
Pseudo-differential operators

Exercises 2 - 23.03.16

1. Find a function f ∈ L1(Rn) such that f̂ 6∈ L1(Rn).

2. Let p(x) =
∑
|α|≤m cαx

α be a polynomial on Rn. Calculate F [p] in the sense of S ′(Rn).

3. For any x ∈ Rn, let δx ∈ S ′(Rn) the delta distribution in x.

(a) Prove that δx is not a regular distribution;

(b) Show that δx ∗ g = τ−xg, for any g ∈ S(Rn);

(c) Find F [δx].

4. Let f ∈ S ′(Rn) and g ∈ S(Rn). Prove that:

(a) f ∗ g is a regular tempered distribution with f ∗ g ∈ C∞poly(Rn);

(b) F (f ∗ f) = f̂ · ĝ;

(c) ∂αx (f ∗ g) = (∂αx f) ∗ g = f ∗ (∂αx g).

5. Consider the PDE (1−∆)u(x) = f(x) in Rn, with u, f ∈ S(Rn).

(a) Find p(ξ) such that (1−∆)u(x) = F−1[p(ξ)û(ξ)];

(b) Show that for every f ∈ S(Rn) there is a unique solution u = (1−∆)−1f ∈ S(Rn) of the PDE.

(c) Show that (1−∆)−1 ∈ L (S(Rn));

6. Let p : Rn → C be a measurable function and set Σ
.
= p(Rn). For each F ∈ L∞(Σ) let

F (p(Dx))f
.
= F−1[F (p(ξ))f̂(ξ)], ∀f ∈ L2(Rn)

Prove that:

(a) For all f ∈ L∞(Rn), we have F (p(Dx))f ∈ L (L2(Rn)) ;

(b) The mapping Φ : L∞(Rn)→ L (L2(Rn)), defined as above, is linear and

F (p(Dx)) ◦G(p(Dx)) = (F ·G)(p(Dx)), ∀F,G ∈ L∞(Rn);

(c) For all λ ∈ C \ Σ we have (λ− p(Dx))−1 ∈ L (L2(Rn))

(λ− p(Dx))(λ− p(Dx))−1f = (λ− p(Dx))−1(λ− p(Dx))f = f, ∀f ∈ S(Rn)

where p(Dx)f = F−1[p(ξ)f̂(ξ)], for all f ∈ S(Rn)

(d) For which λ ∈ C there exists (λ−∆)−1 in the sense above?


