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1. Introduction

Let R denote the set of real numbers, Z and Z* the set of integers and nonnegative integers, respectively,
N(no) = {no,n0+l7..‘}7no czt.
In this paper we consider a scalar linear difference equation with several delays

m
Ax(n) = Zai(n)x(hi(n)) +f(n), n=ng (1.1)
i=0
where a;, f: N(ng) — R, h; : N(ng) — Z, ho(n) =n, hi(n)<nfori=1,2,...,m and nlimyh,-(n) =0 fori=0,1,2,...,m.

By a solution of Eq. (1.1) we mean a sequence x := (x(n)) satisfying (1.1) for any n € N(no). A solution x of (1.1) is said to be
oscillatory if the terms x(n) of the sequence are neither eventually all positive nor all negative. Otherwise, the solution is
called nonoscillatory.

Currently, the problem of oscillation and nonoscillation of solutions of delay difference equations is receiving much atten-
tion, see the monographs by Agarwal et al. [1] and Gy6ri and Ladas [9]. Nonoscillation of difference equations is less studied
compared to sufficient oscillation conditions. The well known result ([9], Theorem 7.8.2) for an equation of type (1.1) with
several constant delays

Mxn) = 3 pimx(n — k), n > o, 12)

i=1

states that if 0 < k; <k, < ... < kn and

S
> pin) >0 fors=1,2,....m andn > n,
i=1
then (1.2) has a positive nondecreasing solution.
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Zhou in [21] obtained oscillation and nonoscillation results for Eq. (1.1) with negative coefficients. Existence of nonoscil-
latory solutions of (1.1) where the coefficients are positive, negative or of arbitrary signs was studied by Berezansky et al. in
[3] and by Berezansky and Braverman in [4].

The aim of this paper is to obtain asymptotic properties of the solutions of Eq. (1.1). It is known that difference equations
can be transformed in different ways to difference equations of Volterra type. Transforming further the summation Volterra
equation with delays obtained from (1.1) to the system of Volterra equations without delays of the form

n-1
y(n) =p(m)+>_Qn,s+1)y(s), n = no,
s=ngp
we get various results on the asymptotic behaviour of solutions for this system. These results are then used to establish some
properties of the solutions of Eq. (1.1). We provide some examples to illustrate the results.

During the last few years, asymptotic properties (stability, oscillation) of Volterra difference equations and discrete Vol-
terra systems has been investigated in a number of papers, for example, in Applelby et al. [2], Choi [5], Crisci et al. [6], Diblik
et al. [7], Gy6ri and Horvath [10], Gy6ri and Reynolds [11], Kolmanovskii [12,14], Medina [15], Morchato [16-18], Song and
Baker [19,20]; see also the references cited therein.

Let k be a positive integer. The set of all k-dimensional column vectors with real components is denoted by R¥ and the set
of k x k matrices with real entries by R**. Let ||.|| denote any norm of a vector or the associated induced norm of a square
matrix. The set R*** can be endowed with many norms, but they are all equivalent. The identity matrix is denoted by I. A
matrixA = (Ay) in R®* is nonnegative if A; > 0, in which case we write A > 0. A partial ordering is defined on R*** by letting

< Bif and only if B—A > 0, which is equivalent to Aj > B for all 1 <i< kand 1<j< k. The absolute value of A is the
matrlx |A| defined by (|A]); = |Ay| forall 1 <i<kand 1 <j<k.

In the future we assume any product which does not involve any factors is equal to one, and any sum which does not
include any terms is equal to zero.

2. Preliminaries

In this section we will transform the scalar difference Eq. (1.1) to the system of Volterra equations without delays. To-
gether with Eq. (1.1) we will also consider the following equation

Ax(n) = b(n)x(n), n > ny, (2.1)
where b : Ng — R, b(n) # — 1. The solution X(n, k) of the problem
Ax(n) =b(m)x(n), n >k, x(k)=1,

is called the fundamental function of Eq. (2.1).
Let us note that the fundamental function (solution) of the linear difference equation

x(n+1)=(1+b(n))x(n), n = ny,
can be easily computed

n-1

X(n k) =JA+bG)), k= no.

Jj=k

Let us write Eq. (1.1) in the form

m

x(n+1) = (1 +b(n))x(n) + [ag(n) — b(n))x(n) + Zai(n)x(hi(n)) +f(n)

i=1

or in the equivalent form, using the function X(n, k) (see [8], Theorem 3.17)), i.e.

x(n) = (ﬁ(l +b())) ) [xo + Z (H +b(j)) ) fk) ] + nz]: ﬁ 1+b(j)) {[ao(k) — b(k)]x(k) + _zm:ai(k)x(hi(l<))}.

j=ng k=ng \j=ng k=ngj=k+1 i=1
(2.2)
where xo = x(n0). Hence
x(n) = X(n,ng)v(n,np) + HEX(TL k+ 1){[ao(k) = b(k)Jx(k) + iai(k)X(hf(k))} (2.3)
k=ng i=1
where
n-1
X(n,s)=[](1+bG)) (2.4)
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and

n-1 k -1
v(n,ne) =Xo+ Y (H(l + b(i))) f(k). (2.5)

k=ny \j=ng

Replacing n by hy(n) in (2.3) we get

hq(n)-1 m
x(hq(n)) = X(hqg(n),no)v(hg(n),no) + X(hg(n), k+ l){[ao(k) —b(k)]x(k) + Za,—(k)x(h,—(k))} (2.6)
k=ng i=1
Let us denote
yq(n):x(hq(n))7 q:0717"'7m7 n =, (27)
[ X(hg(n),no)v(hg(n),no) if hy(n) > no
P = { iy i hy(n) < ng 28)
and
Dy ={(n,s):n = no, no <s < hy(n)—1}
forq=0,1,...,m, n > ng. Moreover, let
[ X(hg(n),k +1)[ao(k) — b(k)] (n,k) € Dy
Qp(n,k+1) = {0 (n,k) ¢ D, (2.9)
and
_ [ X(hg(n),k + V)ai(k) (n,k) € Dy
Qu(nk+1)= {O (n.k) ¢ D, (2.10)
forgq=0,1,...,mandi=1,2,...,m. Then, Eq. (2.6) takes the form
n—1
y(m) =pm)+ Y Qnk+1)y(k), n=n, (2.11)
k=ng
where
Qoo(n, k) Qor(n,k) Qom(n, k)
Qn, k) = Qio(n, k) Qqi(n,k) Qim(n, k)
QmO(n7 k) le (Tl, k) s Qmm(n7 k)
and
Yo(n) Po(n)
y(n) = yf Fn) p(n) = p?@
Ym(n) Pm(1)

3. Main results

We start our main results with establishing conditions for the boundedness and oscillation of solutions of the Volterra
system (2.11). We will use the following definition.

Definition 3.1. We say that a solutiony = [y, ...,y,]" of Eq. (2.11) oscillates if for some i = 0,1, ...,m, and for every integer
n; > 0 there exists n > n; such that y;(n)y;(n+ 1) < 0. Otherwise, the solution is said to be nonoscillatory (all its
components are either eventually positive or eventually negative).

In the proof of the next theorem, the following lemma, which is a small modification of Lemma 2.1 in [18], will be needed.

Lemma 3.1. Let q : N(ng) — R" and L(n,s) € N(ng) x N(ng) — R*,L(n,s) =0 for n <s, L(n,s) is nonincreasing in n € N(ngp)
and y is a sequence of positive real numbers such that

y(n) < am)+ 3 Lons + 1y(s),

s=0
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holds for all n > no. Then

y(n) gQ(n){l +§L(s+1,s+])exp <§L(1+1,l+1)>}.

s=ng I=s+1

for n € N(ng), where Q(n) = maxq(s).

0<s<n

Proof. The proof is analogous to the proof of Lemma 2.1 from [18]. O

Theorem 3.1. Assume the following:

1. For all (n,j) € Z" x 7*,Q(n,j) is nonnegative if no <j < nand Q(n,j)=0ifj > n.
2. Q(n,j) is nonmcreasmg innezZ" foreveryjez".

3. lim 370 o llQ(s, 9] < oc.
4.

11m max ||p(j)|| < oc.

n—oo 0gj<n

Then all solutions of Eq. (2.11) are bounded.

Proof. Let y be a solution of Eq. (2.11). Then

lymll < [lp(n |+ZHQ s+ Dy, n=no.
s=ngp
Now, using Lemma 3.1, we get
ly(m)|| < max|ip(j) II{HZHQSH s+1) IeXD(leQ (1+1, 1+1)|l>}
s=ng I=s+1

Hence, by assumptions 3 and 4 we obtain that y is bounded. This completes the proof. O

Example 3.1. Consider the linear Volterra difference equation

1 2 1 1 (s+1)27°
n)=-— - 1-= " —(S). 3.1
Y = =i (n+1)(n+2)< 2">+;(n+1)(n+2)y() 31
It is easy to see that the assumptions of Theorem 3.1 are satisfied. So, all solutions of Eq. (3.1) are bounded. One such solution
is y(n) = 7it.

As a consequence of Theorem 3.1 we get the following result for Eq. (1.1).
Theorem 3.2. Let b : N(ng) — R, —1 < b(n) < 0 and ag(n) > b(n) for all n > ny. Assume the following:

1. ai(n) >0 foralli=1,2,... mandn > ng
2. Foreveryi=1,....m, 37 ai(n) <ooand 37, (ao(n) — b(n)) < .
3. The sequences b and f are such that for every q =0,1,...,m,

lim max |p,(s)| < oo, where p, are defined in (2.8).

n—oo Np<s<n

4. There exists q € {0,1,...,m} such that hy(n) =n —ry where 4 € No.

Then all solutions of Eq. (1.1) are bounded.

Proof. Suppose that x is an unbounded solution of Eq. (1.1). Take q € {0,1,...,m} such that hy(n) =n—r,. Since
hq(N(rq)) = Z*, by (2.7) the sequence y, is unbounded.

On the other hand, by the assumption —1 < b(n) < 0 it follows that X(h4(n),j) is positive and nonincreasing in n € Ny for
every j € No. Hence, by (2.9) and (2.10), Q(n,j) is nonnegative and nonincreasing in n € Z* for every j € Z*, too. So, all
hypotheses of Theorem 3.1 are satisfied. Hence, from Theorem 3.1 it follows that y, is bounded. This contradiction completes
the proof. O

Example 3.2. Consider the difference equation
2n 1
Ax(n) = ————x(n) + x(n—1), n>2. 3.2
(n) TERICERI () +5xn-1) 32)
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It is clear that this equation is a particular case of Eq. (1.1), where ag(n) = —(Mii':my, a;(n) =%, ho(n) =n,
hi(n) =n—1 and f(n) = 0. Let b(n) = — 2. It is easy to see that
2n% —2n -2
ao(n) — b(n) =

m-1n2m+17> "

. s 1
Jim (gix\po( )I) [Xo| lim (gnagj ! (1 7 <00
5—2 1
lim (max\pl( )|> |x0\ lim | max 1-5]] <oo
n—o0 \ 2<s<n —00 2<s<nj 2 j

Hence, all assumptions of Theorem 3.2 are satisfied. So, all solutions of Eq. (3.2) are bounded. One such solution is
x(n)=1+1

and

Theorem 3.3. Let y > 1. Assume the following:

1. For all (n,j) € Z* x Z*, Q(n,j) is nonnegative if 0 <j < nand Q(n,j) =0ifj > n.
2. Q(n,j) is nonincreasing innezZ" foreveryjez*.

3. Foreveryq=0,1,...,m, llm >y koS Qqi(5,8) < oo

4. Foreveryq=0,1,...,m, 11m suppq( )= llm mqu( ) = —c0.

Then every solution y of Eq. (2.11) with the property y(n) = O(n”) for all n > nq is oscillatory.

Proof. Let y be a solution of Eq. (2.11) with the property y(n) = O(n”). Then, there exists a positive constant C, such that
max ‘Yk I < C for n e z*. We claim that y is oscillatory. If not, it is nonoscillatory. So, there exists a n; > ny, such that for

o<k<m

n > n; either, y,(n) >0 or y, <0 for every ¢q=0,1,...,m. Let y,(n) >0 for n > n; and some q=0,1,...,m. Then, from
(2.11) using assumptions 1 and 2, for n > n; we get

m-1m
Yol )+ ZZqu (1,5 + 1)y,(s +ZZqu (1,5 + 1)y,(s)
s=ngy k=0 $=ny k=0
-1 m
(M) + D> Qs+ 1,5+ 1)yi(s +CZZSquks+ls+1)
s=ng k=0 s=mq k=0

Let M =371 o s 0Qa(s+ 1,5+ 1)y,(s). Hence, by 3 and 4
n-1 m
lim infy,(n) <M + lim infp,(n) + C lim D) Quls+1,s+1) =—
—00 —00 —?:X}S:n] P

Since y,(n) > 0 for n > n; we obtain a contradiction. The proof in case y,(n) < 0 is similar. This completes the proof. O

Example 3.3. Consider the linear Volterra difference equation

-1
Y = (-1 + 1 4 5 (-1 Z ns 1. (3.3)

—on

Let y = 2. It is easy to see that the assumptions of Theorem 3.3 are satisfied. So, all solutions of Eq. (3.3) with the property
y(n) = O(n?) are oscillatory. One such solution is y(n) = (—1)"(n + 1)

As a consequence of Theorem 3.3 we get following result for Eq. (1.1).
Theorem 3.4. Lety > 1, b:N(ng) = R, —1 < b(n) <0 and ap(n) > b(n) for n > ny. Assume the following:

1. ai(n) > 0foralli=1,2,... mandn = ng

2. Foreveryi=1,....,m, 377 n'ai(n) < oo and 2.7, n’(do(n) — b(n)) < occ.
3. The sequences b and f are such that for every q = 0,1,...,m, lim sup p,(n) = oo, lirl.n inf p,(n) = —oc, where p, are defined in
n—oo o0

(2.8).
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Then every solution x of Eq. (1.1) with the property x(n) = O(n”) for all n > nyq is oscillatory.

Proof. Let x be a solution of Eq. (1.1) with the property x(n) = O(n”). Then, by (2.7), for every q € {0,1,...,m}, y,(n) = 0(n"),
too. Hence, y(n) = O(n”). By the assumptions of this theorem it follows that all hypotheses of Theorem 3.3 are satisfied.
Therefore, by Theorem 3.3, y is oscillatory. So, there exists q € {0,1,...,m}, such that (y,(n)) is oscillatory. Since
nlElgc hq(n) = oo the set hy(2™") is infinite. Then, by (2.7) x is also oscillatory. This completes the proof. O

Remark 3.1. Note, that the assumption —1 < b(n) < 0 implies, by (2.4), that X(n,s) is positive. So, if f(n) = 0 or fis a nonos-
cillatory sequence, then by (2.5) and (2.8) it follows that p, are of constant sign eventually (for every q € {0,1,...,m}), and
hence the assumption 2 of Theorem 3.3 could not be satisfied.

Example 3.4. Consider the difference equation

1 1

Ax(n) = n—3X(n) +m

xn—1)+(=D""2n+1), n>2. (3.4)
Let y =1, b(n) = — 4. Here f(n) = (-=1)"'(2n 4 1). It is easy to check that all assumptions of Theorem 3.4 are satisfied.

Hence, every solution (x(n)) of Eq. (3.4) with the property x(n) = O(n) is oscillatory. One such solution is x(n) = (-1)"n.
Note, that if we assume the following.

(h1) ai(n) = 0for i=1,2...,m, n > no,
(h2) there exists b : N(np) — R such that b(n) > —1 and ag(n) > b(n) for all n > ny,
(h3) f(n) = 0,

then, by (2.2), every solution x of Eq. (1.1) with the initial conditions x(n) > 0 for n < ny and x, > 0 is positive and has the
property

n-1 n-1 n-1
x(n) = x [ [(1+bG)) + Z(H (1 +b(i))>f(’<)~ (35)
j=ng k=ng \j=k+1

Therefore, we get the following corollary.

Corollary 3.1. Assume that the assumptions (h1) — (h3) hold. Suppose also that

n—1
4. lim inf [ J(1 + b(j)) > 0.

Jj=ng

Then every solution x of Eq. (1.1) with the initial conditions x(n) > 0 for n < ny and x(ng) = Xo > 0 is positive and lim inf x(n) > 0.
. ') n—oo
Moreover, if condition

> f(k) = oo,
k=ng

is satisfied, then these solutions have the property lim,_..x(n) = oc.
The next example shows that the condition 4 in Corollary 3.1 is not necessary.

Example 3.5. Consider the difference equation

Ax(n) = —%x(n) + =D

xn-1)+1, n>r, (3.6)

with a certain positive integer 7. Here, ap(n) = —1, a;(n) = -1- and f(n) = 1. Let b(n) = — 1. Since lim,_ (H}?j (] - })) =0,
assumption 4 of Corollary 3.1 is not satisfied but it is easy to check that x(n) = n is a solution of (3.6), which tends to infinity
as n tends to infinity.

In this part of the paper we will consider the asymptotic properties of solutions of Eq. (2.11) using its resolvent matrices
of the kernel Q(n,s) in (2.11). Let us find the solution y of Eq. (2.11) as a function of p and auxiliary (m + 1) x (m + 1) matrix
R, referred to as a resolvent matrix [13]. Let us define
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Q" (n,s+1)=Q(n,s+1),

n-1
Qs+ 1))=Y Q" 1+ 1)QV(Ls+1), r=2.3,..

I=s+1

and
00

Rn,s+1)=>"Q"(n,s+1). (3.7)
r=1
The double sequence of (m + 1) x (m + 1) matrices R(n,s) is called the resolvent kernel associated with the kernel Q(n,s)
of Eq. (2.11). Note, that the series 3-°°,Q”(n,s + 1) is convergent if the kernel Q(n,s) is bounded. It is easy to see that the
resolvent R(n,s) satisfies, for any n and no < s < n, the following matrix equations

R(n,s+1)=Q(n,s+ 1)+ ZQnrJrl (r,s+1) (3.8)
r=s+1
and
n-1
R(n,s+1)=Q(n,s+1)+ Y Rn,r+1)Q(r;s+1). (3.9)
r=s+1

In terms of the resolvent matrix R(n,s) the solution of Eq. (2.11) can be written as

n-1

y(n) =p(n) + Y _R(n,k+1)p(k). (3.10)

k=ny

Multiplying both sides of the equation

j-1
¥G) = pG)+ > Q. k+1)y(k)

k=ng
by R(n,j+ 1) on the left and summing with respect to j from ny to n — 1, we obtain

n-1 n—1 k—

> R(n,j+ 1)) - ZRnH—]ZQ(] k+1)y ZZRnk+1 (k,j + 1)y().

j=ng Jj=ng k=ng k=ngj=ng

Hence, changing the order of summation, we get

n-1 n-1 n-1
> RMj+ 1)) -pG) = < > R k+1)Q(k,j+ 1))5/(1’)-

Jj=ng Jj=ng \k=j+1

Then, by (3.9) we get (3.10).
Now, using the form (3.10), we give conditions on p under which the solutions of Eq. (2.11) (and consequently of Eq. (1.1))
tend to zero as n tends to infinity. Note, that the equality (3.10) can be expressed in the form

n-1
y(n) = P(n,no)p(no) + > _P(n, k+1)Ap(k), (3.11)

k=ng

where P(n,s) = I+ S"'R(n, 1+ 1). In fact, we have

n-1
y(n) = P(n,no)p(no) + »_P(n,k+1)Ap(k)

k=ng
n-1 n-1
= <1+ ZR(n,k+1)) p(no) + Z (1+ > R(n l+1)>Ap(k)
k=ng k=ng I=k+1
n-1 n-1 n-1
p(no) + Y R(n, k+ 1)p(ng) + ZAp +Y > R, 1+ 1)Ap(k)
k=ng k=ng k=ngl=k+1
n-1 n-1 k-1
n)+ Y R(n,k+1)p(no) + > R(n,k+1)> Ap(l)
k=ng k=ng I=ng

n-1
n) + Y R, k+ 1)p(k).

k=ng



372 M. Migda, J. Morchato/Applied Mathematics and Computation 220 (2013) 365-373
Therefore, we get the following propositions.

Proposition 3.1. If p(n) = const and lim,_.,P(n,ny) = 0 then the solution (y(n)) of Eq. (2.11) satisfies y(n) — 0 as n — oc.

Proposition 3.2. If

1. lim P(n,ng) =0,

n—oo
2. lim S0 Y|P(n, k + 1)]| = O for ny > o,
3. Sk IP(,k + 1)[| < M for all n > ny,
4

. rllim Ap(n) =0,

then the solution (y(n)) of Eq. (2.11) satisfies y(n) — 0 as n — oo.

Proof. For any ¢ > 0, there exists n; > ng such that

P00 < gy and [4p(K)] < 5
hold for n > n;. For this fixed n;, there exists n, > ngy such that forn > n,
n—1
IZIIP n,k+1)[[[|Ap(k)]| <
k=ng

Then, for n > N = max {n;,n,}, by (3.11) it follows

n -1 n-1
E &
[y < IP(n,no)ll[[p(no) | + ZHP n.k+D)l[[Ap(k)[| + Y IIP(,k+ D[ Ap(K)| < 5 +3 t3y=¢&
k=ng k=ny

This completes the proof. O

Theorem 3.5. Let z(n) = ZZ;,‘,Dy(k) where y is the solution of Eq. (2.11). Then for any & > O there exists > 0 such that ||p(n)|| < ¢
forn = ng imply ||z(n)|| < ¢ for all n > ny if and only if there exists a constant C > 0 such that

n-1
IS k+ 1)) <C, (3.12)
k=ng

where S(n,k+1) =1+ X150 (R(Lk + 1).

Proof. Sufficiency. For any ¢ > 0, choose ¢ < & From (3.10) we have

n-1 n-1 k-1
2(n) =Yy =Y (p(k) + Rk, 1+ 1)p<l>)

k:no k=no [=ng
n-1 k-1
,zp )+ > > Rk, 1+ 1)p
k=ng k=ngl=ng
n-1 n-1
—Zpk +3 > TRk + 1)p(
k=ng k=ngl=k+1
-1
= > S(lk+1)p(k)
k=ng
Hence, we get
lz(n 5Z||Slk+1 [<Cé<e.

k=ng
Necessity. Assume that for any € > 0 there exists 6 > 0 such that ||p(n)|| < é for n > no imply ||z(n)|| < & for all n > ne. Sup-
pose ZZ;;OHS(H7I<+ 1)|] is unbounded. Then there exists an element S;j(n,k+ 1) and a number n; € (ng,0) such that
S [Si(ny, k+ 1)) > £+ 1. Let
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p*(k) = o (k), Py (k). ... pj (k). ... P (KT,
be a vector in R™, where p; (k) # 0, pj(k) =0 fori##j, i=0,1,...,m and p; (k) = dsgnS;(n,k + 1). Then

n;-1
yi(m) =p;(m) + Y _Sj(m, k+1)dsgnSy(ny, k+1) > ¢

k=ng

which is a contradiction. This completes the proof. O

Relationships (2.7), (2.11) and (3.10) can be used to formulate sufficient conditions for stability of Eq. (1.1).
We remark that the results obtained for Eq. (1.1) can be extended analogically for a system of the form

m

Ax(n) = Ai(m)x(hi(n)) +f(n), n > no

i=1

where x(n) are d-dimensional column vectors, A;(n) are d x d matrices and f(n) are d-dimensional column vectors.
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