞ if hqðnÞ 6 n0

�
ð2:8Þ
and
Dq ¼ ðn; sÞ : n P n0; n0 6 s 6 hqðnÞ � 1
� �
for q ¼ 0;1; . . . ;m; n P n0. Moreover, let
Q q0ðn; kþ 1Þ ¼
XðhqðnÞ; kþ 1Þ a0ðkÞ � bðkÞ½ � ðn; kÞ 2 Dq

0 ðn; kÞ R Dq

�
ð2:9Þ
and
Q qiðn; kþ 1Þ ¼
XðhqðnÞ; kþ 1ÞaiðkÞ ðn; kÞ 2 Dq

0 ðn; kÞ R Dq

�
ð2:10Þ
for q ¼ 0;1; . . . ;m and i ¼ 1;2; . . . ;m. Then, Eq. (2.6) takes the form
yðnÞ ¼ pðnÞ þ
Xn�1

k¼n0

Qðn; kþ 1ÞyðkÞ; n P n0; ð2:11Þ
where
Qðn; kÞ ¼

Q00ðn; kÞ Q 01ðn; kÞ . . . Q 0mðn; kÞ
Q 10ðn; kÞ Q 11ðn; kÞ . . . Q1mðn; kÞ

. . .

Qm0ðn; kÞ Q m1ðn; kÞ . . . Q mmðn; kÞ

0
BBB@

1
CCCA
and
yðnÞ ¼

y0ðnÞ
y1ðnÞ

. . .

ymðnÞ

0
BBB@

1
CCCA; pðnÞ ¼

p0ðnÞ
p1ðnÞ

. . .

pmðnÞ

0
BBB@

1
CCCA:
3. Main results

We start our main results with establishing conditions for the boundedness and oscillation of solutions of the Volterra
system (2.11). We will use the following definition.

Definition 3.1. We say that a solution y ¼ ½y0; . . . ; ym�
T of Eq. (2.11) oscillates if for some i ¼ 0;1; . . . ;m, and for every integer

n1 P 0 there exists n P n1 such that yiðnÞyiðnþ 1Þ 6 0. Otherwise, the solution is said to be nonoscillatory (all its
components are either eventually positive or eventually negative).

In the proof of the next theorem, the following lemma, which is a small modification of Lemma 2.1 in [18], will be needed.

Lemma 3.1. Let q : Nðn0Þ ! Rþ and Lðn; sÞ 2 Nðn0Þ �Nðn0Þ ! Rþ; Lðn; sÞ ¼ 0 for n < s; Lðn; sÞ is nonincreasing in n 2 Nðn0Þ
and y is a sequence of positive real numbers such that
yðnÞ 6 qðnÞ þ
Xn�1

s¼0

Lðn; sþ 1ÞyðsÞ;
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holds for all n P n0. Then
yðnÞ 6 QðnÞ 1þ
Xn�1

s¼n0

Lðsþ 1; sþ 1Þ exp
Xn�1

l¼sþ1

Lðlþ 1; lþ 1Þ
 !( )

:

for n 2 Nðn0Þ, where QðnÞ ¼ max
06s6n

qðsÞ.

Proof. The proof is analogous to the proof of Lemma 2.1 from [18]. h
Theorem 3.1. Assume the following:

1. For all ðn; jÞ 2 Zþ � Zþ;Qðn; jÞ is nonnegative if n0 6 j 6 n and Qðn; jÞ ¼ 0 if j > n.
2. Qðn; jÞ is nonincreasing in n 2 Zþ for every j 2 Zþ.
3. lim

n�!1

Pn�1
s¼n0

Qðs; sÞk k <1.

4. lim
n�!1

max
06j6n

pðjÞk k <1.

Then all solutions of Eq. (2.11) are bounded.
Proof. Let y be a solution of Eq. (2.11). Then
yðnÞk k 6 pðnÞk k þ
Xn�1

s¼n0

Qðn; sþ 1Þk k yðsÞk k; n P n0:
Now, using Lemma 3.1, we get
yðnÞk k 6 max
n0<j6n

pðjÞk k 1þ
Xn�1

s¼n0

Qðsþ 1; sþ 1Þk k exp
Xn�1

l¼sþ1

Qðlþ 1; lþ 1Þk k
 !( )

:

Hence, by assumptions 3 and 4 we obtain that y is bounded. This completes the proof. h
Example 3.1. Consider the linear Volterra difference equation
yðnÞ ¼ � 1
nðnþ 1Þ �

2
ðnþ 1Þðnþ 2Þ 1� 1

2n

� 	
þ
Xn�1

s¼0

ðsþ 1Þ2�s

ðnþ 1Þðnþ 2Þ yðsÞ: ð3:1Þ
It is easy to see that the assumptions of Theorem 3.1 are satisfied. So, all solutions of Eq. (3.1) are bounded. One such solution
is yðnÞ ¼ 1

nþ1.
As a consequence of Theorem 3.1 we get the following result for Eq. (1.1).

Theorem 3.2. Let b : Nðn0Þ ! R, �1 < bðnÞ < 0 and a0ðnÞP bðnÞ for all n P n0. Assume the following:

1. aiðnÞP 0 for all i ¼ 1;2; . . . ;m and n P n0.
2. For every i ¼ 1; . . . ;m,

P1
n¼n0

aiðnÞ <1 and
P1

n¼n0
a0ðnÞ � bðnÞð Þ <1.

3. The sequences b and f are such that for every q ¼ 0;1; . . . ;m,
lim

n�!1
max

n0<s6n
pqðsÞ
�� �� <1, where pq are defined in (2.8).

4. There exists q 2 0;1; . . . ;mf g such that hqðnÞ ¼ n� rq where rq 2 N0.

Then all solutions of Eq. (1.1) are bounded.
Proof. Suppose that x is an unbounded solution of Eq. (1.1). Take q 2 0;1; . . . ;mf g such that hqðnÞ ¼ n� rq. Since
hqðNðrqÞÞ ¼ Zþ, by (2.7) the sequence yq is unbounded.

On the other hand, by the assumption �1 < bðnÞ < 0 it follows that XðhqðnÞ; jÞ is positive and nonincreasing in n 2 N0 for
every j 2 N0. Hence, by (2.9) and (2.10), Qðn; jÞ is nonnegative and nonincreasing in n 2 Zþ for every j 2 Zþ, too. So, all
hypotheses of Theorem 3.1 are satisfied. Hence, from Theorem 3.1 it follows that yq is bounded. This contradiction completes
the proof. h
Example 3.2. Consider the difference equation
DxðnÞ ¼ � 2n

ðn� 1Þðnþ 1Þ2
xðnÞ þ 1

n2 xðn� 1Þ; n P 2: ð3:2Þ
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It is clear that this equation is a particular case of Eq. (1.1), where a0ðnÞ ¼ � 2n
ðn�1Þðnþ1Þ2

; a1ðnÞ ¼ 1
n2 ; h0ðnÞ ¼ n;

h1ðnÞ ¼ n� 1 and f ðnÞ � 0. Let bðnÞ ¼ � 2
n2. It is easy to see that
a0ðnÞ � bðnÞ ¼ 2n2 � 2n� 2

ðn� 1Þn2ðnþ 1Þ2
P 0;

lim
n�!1

max
2<s6n

p0ðsÞj j
� 	

¼ x0j j lim
n�!1

max
2<s6n

Ys�1

j¼2

1� 1

j2

 ! !
<1
and
lim
n�!1

max
2<s6n

p1ðsÞj j
� 	

¼ x0j j lim
n�!1

max
2<s6n

Ys�2

j¼2

1� 1

j2

 ! !
<1:
Hence, all assumptions of Theorem 3.2 are satisfied. So, all solutions of Eq. (3.2) are bounded. One such solution is
xðnÞ ¼ 1þ 1

n.
Theorem 3.3. Let c P 1. Assume the following:

1. For all ðn; jÞ 2 Zþ � Zþ; Qðn; jÞ is nonnegative if 0 6 j 6 n and Qðn; jÞ ¼ 0 if j > n.
2. Qðn; jÞ is nonincreasing in n 2 Zþ for every j 2 Zþ.
3. For every q ¼ 0;1; . . . ;m, lim

n�!1

Pn
s¼n0

Pm
k¼0scQ qkðs; sÞ <1.

4. For every q ¼ 0;1; . . . ;m, lim sup
n�!1

pqðnÞ ¼ 1, lim inf
n�!1

pqðnÞ ¼ �1.

Then every solution y of Eq. (2.11) with the property yðnÞ ¼ OðncÞ for all n P n0 is oscillatory.
Proof. Let y be a solution of Eq. (2.11) with the property yðnÞ ¼ OðncÞ. Then, there exists a positive constant C, such that
max
06k6m

ykðnÞj j
nc 6 C for n 2 Zþ. We claim that y is oscillatory. If not, it is nonoscillatory. So, there exists a n1 P n0, such that for

n P n1 either, yqðnÞ > 0 or yq < 0 for every q ¼ 0;1; . . . ;m. Let yqðnÞ > 0 for n P n1 and some q ¼ 0;1; . . . ;m. Then, from
(2.11) using assumptions 1 and 2, for n P n1 we get
yqðnÞ ¼ pqðnÞ þ
Xn1�1

s¼n0

Xm

k¼0

Q qkðn; sþ 1ÞykðsÞ þ
Xn�1

s¼n1

Xm

k¼0

Q qkðn; sþ 1ÞykðsÞ

6 pqðnÞ þ
Xn1�1

s¼n0

Xm

k¼0

Qqkðsþ 1; sþ 1ÞykðsÞ þ C
Xn�1

s¼n1

Xm

k¼0

scQ qkðsþ 1; sþ 1Þ:
Let M ¼
Pn1�1

s¼n0

Pm
k¼0Q qkðsþ 1; sþ 1ÞykðsÞ. Hence, by 3 and 4
lim inf
n�!1

yqðnÞ 6 M þ lim inf
n�!1

pqðnÞ þ C lim
n�!1

Xn�1

s¼n1

Xm

k¼0

scQ qkðsþ 1; sþ 1Þ ¼ �1:
Since yqðnÞ > 0 for n P n1 we obtain a contradiction. The proof in case yqðnÞ < 0 is similar. This completes the proof. h
Example 3.3. Consider the linear Volterra difference equation
yðnÞ ¼ ð�1Þnðnþ 1Þ2 þ 1
2n2 ½ð�1Þn � 1� þ

Xn�1

s¼0

1

n2ðsþ 1Þ2
yðsÞ; n P 1: ð3:3Þ
Let c ¼ 2. It is easy to see that the assumptions of Theorem 3.3 are satisfied. So, all solutions of Eq. (3.3) with the property
yðnÞ ¼ Oðn2Þ are oscillatory. One such solution is yðnÞ ¼ ð�1Þnðnþ 1Þ2.

As a consequence of Theorem 3.3 we get following result for Eq. (1.1).

Theorem 3.4. Let c P 1; b : Nðn0Þ ! R, �1 < bðnÞ < 0 and a0ðnÞP bðnÞ for n P n0. Assume the following:

1. aiðnÞP 0 for all i ¼ 1;2; . . . ;m and n P n0.
2. For every i ¼ 1; . . . ;m,

P1
n¼n0

ncaiðnÞ <1 and
P1

n¼n0
nc a0ðnÞ � bðnÞð Þ <1.

3. The sequences b and f are such that for every q ¼ 0;1; . . . ;m, lim sup
n�!1

pqðnÞ ¼ 1, lim inf
n�!1

pqðnÞ ¼ �1, where pq are defined in
(2.8).
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Then every solution x of Eq. (1.1) with the property xðnÞ ¼ OðncÞ for all n P n0 is oscillatory.
Proof. Let x be a solution of Eq. (1.1) with the property xðnÞ ¼ OðncÞ. Then, by (2.7), for every q 2 0;1; . . . ;mf g; yqðnÞ ¼ OðncÞ,
too. Hence, yðnÞ ¼ OðncÞ. By the assumptions of this theorem it follows that all hypotheses of Theorem 3.3 are satisfied.
Therefore, by Theorem 3.3, y is oscillatory. So, there exists q 2 0;1; . . . ;mf g, such that yqðnÞ

� �
is oscillatory. Since

lim
n�!1

hqðnÞ ¼ 1 the set hqðZþÞ is infinite. Then, by (2.7) x is also oscillatory. This completes the proof. h

Remark 3.1. Note, that the assumption �1 < bðnÞ < 0 implies, by (2.4), that Xðn; sÞ is positive. So, if f ðnÞ � 0 or f is a nonos-
cillatory sequence, then by (2.5) and (2.8) it follows that pq are of constant sign eventually (for every q 2 0;1; . . . ;mf g), and
hence the assumption 2 of Theorem 3.3 could not be satisfied.
Example 3.4. Consider the difference equation
DxðnÞ ¼ 1
n3 xðnÞ þ 1

n2ðn� 1Þ xðn� 1Þ þ ð�1Þnþ1ð2nþ 1Þ; n P 2: ð3:4Þ
Let c ¼ 1; bðnÞ ¼ � 1
n3. Here f ðnÞ ¼ ð�1Þnþ1ð2nþ 1Þ. It is easy to check that all assumptions of Theorem 3.4 are satisfied.

Hence, every solution ðxðnÞÞ of Eq. (3.4) with the property xðnÞ ¼ OðnÞ is oscillatory. One such solution is xðnÞ ¼ ð�1Þnn.
Note, that if we assume the following.

ðh1Þ aiðnÞP 0 for i ¼ 1;2 . . . ;m; n P n0,
ðh2Þ there exists b : Nðn0Þ ! R such that bðnÞ > �1 and a0ðnÞP bðnÞ for all n P n0,
ðh3Þ f ðnÞP 0,

then, by (2.2), every solution x of Eq. (1.1) with the initial conditions xðnÞP 0 for n < n0 and x0 > 0 is positive and has the
property
xðnÞP x0

Yn�1

j¼n0

ð1þ bðjÞÞ þ
Xn�1

k¼n0

Yn�1

j¼kþ1

ð1þ bðjÞÞ
 !

f ðkÞ: ð3:5Þ
Therefore, we get the following corollary.

Corollary 3.1. Assume that the assumptions ðh1Þ � ðh3Þ hold. Suppose also that
4: lim inf
n!1

Yn�1

j¼n0

ð1þ bðjÞÞ > 0:
Then every solution x of Eq. (1.1) with the initial conditions xðnÞP 0 for n < n0 and xðn0Þ ¼ x0 > 0 is positive and lim inf
n!1

xðnÞ > 0.
Moreover, if condition
X1
k¼n0

f ðkÞ ¼ 1;
is satisfied, then these solutions have the property limn!1xðnÞ ¼ 1.
The next example shows that the condition 4 in Corollary 3.1 is not necessary.

Example 3.5. Consider the difference equation
DxðnÞ ¼ �1
n

xðnÞ þ 1
ðn� sÞ xðn� sÞ þ 1; n > s; ð3:6Þ
with a certain positive integer s. Here, a0ðnÞ ¼ � 1
n, a1ðnÞ ¼ 1

n�s and f ðnÞ � 1. Let bðnÞ ¼ � 1
n. Since limn!1

Qn�1
j¼s 1� 1

j


 �
 �
¼ 0,

assumption 4 of Corollary 3.1 is not satisfied but it is easy to check that xðnÞ ¼ n is a solution of (3.6), which tends to infinity
as n tends to infinity.

In this part of the paper we will consider the asymptotic properties of solutions of Eq. (2.11) using its resolvent matrices
of the kernel Qðn; sÞ in (2.11). Let us find the solution y of Eq. (2.11) as a function of p and auxiliary ðmþ 1Þ � ðmþ 1Þmatrix
R, referred to as a resolvent matrix [13]. Let us define
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Q ð1Þðn; sþ 1Þ ¼ Qðn; sþ 1Þ;
Xn�1
Q ðrÞðn; sþ 1Þ ¼
l¼sþ1

Q ðr�1Þðn; lþ 1ÞQ ð1Þðl; sþ 1Þ; r ¼ 2;3; . . .
and
Rðn; sþ 1Þ ¼
X1
r¼1

Q ðrÞðn; sþ 1Þ: ð3:7Þ
The double sequence of ðmþ 1Þ � ðmþ 1Þmatrices Rðn; sÞ is called the resolvent kernel associated with the kernel Qðn; sÞ
of Eq. (2.11). Note, that the series

P1
r¼1Q ðrÞðn; sþ 1Þ is convergent if the kernel Qðn; sÞ is bounded. It is easy to see that the

resolvent Rðn; sÞ satisfies, for any n and n0 6 s < n, the following matrix equations
Rðn; sþ 1Þ ¼ Qðn; sþ 1Þ þ
Xn�1

r¼sþ1

Qðn; r þ 1ÞRðr; sþ 1Þ ð3:8Þ
and
Rðn; sþ 1Þ ¼ Qðn; sþ 1Þ þ
Xn�1

r¼sþ1

Rðn; r þ 1ÞQðr; sþ 1Þ: ð3:9Þ
In terms of the resolvent matrix Rðn; sÞ the solution of Eq. (2.11) can be written as
yðnÞ ¼ pðnÞ þ
Xn�1

k¼n0

Rðn; kþ 1ÞpðkÞ: ð3:10Þ
Multiplying both sides of the equation
yðjÞ ¼ pðjÞ þ
Xj�1

k¼n0

Qðj; kþ 1ÞyðkÞ
by Rðn; jþ 1Þ on the left and summing with respect to j from n0 to n� 1, we obtain
Xn�1

j¼n0

Rðn; jþ 1Þ yðjÞ � pðjÞð Þ ¼
Xn�1

j¼n0

Rðn; jþ 1Þ
Xj�1

k¼n0

Qðj; kþ 1ÞyðkÞ ¼
Xn�1

k¼n0

Xk�1

j¼n0

Rðn; kþ 1ÞQðk; jþ 1ÞyðjÞ:
Hence, changing the order of summation, we get
Xn�1

j¼n0

Rðn; jþ 1Þ yðjÞ � pðjÞð Þ ¼
Xn�1

j¼n0

Xn�1

k¼jþ1

Rðn; kþ 1ÞQðk; jþ 1Þ
 !

yðjÞ:
Then, by (3.9) we get (3.10).
Now, using the form (3.10), we give conditions on p under which the solutions of Eq. (2.11) (and consequently of Eq. (1.1))

tend to zero as n tends to infinity. Note, that the equality (3.10) can be expressed in the form
yðnÞ ¼ Pðn;n0Þpðn0Þ þ
Xn�1

k¼n0

Pðn; kþ 1ÞDpðkÞ; ð3:11Þ
where Pðn; sÞ ¼ I þ
Pn�1

l¼s Rðn; lþ 1Þ. In fact, we have
yðnÞ ¼ Pðn;n0Þpðn0Þ þ
Xn�1

k¼n0

Pðn; kþ 1ÞDpðkÞ

¼ I þ
Xn�1

k¼n0

Rðn; kþ 1Þ
 !

pðn0Þ þ
Xn�1

k¼n0

I þ
Xn�1

l¼kþ1

Rðn; lþ 1Þ
 !

DpðkÞ

¼ pðn0Þ þ
Xn�1

k¼n0

Rðn; kþ 1Þpðn0Þ þ
Xn�1

k¼n0

DpðkÞ þ
Xn�1

k¼n0

Xn�1

l¼kþ1

Rðn; lþ 1ÞDpðkÞ

¼ pðnÞ þ
Xn�1

k¼n0

Rðn; kþ 1Þpðn0Þ þ
Xn�1

k¼n0

Rðn; kþ 1Þ
Xk�1

l¼n0

DpðlÞ

¼ pðnÞ þ
Xn�1

k¼n0

Rðn; kþ 1ÞpðkÞ:
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Therefore, we get the following propositions.

Proposition 3.1. If pðnÞ ¼ const and limn!1Pðn;n0Þ ¼ 0 then the solution yðnÞð Þ of Eq. (2.11) satisfies yðnÞ ! 0 as n!1.
Proposition 3.2. If

1. lim
n!1

Pðn;n0Þ ¼ 0,

2. lim
n!1

Pn1�1
k¼n0

Pðn; kþ 1Þk k ¼ 0 for n1 > n0,

3.
Pn�1

k¼n0
Pðn; kþ 1Þk k 6 M for all n > n0,

4. lim
n!1

DpðnÞ ¼ 0,
then the solution yðnÞð Þ of Eq. (2.11) satisfies yðnÞ ! 0 as n!1.
Proof. For any e > 0, there exists n1 P n0 such that
Pðn;n0Þk k < e
3 pðn0Þk k and DpðkÞk k < e

3M
hold for n P n1. For this fixed n1, there exists n2 P n0 such that for n P n2
Xn1�1

k¼n0

Pðn; kþ 1Þk k DpðkÞk k < e
3
:

Then, for n P N ¼max n1;n2f g, by (3.11) it follows
yðnÞk k 6 Pðn;n0Þk k pðn0Þk k þ
Xn1�1

k¼n0

Pðn; kþ 1Þk k DpðkÞk k þ
Xn�1

k¼n1

Pðn; kþ 1Þk k DpðkÞk k < e
3
þ e

3
þ e

3
¼ e:
This completes the proof. h
Theorem 3.5. Let zðnÞ ¼
Pn�1

k¼n0
yðkÞwhere y is the solution of Eq. (2.11). Then for any e > 0 there exists d > 0 such that pðnÞk k < d

for n P n0 imply zðnÞk k < e for all n P n0 if and only if there exists a constant C > 0 such that
Xn�1

k¼n0

Sðn; kþ 1Þk k 6 C; ð3:12Þ
where Sðn; kþ 1Þ ¼ I þ
Pn�1

l¼kþ1Rðl; kþ 1Þ.
Proof. Sufficiency. For any e > 0, choose d < e
C. From (3.10) we have
zðnÞ ¼
Xn�1

k¼n0

yðkÞ ¼
Xn�1

k¼n0

pðkÞ þ
Xk�1

l¼n0

Rðk; lþ 1ÞpðlÞ
 !

¼
Xn�1

k¼n0

pðkÞ þ
Xn�1

k¼n0

Xk�1

l¼n0

Rðk; lþ 1ÞpðlÞ

¼
Xn�1

k¼n0

pðkÞ þ
Xn�1

k¼n0

Xn�1

l¼kþ1

Rðl; kþ 1ÞpðkÞ

¼
Xn�1

k¼n0

Sðl; kþ 1ÞpðkÞ:
Hence, we get
zðnÞk k 6 d
Xn�1

k¼n0

Sðl; kþ 1Þk k 6 Cd < e:
Necessity. Assume that for any e > 0 there exists d > 0 such that pðnÞk k < d for n P n0 imply zðnÞk k < e for all n P n0. Sup-

pose
Pn�1

k¼n0
Sðn; kþ 1Þk k is unbounded. Then there exists an element Sijðn; kþ 1Þ and a number n1 2 ðn0;1Þ such thatPn1�1

k¼n0
Sijðn1; kþ 1Þ
�� �� > e

dþ 1. Let
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p�ðkÞ ¼ ½p�0ðkÞ;p�1ðkÞ; . . . ;p�j ðkÞ; . . . ;p�mðkÞ�
T
;

be a vector in Rm, where p�j ðkÞ – 0; p�i ðkÞ ¼ 0 for i – j; i ¼ 0;1; . . . ;m and p�j ðkÞ ¼ dsgnSijðn1; kþ 1Þ. Then
yjðn1Þ ¼ p�j ðn1Þ þ
Xn1�1

k¼n0

Sijðn1; kþ 1ÞdsgnSijðn1; kþ 1ÞP e
which is a contradiction. This completes the proof. h

Relationships (2.7), (2.11) and (3.10) can be used to formulate sufficient conditions for stability of Eq. (1.1).
We remark that the results obtained for Eq. (1.1) can be extended analogically for a system of the form
DxðnÞ ¼
Xm

i¼1

AiðnÞxðhiðnÞÞ þ f ðnÞ; n P n0
where xðnÞ are d-dimensional column vectors, AiðnÞ are d� d matrices and f ðnÞ are d-dimensional column vectors.
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