Chapter b

Random Processes

51 INTRODUCTION

In this chapter, we introduce the concept of a random (or stochastic) process. The theory of
random processes was first developed in connection with the study of fluctuations and noise in physi-
cal systems. A random process is the mathematical model of an empirical process whose development
is governed by probability laws. Random processes provides useful models for the studies of such
diverse fields as statistical physics, communication and control, time series analysis, population
growth, and management sciences.

52 RANDOM PROCESSES
1. Defintion:

A random process is a family of r.v.’s {X(1), t € T} defined on a given probability space, indexed
by the parameter (, where t varies over an index set T.

Recall that a random variable is a function defined on the sample space S (Sec. 2.2). Thus, a
random process {X(t), t € T} is really a function of two arguments {X(t,{). t € T, { € S}. For a fixed
t(=t), X(t,, ) = X,({) is a r.v. denoted by X(t,), as { varies over the sample space S. On the other
hand, for a fixed sample point {; € S, X(t, {;) = X,(2) is a single function of time ¢, called a sample
Sfunction or a realization of the process. The totality of all sample functions is called an ensemble.

Of course if both { and ¢ are fixed, X(t,, {;) is simply a real number. In the following we use the
notation X(t) to represent X(z, {).

B. Description of a Random Process:

In a random process {X(t), t € T}, the index set T is called the parameter set of the random
process. The values assumed by X(t) are called states, and the set of all possible values forms the state
space E of the random process. If the index set T of a random process is discrete, then the process is
called a discrete-parameter (or discrete-time) process. A discrete-parameter process is also called a
random sequence and is denoted by {X,, n=1,2,...}. If T is continuous, then we have a continuous-
parameter (or continuous-time) process. If the state space E of a random process is discrete, then the
process Is called a discrete-state process, often referred to as a chain. In this case, the state space E 1s
often assumed to be {0, 1, 2, ...}. If the state space E is continuous, then we have a continuous-state
process.

A complex random process X (1) is defined by

X() = X,(t)+jX,(1)

where X (1) and X ,(t) are (real) random processes and j = \/_—_1 Throughout this book, all random
processes are real random processes unless specified otherwise.

53 CHARACTERIZATION OF RANDOM PROCESSES
A. Probabilistic Descriptions:

Consider a random process X(t). For a fixed time t,, X(t,) = X, is a r.v, and its cdf Fy(x,; ¢,) is
defined as

Fylxy;t) = P{X(t)) < x,} (5.1)
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Fy(x,; t,) is known as the first-order distribution of X(t). Similarly, given ¢, and ¢,, X(¢t,) = X; and
X(t,) = X, represent two r.v.’s. Their joint distribution is known as the second-order distribution of
X(t) and is given by

Fylxy, xa5 £, ) = P{X(t)) < x;, X(t5) < x,} (5.2)
In general, we define the nth-order distribution of X(t) by
Fylxqy ooy Xps by ooy ) = P{X(t) < %y, ..., X(t,) € X,} (5.3
If X(¢) is a discrete-time process, then X(t) is specified by a collection of pmf’s:
Prl(Xis ooy X3 by ooy £y = P{X(t)) = x\, ..., X(t,) = x,,} (5.4)
If X(¢) is a continuous-time process, then X(¢) is specified by a collection of pdf’s:
FaXgy ooy Xi Ly oy ) = a"F"(x‘(’%'c'l"_ xa;‘ 2o ) (5.5)

The complete characterization of X(t) requires knowledge of all the distributions as n — co. Fortu-
nately, often much less is sufficient.
B. Mean, Correlation, and Covariance Functions:

As in the case of r.v.’s, random processes are often described by using statistical averages.
The mean of X(t) 1s defined by

ux(t) = E[X(1)] (5.6)

where X(t) is treated as a random variable for a fixed value of ¢. In general, ux(?) is a function of time,
and it is often called the ensemble average of X(t). A measure of dependence among the r.v.’s of X(t) is
provided by its autocorrelation function, defined by

Ry(t, s) = E[X(1)X(s)] (5.7)

Note that
Rylt, s) = Ryls, 1) (5.8
and Ry(t, t) = E[X*(1)] (5.9)

The autocovariance function of X(t) is defined by
Kx(t, s) = Cov[X(1), X(5)] = E{[X(t) — ux()I[X(s) — px(s)]}
= Rylt, s) — px(Dux(s) (5.10)

It is clear that if the mean of X(t) is zero, then K(t, ) = Ry(t, s). Note that the variance of X(t) is
given by

ax’(t) = Var[X(0)] = E{[X(1) — ux(1*} = Kx(t, 1) (3.11)

If X(¢) is a complex random process, then its autocorrelation function R,(¢, s) and autocovariance
function K(t, s) are defined, respectively, by

Ry(t, 5) = E[X()X*(s)] (5.12)
and Kx(t, s) = E{[X(1) — px()I[X(5) — px(s)T*} (5.13)

where * denotes the complex conjugate.

54 CLASSIFICATION OF RANDOM PROCESSES

If a random process X(t) possesses some special probabilistic structure, we can specify less to
characterize X(t) completely. Some simple random processes are characterized completely by only the
first- and second-order distributions.
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A. Stationary Processes:

A random process {X(t), t € T} is said to be stationary or strict-sense stationary if, for all n and
for every set of time instants (¢, e T, i=1,2,...,n},

FolXyy ooy Xp3 by een b)) = FolXy, oy Xp3 by + T, oy £, + 1) (5.14)

for any 7. Hence, the distribution of a stationary process will be unaffected by a shift in the time
origin, and X(t) and X(t + t) will have the same distributions for any . Thus, for the first-order
distribution,

Fy(x; 1) =Fy(x; t + 1) = Fy(x) (5.15)
and Slx; ) = f(x) (5.16)
Then ux(t) = E[X()] =p (5.17)
Var[X(1)] = ¢* (5.18)

where u and 62 are contants. Similarly, for the second-order distribution,
Fylxy, x5 by, t2) = Fylxy, X35t — £) (5.19)
and Sx(x 1, X35 by, £3) = felxy, X35 83 — 1)) (5.20)

Nonstationary processes are characterized by distributions depending on the points ¢,, t,, ..., t,.

B. Wide-Sense Stationary Processes:

If stationary condition (5.14) of a random process X(¢) does not hold for all n but holds for n < k,
then we say that the process X(t) is stationary to order k. If X(¢) is stationary to order 2, then X(¢f) is
said to be wide-sense stationary (WSS) or weak stationary. If X(t) is a WSS random process, then we
have

1. E[X(¢)] = pu (constant) (5.21)
2. Ry(t, 5) = E[LX(1)X(s)] = Rx(|s —t|) (5.22)

Note that a strict-sense stationary process is also a WSS process, but, in general, the converse is not
true.

C. Independent Processes:

In a random process X(t), if X(t;)fori=1,2,..., n are independent r.v.’s, so that forn = 2,3, ...,

Fy(Xyy ooy Xps tyyoen b)) = lllFx(x,-; L) (5.23)
i=1

then we call X(¢t) an independent random process. Thus, a first-order distribution is sufficient to charac-
terize an independent random process X(t).

D. Processes with Stationary Independent Increments:

A random process {X(t), ¢ = 0) is said to have independent increments if whenever 0 <t; < t, <
< L,

X(0), X(t,) — X(0), X(22) — X(ty), ..., X(t,) — X(t,-1)
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are independent. If {X(¢), ¢ > 0) has independent increments and X(t) — X(s) has the same distribu-
tion as X(¢t + h) — X(s + h) for all s, ¢, h > 0, s < ¢, then the process X(t) is said to have stationary
independent increments.

Let {X(t), t > 0} be a random process with stationary independent increments and assume that
X(0) = 0. Then (Probs, 5.21 and 5.22)

E(X(t)] = u,t (5.24)

where u, = E[X(1)] and
Var[X()] = 7,2t (5.25)

where ¢,2 = Var[X(1)].
From Eq. (5.24), we see that processes with stationary independent increments are nonstationary.

Examples of processes with stationary independent increments are Poisson processes and Wiener
processes, which are discussed in later sections.

E. Markov Processes:
A random process {X(¢), t € T} is said to be a Markov process if
P{X(tn+l) < xn+l |X(tl) = xl’ X(tl) = xl’ ey X(tn) = xn} = P{X(tn+ l) < xn+l IX(tn) = xn} (526)

whenevert; <t, < -+ <t, <t,:,.
A discrete-state Markov process is called a Markov chain. For a discrete-parameter Markov
chain {X,, n > 0} (see Sec. 5.5), we have for every n

P(Xn+1 =le0=i0)Xi=ily--~1Xn=i)= P(Xn+l =.]IXn=l) (527)

Equation (5.26) or Eq. (5.27) is referred to as the Markov property (which is also known as the
memoryless property). This property of a Markov process states that the future state of the process
depends only on the present state and not on the past history. Clearly, any process with independent
increments is a Markov process.

Using the Markov property, the nth-order distribution of a Markov process X(t) can be
expressed as (Prob. 5.25)

Fu(Xq, ooy Xy tya oo b)) = Fx(Xy5 8)) n P{X(t) < X} | X(8- ) = Xi— 1) (5.28)
k=2

Thus, all finite-order distributions of a Markov process can be expressed in terms of the second-order
distributions.

F. Normal Processes:

A random process {X(t), t € T} is said to be a normal (or gaussian) process if for any integer n
and any subset {¢,...,t,} of T, the n r.v’s X(t;), ..., X(t,) are jointly normally distributed in the
sense that their joint characteristic function is given by

¥xin - xup@1s -+ @) = E{exp jlo, X(¢)) + -+ + @, X(¢,)]}
. n 1 n n .
= exp{J Y o EIXW)] -5 Y, Y w0, Cov[X() x(zk)J} (5.29)
i=1 i=1 k=1
where w,, ..., w, are any real numbers (see Probs, 559 and 5.60). Equation (5.29) shows that a
normal process is completely characterized by the second-order distributions. Thus, if a normal
process is wide-sense stationary, then it is also strictly stationary.
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G. Ergodic Processes:

Consider a random process {X(f), —o0 <t < oo} with a typical sample function x(t). The time
average of x(t) is defined as

1 Ti2
{x(t)y = lim ?j x(t) dt (5.30)

T—- ® -T2

Similarly, the time autocorrelation function R,(z) of x(t) is defined as

_ ) 1 Ti2

Ry(t) = (x()x(t + 7)) = lim — J x(£)x(t + T) dt (5.3
T T -T/2

A random process is said to be ergodic if it has the property that the time averages of sample

functions of the process are equal to the corresponding statistical or ensemble averages. The subject

of ergodicity is extremely complicated. However, in most physical applications, it is assumed that

stationary processes are ergodic.

55 DISCRETE-PARAMETER MARKOV CHAINS

In this section we treat a discrete-parameter Markov chain {X,, n > 0} with a discrete state
space E = {0, 1, 2, ...}, where this set may be finite or infinite. If X, =i, then the Markov chain is
said to be in state i at time n (or the nth step). A discrete-parameter Markov chain {X,, n > 0} is
characterized by [Eq. (5.27)]

PXppy=jlXo=1p, X;=1i, ..., Xo=0=PX, 1, =j| X,=1) (5.32)

where P{x,., =j|X, =1} are known as one-step transition probabilities. If P{x,,, =j| X, =i} is
independent of n, then the Markov chain is said to possess stationary transition probabilities and the
process is referred to as a homogeneous Markov chain. Otherwise the process is known as a nonhomo-
geneous Markov chain. Note that the concepts of a Markov chain’s having stationary transition
probabilities and being a stationary random process should not be confused. The Markov process, in
general, is not stationary. We shall consider only homogeneous Markov chains in this section.

A. Transition Probability Matrix:

Let {X,, n> 0} be a homogeneous Markov chain with a discrete infinite state space E = {0, 1,
2,...}. Then

pu=P{Xn+l=]|Xn=l} 120’}20 (533)

regardless of the value of n. A transition probability matrix of { X, n > 0} is defined by

Poo Por Po2
P= [pU] | Pro Pu P2
P20 P21 P22
where the elements satisfy
p,'j_>_0 ZPU=1 l=0, 1, 2, (534)
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In the case where the state space E is finite and equal to {1, 2, ..., m}, P is m x m dimensional; that is,
Puy Pz ' Pim
P=[p)=|P2 Pz 1 P
m1 P.;.z o Pum
m
where p; =0 Y opy=1 i=1,2..,m (5.35)

A square matrix whose elements satisfy Eq. (5.34) or (5.35) is called a Markov matrix or stochastic
matrix.

B. Higher-Order Transition Probabilities—Chapman-Kolmogorov Equation:

Tractability of Markov chain models is based on the fact that the probability distribution of
{X,, n > 0} can be computed by matrix manipulations.

Let P = [p;;] be the transition probability matrix of a Markov chain {X,, n > 0}. Matrix powers
of P are defined by

P?=PP
with the (i, j)th element given by
Pijm = Z Dix Dij
k

Note that when the state space E is infinite, the series above converges, since by Eq. (5.34),
PRIV SEDW I
k k
Similarly, P* = PP? has the (i, j)th element
pi® = ; P Puf?

and in general, P"*! = PP" has the (i, j)th element
PN =3 pupi™ (5.36)
k

Finally, we define P® = I, where [ is the identity matrix.
The n-step transition probabilities for the homogeneous Markov chain {X,, n > 0} are defined
by

PX,=jlXo=1)
Then we can show that (Prob. 5.70)
pij(")=P(Xn=j|X0= i) (5.37)

We compute p;” by taking matrix powers.
The matrix identity

pr+m = prpm n,m>=0
when written in terms of elements

patm =Y p,mp, ™ (5.38)
k
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is known as the Chapman-Kolmogorov equation. It expresses the fact that a transition from i to j in
n + m steps can be achieved by moving from i to an intermediate k in n steps (with probability p,,™),
and then proceeding to j from k in m steps (with probability p, ™). Furthermore, the events “go from i
to k in n steps” and “go from k to j in m steps” are independent. Hence the probability of the
transition from i to j in n + m steps via i, k, j is p™p, ™. Finally, the probability of the transition
from i to j is obtained by summing over the intermediate state k.

C. The Probability Distribution of {X,, n > 0}:
Let p(n) = P(X, = i) and

p(n) = [po(n) pi(n) py(n) ---]

where Y pn) =1
%

Then p0) = P(X, = i) are the initial-state probabilities,

PO) = [po(0) py(0) po(®) ---]
is called the initial-state probability vector, and p(n) is called the state probability vector after n tran-
sitions or the probability distribution of X,,. Now it can be shown that (Prob. 5.29)
p(n) = p(O)P" (5.39)

which indicates that the probability distribution of a homogeneous Markov chain is completely
determined by the one-step transition probability matrix P and the initial-state probability vector

p(0).
D. Classification of States:
1. Accessible States:

State j is said to be accessible from state i if for some n > 0, p;; > 0, and we write i - j. Two
states i and j accessible to each other are said to communicate, and we write i . If all states commu-
nicate with each other, then we say that the Markov chain is irreducible.

2. Recurrent States:

Let T; be the time (or the number of steps) of the first visit to state j after time zero, unless state j

is never visited, in which case we set T; = co. Then T; is a discrete r.v. taking values in {1, 2, ..., co}.
Let
[ =PTi=m|Xo=10)=PXp=Jy Xy #j k=1,2,...,m—1]X, =) (5.40)
and f;#® = O since 7, > 1. Then
S =PT=11Xo=i)=P(X, =j| Xo=10) = p; (5.41)
and S = g pu SO m=2,3,... (5.42)
K+ j

The probability of visiting j in finite time, starting from i, is given by
fi= LS =P <o Xe=1) (5.43)
n=0

Now state j is said to be recurrent if
Ji=PT<x|Xo=)=1 (5.44)
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That is, starting from j, the probability of eventual return to j is one. A recurrent state j is said to be
positive recurrent if

E(T;|Xo=j)< (5.45)
and state j is said to be null recurrent if
ETj|Xo=)) =0 (5.46)
Note that
E(T)| Xo=))= Z nfjj(") (5.47)
n=0

3. Transient States:
State j is said to be transient (or nonrecurrent) if
fi=P(T<cx|Xe=j)<1 (5.48)
In this case there is positive probability of never returning to state j.
4. Periodic and Aperiodic States:
We define the period of state j to be
d(j) = ged{n = 1: p,;* > 0}

where ged stands for greatest common divisor.

If d(j) > 1, then state j is called periodic with period d(j). If d(j) = 1, then state j is called aperiodic.
Note that whenever p;; > 0, j is aperiodic.

5. Absorbing States:

State j is said to be an absorbing state if p;; = 1; that is, once state j is reached, it is never left.

E. Absorption Probabilities:

Consider a Markov chain X(n) = {X,,, n > 0} with finite state space E = {1, 2, ..., N} and tran-
sition probability matrix P. Let A = {1, ..., m} be the set of absorbing states and B={m + 1,..., N}
be a set of nonabsorbing states. Then the transition probability matrix P can be expressed as

1 o - 0 0 0 ]
: SRR : : o5 : I o
P = 0 Coeen 1 0 0 =|:R Q:| (549(1)
pm+l.l ' e pm+l,m pm+l.m+l pm+l.N
L~ Pn. " PNom DPN.m+1 Pn. N _
where 1 is an m x m identity matrix, O is an m x (N — m) zero matrix, and
pm+l.l pm+l,m pm+l,m+l e pm+l.N
R = : 3 : Q= 5 s : (5.49b)
Pn. 1 "t DPN.m PN, m+1 "t DN

Note that the elements of R are the one-step transition probabilities from nonabsorbing to absorbing
states, and the elements of Q are the one-step transition probabilities among the nonabsorbing states.
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Let U = [u,;], where
w; = P{X, = jle A)| X, = k(e B)}

It i1s seen that U is an (N — m) x m matrix and its elements are the absorption probabilities for the
various absorbing states. Then it can be shown that (Prob. 5.40)

U=(—-0Q) 'R=0R (5.50)

The matrix ® = (] — Q)™ ! is known as the fundamental matrix of the Markov chain X(n). Let T,
denote the total time units (or steps) to absorption from state k. Let

T=[Tos1 Tus2 -+ Tyl
Then it can be shown that (Prob. 5.74)
N
ET)= ) ¢u k=m+1,..,N (5.51)

i=m+1

where ¢,; is the (k, i)th element of the fundamental matrix ®.

F. Stationary Distributions:

Let P be the transition probability matrix of a homogeneous Markov chain {X,, n > 0}. If there
exists a probability vector p such that

pP=9p (5.52)
then p is called a stationary distribution for the Markov chain. Equation (5.52) indicates that a sta-
tionary distribution p is a (left) eigenvector of P with eigenvalue 1. Note that any nonzero multiple of p

is also an eigenvector of P. But the stationary distribution f is fixed by being a probability vector;
that is, its components sum to unity.

G. Limiting Distributions:

A Markov chain is called regular if there is a finite positive integer m such that after m time-steps,
every state has a nonzero chance of being occupied, no matter what the initial state, Let A > O
denote that every element a;; of A satisfies the condition a;; > 0. Then, for a regular Markov chain
with transition probability matrix P, there exists an m > 0 such that P™ > 0. For a regular homoge-
neous Markov chain we have the following theorem:

THEOREM 5.5.1

Let {X,, n >0} be a regular homogeneous finite-state Markov chain with transition matrix P.
Then

lim P"= P (5.53)

n= o

where P is a matrix whose rows are identical and equal to the stationary distribution p for the
Markov chain defined by Eq. (5.52).

5.6 POISSON PROCESSES
A. Definitions:

Let ¢ represent a time variable. Suppose an experiment begins at ¢t = 0. Events of a particular
kind occur randomly, the first at T;, the second at T, and so on. The r.v. T; denotes the time at which
the ith event occurs, and the values ¢; of T; (i = 1, 2, ...) are called points of occurrence (Fig. 5-1).
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H—Zl—bk-—-—lz—-»H—Z}—H H——A"—H
] 1 1 L1 1 ] >
0 f t, {4 Lo t, ‘
Fig. 5-1
Let Z,=T,—-T,_, (5.54)

and T, =0. Then Z, denotes the time between the (n — l)st and the nth events (Fig. 5-1). The
sequence of ordered r.v.s {Z,, n = 1} is sometimes called an interarrival process. If all r.v.’s Z, are
independent and identically distributed, then {Z,, n > 1} is called a renewal process or a recurrent
process. From Eq. (5.54), we see that

7:I=ZI+ZZ++Zn

where 7, denotes the time from the beginning until the occurrence of the nth event. Thus, {T,, » > 0}
is sometimes called an arrival process.

B. Counting Processes:

A random process {X(t), t = 0} is said to be a counting process if X(t) represents the total number
of “events” that have occurred in the interval (0, t). From its definition, we see that for a counting
process, X(t) must satisfy the following conditions:

1. X(¢)=0and X(0)=0.

2. X(r) is integer valued.

3 XE)<X(ifs<t

4. X(t) — X(s) equals the number of events that have occurred on the interval (s, t).

A typical sample function (or realization) of X(t) is shown in Fig. 5-2.

A counting process X(t) is said to possess independent increments if the numbers of events which
occur in disjoint time intervals are independent. A counting process X(t) is said to possess stationary
increments if the number of events in the interval (s + h, t + h)}—that is, X(t + h) — X(s + h)}—has the
same distribution as the number of events in the interval (s, t)—that is, X(¢) — X(s)—for all s <t and
h> 0.

x(1)
4 (r—
:
3 1
2 —_—
1
i —_—

=

Fig. 5-2 A sample function of a counting process.

C. Poisson Processes:

One of the most important types of counting processes is the Poisson process (or Poisson counting
process), which is defined as follows:
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DEFINITION 5.6.1
A counting process X(t) is said to be a Poisson process with rate (or intensity) A(>0) if
1. X(0)=0.
2. X(t) has independent increments.

3. The number of events in any interval of length ¢ is Poisson distributed with mean At; that is, for
alls,t > 0,

P[X(t +5) — X(s) = n] =e_“(i¥ n=01,2... (5.55)

It follows from condition 3 of Def. 5.6.1 that a Poisson process has stationary increments and that
E[X(1)] = it (5.56)
Then by Eq. (2.43) (Sec. 2.7C), we have
Var[X(1)] = At (5.57)

Thus, the expected number of events in the unit interval (0, 1), or any other interval of unit length, is
just A (hence the name of the rate or intensity).
An alternative definition of a Poisson process is given as follows:

DEFINITION 5.6.2
A counting process X(¢) is said to be a Poisson process with rate (or intensity) A(> 0) if

1. X(0)=0.

2. X(¢) has independent and stationary increments.
3. PLX(+AN—X(t)=1]= 1 At + o(Al)

4. PLX(t + At — X(t) = 2] = o(A1)

where o(At) is a function of At which goes to zero faster than does At; that is,

28D _ o (5.58)

Note: Since addition or multiplication by a scalar does not change the property of approaching zero,
even when divided by At, o(At) satisfies useful identities such as o(At) + o(At) = o(At) and
ao(At) = o(At) for all constant a.

It can be shown that Def. 5.6.1 and Def. 5.6.2 are equivalent (Prob. 5.49). Note that from condi-
tions 3 and 4 of Def. 5.6.2, we have (Prob. 5.50)

PLX(t + At) — X(1) = 0] = | — 4 At + o(A?) (5.59)

Equation (5.59) states that the probability that no event occurs in any short interval approaches unity
as the duration of the interval approaches zero. It can be shown that in the Poisson process, the
intervals between successive events are independent and identically distributed exponential r.v.’s
(Prob. 5.53). Thus, we also identify the Poisson process as a renewal process with exponentially
distributed intervals.

The autocorrelation function R,(t, s) and the autocovariance function K,(t, s) of a Poisson
process X(t) with rate A are given by (Prob. 5.52)

Ry(t, s) = A min(t, s) + A%ts (5.60)
K,(t, s) = 4 min(t, s) (5.61)
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5.7 WIENER PROCESSES
Another example of random processes with independent stationary increments is a Wiener process.

DEFINITION 5.7.1

A random process {X(t), t > 0} is called a Wiener process if

1. X(t) has stationary independent increments.

2. Theincrement X(t) — X(s) (¢ > s) is normally distributed.
3. E[X(t)]=0.

4. X(0)=0.

The Wiener process is also known as the Brownian motion process, since it originates as a model for
Brownian motion, the motion of particles suspended in a fluid. From Def. 5.7.1, we can verify that a
Wiener process is a normal process (Prob. 5.61) and

E[X()] =0 (5.62)
Var[ X ()] = o2t (5.63)

where o2 is a parameter of the Wiener process which must be determined from observations. When
% =1, X(t) is called a standard Wiener (or standard Brownian motion) process.

The autocorrelation function Ry(t, s) and the autocovariance function Ky(t,s) of a Wiener
process X(t) are given by (see Prob. 5.23)

Rylt, 8) = Ky(t, 8) = ¢* min(t, s) 5620 (5.64)
DEFINITION 5.7.2
A random process {X(t), t > 0} is called a Wiener process with drift coefficient p if

1. X(t) has stationary independent increments.
2. X(t) is normally distributed with mean ut.
3. X(0=0

From condition 2, the pdf of a standard Wiener process with drift coefficient u is given by

Sxo(X) = e~ (xTuHED (5.65)

< 2nt

Solved Problems

RANDOM PROCESSES

S.1. Let X,, X,, ... be independent Bernoulli r.v’s (Sec. 2.7A) with P(X,=1)=p and P(X,=0) =
g =1 —p for all n. The collection of r.v.’s {X,, n > 1} is a random process, and it is called a
Bernoulli process.

(a) Describe the Bernoulli process.
(b) Construct a typical sample sequence of the Bernoulli process.

(@) The Bernoulli process {X,, n > 1} is a discrete-parameter, discrete-state process. The state space is
E = {0, 1},and the index setis T = {1, 2, ...}.
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(6) A sample sequence of the Bernoulli process can be obtained by tossing a coin consecutively. If a head
appears, we assign 1, and if a tail appears, we assign 0. Thus, for instance,

n 1 2 3 4 5 6 7 8 9 10
Coin tossing H T T H H H T H H T
X, 1 0 0 1 | | 0 1 1 0

The sample sequence {x,} obtained above is plotted in Fig. 5-3.

"

1 [ ] [ ] [ ] [ J [ J [ J
1 ‘ P 1 | 1 ‘ | 1 PN 1 1 >
0 2 4 6 8 10 n

Fig. 5-3 A sample function of a Bernoulli process.

52. Let Z,, Z,, ... be independent identically distributed r.v.s with P(Z,=1)=p and
P(Z,=—-1)=q=1—pforall n Let

X,=Y2z n=12.. (5.66)

i=1

and X, = 0. The collection of r.v.’s {X,, n > 0} is a random process, and it is called the simple

random walk X (n) in one dimension.

(a) Describe the simple random walk X(n).

(b) Construct a typical sample sequence (or realization) of X(n).

(@) The simple random walk X(n) is a discrete-parameter (or time), discrete-state random process. The
state spaceis E={..., —2, —1,0, 1, 2,.. .}, and the index parameter setis T = {0, 1,2,...}.

(5) A sample sequence x(n) of a simple random walk X(»n) can be produced by tossing a coin every second
and letting x(n) increase by unity if a head appears and decrease by unity if a tail appears. Thus, for

instance,
n 0 i 2 3 4 5 6 7 8 9 10
Coin tossing H T T H H H T H H T
x(n) 0 1 0 -1 0 1 2 1 2 3 2

The sample sequence x(n) obtained above is plotted in Fig. 5-4. The simple random walk X{(n) specified

in this problem is said to be unrestricted because there are no bounds on the possible values of X, .

The simple random walk process is often used in the following primitive gambling model:
Toss a coin. If a head appears, you win one dollar; if a tail appears, you lose one dollar (see
Prob. 5.38).

53. Let {X,, n>0} be a simple random walk of Prob. 5.2. Now let the random process X(t) be
defined by

X=X n<t<n+1

(@) Describe X(t).
(b) Construct a typical sample function of X(¢).

(@) The random process X(¢) is a continuous-parameter (or time), discrete-state random process. The state
spaceis E = {..., —2, —1,0, 1, 2,...}, and the index parameter set is T = {t, t > 0}.

(b) A sample function x(t) of X(t) corresponding to Fig. 5-4 is shown in Fig. 5-5.
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1 [ ]
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0 1 é 1 PN 1 1 1 i | | 1 1 »
2 4 6 8 10 n
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Fig. 54 A sample function of a random walk.
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Fig. 5-5

Consider a random process X(t) defined by
X(t) =Y cos wt t>0
where w is a constant and Y is a uniform r.v. over (0, 1).
(a) Describe X(t).
(b) Sketch a few typical sample functions of X(¢).

(@) The random process X(t) is a continuous-parameter (or time), continuous-state random process. The
state space is E = {x: —1 < x < 1} and the index parameter setis T = {r: 1 > 0}.

(b Three sample functions of X(t) are sketched in Fig. 5-6.

Consider patients coming to a doctor’s office at random points in time. Let X, denote the time
(in hours) that the nth patient has to wait in the office before being admitted to see the doctor.

(a) Describe the random process X(n) = {X,,n > 1}.

(b) Construct a typical sample function of X(n).

(a) The random process X(n) is a discrete-parameter, continuous-state random process. The state space is
E = {x:x 2 0), and the index parameter setis T = {1,2,...}.

(b) A sample function x(n) of X(n) is shown in Fig. 5-7.

CHARACTERIZATION OF RANDOM PROCESSES

5.6.

Consider the Bernoulli process of Prob. 5.1. Determine the probability of occurrence of the
sample sequence obtained in part (b) of Prob. 5.1,
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Fig. 5-6

Since X,’s are independent, we have
PXy=x,, X;=x3, ..., X, =x,) = P(X, =x)P(X; =x;) -+ P(X,=x,) (5.67)
Thus, for the sample sequence of Fig. 5-3,

P(X1=]‘X2=0’X3=0’X4=1’X5=1'X6=l’X7=0‘X8=1yX9=1,X10=0)=p6q‘

x(n)

ot L]
2 4 6 8 10 12 n
Fig. 5-7
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5.7.

5.8.

5.9.
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Consider the random process X(t) of Prob. 5.4. Determine the pdf’s of X(t) at t = 0, n/dw, n/2w,
/.

Fort =0, X(0) =Y cos 0 = Y. Thus,
1 0<x<t

fxw)(x) = {

0 otherwise
For t = n/dw, X(n/dw) = Y cos /4 = 1//2 Y. Thus,

20 1//2
fx(mm)(x) = {V =X /\/—

0 otherwise

For t = n/2w, X(n/2w) = Y cos n/2 = 0, that is, X(n/2w) = O irrespective of the value of Y. Thus, the
pmf of X(w/2w) is

wazm)(x) =PX=0=1
For ¢t = njw, X(n/w) = Y cos n = — Y. Thus,

| —-l<x<0

fxwm)(x) = {0

otherwise

Derive the first-order probability distribution of the simple random walk X(n) of Prob. 5.2.

The first-order probability distribution of the simple random walk X(n) is given by
pk)y = P(X,=k)

where k is an integer. Note that P(X, = 0) = 1. We note that p,(k) = 0 if n < | k| because the simple random
walk cannot get to level k in less than | k| steps. Thus, n > | k|.

Let N," and N,~ be the r.v.’s denoting the numbers of + Is and — Is, respectively, in the first n steps.
Then

n=N,* +N,~ (5.68)
X,=N," =N,” (5.69)

Adding Egs. (5.68) and (5.69), we get
N,' =%n+X,) (5.70)

Thus, X, = k if and only if N,* = 4(n + k). From Eq. (5.70), we note that 2N,* = n+ X, must be even.
Thus, X, must be even if n is even, and X, must be odd if n is odd. We note that N,* is a binomial r.v. with
parameters (n, p). Thus, by Eq. (2.36), we obtain

P = ((n +nk)/z>”'"““q‘"’*"2 g=1-p (5.71)

where n > | k|, and » and k are either both even or both odd.

Consider the simple random walk X(n) of Prob. 5.2.

(@) Find the probability that X(n) = —2 after four steps.
(b} Verily the result of part (a) by enumerating all possible sample sequences that lead to the
value X(n) = —2 after four steps.

(@) Setting k = —2and n = 4 in Eq. (5.71), we obtain

4 R) R)
PXy==2)=p,(-2) = e =4pq g=1l—-p
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Fig. 5-8
(b) All possible sample functions that lead to the value X, = —2 after 4 steps are shown in Fig. 5-8. For
each sample sequence, P(X, = —2) = pq>. There are only four sample functions that lead to the value
X, = -2 after four steps. Thus P(X, = —2) = 4pg>.
5.10 Find the mean and variance of the simple random walk X(») of Prob. 5.2.
From Eq. (5.66), we have
X, =X,_,+ 2, n=12... (5.72)
and X, =0and Z,(n =1, 2,...) are independent and identically distributed (iid) r.v.'s with
PZ,=+D)=p PZ,=-)=q=1-p
From Eq. (5.72), we observe that
X =X+ Zl =Z,
XzfX,-+-Zz=Zl+Z2 (5.73)
X, =2, +Z,+ - +2Z,
Then, because the Z, are iid r.v.’s and X, = 0, by Eqs. (4.1/08) and (4.1{2), we have
E(X,) = E( ) zk) = nE(Z,)
k=1
Var(X,) = Var( Y Zk) =n Var(Z,)
k=1
Now EZ)=MWp+(-g=p—q (5.74)
EZYH=(1)p+(-Dg=p+q=1 (5.75)
Thus Var(Z,) = E(Z,*) - [E(Z)]* = L —(p - @)* = 4pq (5.76)
Hence, E(X,)=n(p—4q) q=1-p (5.77)
Var(X,) = 4npg q=1—-p (5.78)
Note that if p = q = 4, then
EX)=0 (5.79)
Var(X,)=n (5.80)

S.a11.

Find the autocorrelation function Ry(n, m) of the simple random walk X(n) of Prob. 5.2.
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5.12.

5.13.
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From Eq. (5.73), we can express X, as

where Z, = X, =0and Z, (i > 1) are iid r.v.’s with
PZ,=+1)=p PZ,=—-1)=q=1-p
By Eq. (5.7),
Ry(n, m) = E[X(mX(m)] = E(X, X )
Then by Eq. (5.81),

min(n, m)

Rimm= Y YEZZ)= Y EZ)+ Y, T EZ)EZ)

i=0 k=0
itk

i=0 k=0

Using Egs. (5.74) and (5.75), we obtain
Ry(n, m) = min(n, m) + [nm — min(n, m)}(p — q)*

m+(mm—mip—qg? m<n

Ry(n, m) =
or xn, m) {n + (nm — n)p — q)* n<m
Note that if p = g = 4, then

Ry(n, m) = min(n, m) n,m>0

Consider the random process X(t) of Prob. 5.4; that is,
X(t)=Y cos wt t>0
where w is a constant and Y is a uniform r.v. over (0, 1).
(@ Find E[X()]).
(b) Find the autocorrelation function R,(¢, s) of X(¢).
(¢) Find the autocovariance function K(t, s) of X(¢).
(a) From Egs. (2.46) and (2.91), we have E(Y) = 4 and E(Y?) = §. Thus
E{X(1)] = E(Y cos wt) = E(Y) cos wt = % cos wt
(b) By Eq.(5.7), we have
Ry(t, s) = E[X()X(s)] = E(Y? cos wt cos ws)
= E(Y?) cos wt cos ws = ,} CcOSs wt cOs ws
(¢) By Eq.(5.10), we have

Ky(t, 5) = Rylt, s) — E[X()]E[X(5)]
= § cos wt Cos ws — 3 €OSs Wt cOS ws
= 1 cos wt cos ws

[CHAP 5

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

Consider a discrete-parameter random process X(n) = {X,, n > 1} where the X,’s are iid r.v.’s

with common cdf F(x), mean g, and variance ¢2.

(@) Find the joint cdf of X(n).

(b) Find the mean of X(n).

(¢) Find the autocorrelation function Ry(n, m) of X(n).
(d) Find the autocovariance function K y(n, m) of X(n).
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(@) Since the X,’s are iid r.v.’s with common cdf F,(x), the joint cdf of X(n) is given by
Fy(xy, ooy xp) = [ Fylx) = [Fy(x)]" (5.89)
i=1

(b) The mean of X(n)is
ux(n)=EX,)=u for all n (5.90)
(¢} Ifn s m, byEgs.(5.7)and (5.90),
Ry(n, m) = E(X, X,) = E(X,)E(X,,) = u*
If n = m, then by Eq. (2.37),
E(X,?) = Var(X,) + [E(X)]* = o® + 2

2

u n#m
Hence, Ry(n, my= {02 b nem (5.91)
(d) By Eq.(5.10),
0 *
Kx(n, m) = Ry(n, m) — py(npy(m) = { 2 e (5.92)
a n=m

CLASSIFICATION OF RANDOM PROCESSES

5.14. Show that a random process which is stationary to order n is also stationary to all orders lower
than n.

Assume that Eq. (5.14) holds for some particular n; that is,
P{X(t)<x, ..., X(@t)<x} =P{X(t, + 1)< x,, ..., X(1, + ©) < x,}
for any t. Letting x, — oo, we have [see Eq. (3.63)]
P{X(t)<xy, oo, X(ty_y) <%, ) =P{X(ty + D < xpy oo, X(tyoy + 1) < x4}

and the process is stationary to order n — 1. Continuing the same procedure, we see that the process is
stationary to all orders lower than n.

5.15. Show that if {X(t), t € T} is a strict-sense stationary random process, then it is also WSS.

Since X(t) is strict-sense stationary, the first- and second-order distributions are invariant through time
translation for all 7 € T. Then we have

i) = ELX()] = E[X(t + 0] = ux(t + 2)
and hence the mean function pi{t) must be constant; that is,
E[X(t)] = u (constant)
Similarly, we have
EfX(s)X(0)] = E[X(s + 0)X(t + 7)]

so that the autocorrelation function would depend on the time points s and t only through the difference
|t — s|. Thus, X(t) is WSS.

5.6. Let {X,, n > 0} be a sequence of iid r.v.’s with mean 0 and variance 1. Show that {X,, n > 0} is
a WSS process.

By Eq. (5.90),
E(X,) = 0 (constant) for all n
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and by Eq. (5.91),
E(Xn)E(Xer)=O k¢0

Rx<n,n+k):E<x,xn+o={E(X e vatae | koo

which depends only on k. Thus, {X,} is a WSS process.

5.17. Show that if a random process X(¢) is WSS, then it must also be covariance stationary.

If X(t) is WSS, then

E[X(6)] = u (constant) for all 1
Ry(t, t + 1)) = Ryl7) for all ¢
Now Kylt, t + 1) = Cov[X()X(t + )] = Rylt, t + 1) — E[X(O)]E[X(t + )]
= Ry(t) — 4*

which indicates that K,{t, t + t) depends only on z; thus, X(t) is covariance stationary.

5.18. Consider a random process X(¢) defined by
X(ty=U cos wt + V sin ot —o <t<w (5.93)
where w is constant and U and V are r.v.’s.
{a) Show that the condition
EUYy=EYV)=0 (5.94)
is necessary for X(f) to be stationary.
(b) Show that X(t)is WSS if and only if U and V are uncorrelated with equal variance; that is,
EUV)=0 E(UY = E(V? = ¢* (5.95)
(a) Now
pxlty = E[X(0] = E(U) cos wt + E(V) sin wt

must be independent of t for X(t) to be stationary. This is possible only if u,(t) =0, that is,
EWV)= E(V)=0.
b)Y If X(r) is WSS, then

i1

ELX*(0) = E[x2<%)] = Ryx(0) = 0,

But X(0) = U and X(n/2w) = V; thus
E(U?) = E(V?) = 04% = ¢?
Using the above result, we obtain

Rylt, t + 1) = E[X(OX(t + 7]
= E{{U cos wt + V sin wt)[U cos w(t + 1) + V sin w(t + 1)]}
=62 cos wt + E(UV) sinQwt + wr) (5.96)

which will be a function of © only if E(UV) = 0. Conversely, if E(UV) =0 and E(U?) = E(V?) = ¢?,
then from the result of part (a) and Eq. (5.96), we have

px(t) =0
Rylt, t + 1) = 62 cos wr = Ry(t)

Hence, X(t) 1s WSS,
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5.19.

5.20.

5.21.

Consider a random process X(t) defined by
X(t)=Ucost+ Vsint -0 <t < W

where U and V are independent r.v.’s, each of which assumes the values —2 and 1 with the
probabilities 4 and %, respectively. Show that X(r) is WSS but not strict-sense stationary.

We have

EU)=EV)=4-2+31)=0
EU%) =E(VY) =§-2"+3(1) =2

Since U and V are independent,
EWUV)=EUEWV)=0
Thus, by the results of Prob. 5.18, X(¢) is WSS. To see if X(¢) is strict-sense stationary, we consider E[X3(¢)].

E[X3(t)] = E[(U cos t + V sin ¢)*]
= E(U% cos® t + 3E(U*V) cos? t sin t + 3E(UV?) cos t sin? t + E(V3) sin® t

Now EWU) =EV)=4%-2*+3(1)}=-2
E(U*V) = E(U*E(V)=0 E(UVY = E(U)E(V¥ =0
Thus E[X31)] = —2(cos® t + sin3 1)

which is a function of t. From Eq. (5.16), we see that all the moments of a strict-sense stationary process
must be independent of time. Thus X(t) is not strict-sense stationary.

Consider a random process X(t) defined by
X(1) = A cos(wt + ©O) —W<t<®
where A and @ are constants and @ is a uniform r.v. over ( — =, n). Show that X(t) is WSS.
From Eq. (2.44), we have

! n<B<n
fo®) =92n
0 otherwise
A n
Then py(t) = 7 '[ cos(wt + 0) d6 =0 (5.97)

Setting s = t + 7 in Eq. (5.7), we have

AZ n
Ryx(t, t + 1) = E '[ cos(wt + 8) cos[w(t + 1) + 6)] dé

AZ n 1
w2 [cos wt + cos(Rwt + 28 + wr)] df
T J-n

AZ

=7 cos wt (5.98)

Since the mean of X(f) is a constant and the autocorrelation of X(t) is a function of time difference only, we
conclude that X(t) is WSS.

Let {X(r), t = 0} be a random process with stationary independent increments, and assume that
X{(0) = 0. Show that

E[X(@)] = pyt (5.99)
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5.22.

5.23.
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where u, = E[X(1)].

Let f(6) = ELX(1)] = E[X(1) — X(0)]

Then, for any ¢ and s and using Eq. (4.108) and the property of the stationary independent increments, we
have

St + s)= E[X(t + 5) — X(0)]
= E[X(t + 5) — X(s) + X(s) — X(0)]
= E[X(t + s) — X(s)] + E[X(s) — X(0)]
= E[X() — X(0)] + E[X(s) — X(0)]
=f(B) +/09) (5.100)

The only solution to the above functional equation is f(t) = ct, where ¢ is a constant. Since ¢ = f(1) =
E[X(1)], we obtain

E[X(1)] = pt s = E[X(1)]

Let {X(2), t > 0} be a random process with stationary independent increments, and assume that
X(0) = 0. Show that

(@) Var[X(0)] = 0,2 (5.101)
(b) Var[X(t) — X(s)] = 0,%(t — 5) t>s (5.102)
where 6% = Var[X(1)].

(@) Let g(t) = Var[X(t)] = Var[X(t) — X(0)]

Then, for any ¢ and s and using Eq. (4.112) and the property of the stationary independent increments,
we get

g(t + s) = Var[X(¢t + 5) — X(0)]
= Var[X(t + 5) — X(s) + X(s) — X(0)]
= Var(X(t + 5) — X(s)] + Var[X(s) — X(0)]
= Var(X(t) — X(0)] + Var[X(s) — X(0)]
= g(1) + g(s)

which is the same functional equation as Eq. (5.100). Thus, g(t) = kt, where k is a constant. Since
k = g(1) = Var[X(1)], we obtain

Var[X(1)] = a,%t a,% = Var[X(1)]
(b) Lett>s. Then

Var[X(1)] = Var[X(t) — X(s) + X(s) — X(0)]
= Var[X(t) — X(s)] + Var[X(s) — X(0)]
= Var[X(t) — X(s)] + Var[X(s)]

Thus, using Eq. (5./01), we obtain
Var[X(t) — X(s)] = Var[X()] — Var[X(s)] = a,%(t — 5)

Let {X(1), t > 0} be a random process with stationary independent increments, and assume that
X(0) = 0. Show that

Cov[X(2), X(s)] = Kx(t, ) = o, min(t, s) (5.103)
where 6,2 = Var[X(1)].
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5.24,

5.25.

By definition (2.28),
Var[X(1) — X(s)] = E({X (1) ~ X(s) ~ E[X(t) = X(5)]}?)
= E[({X(1) — E[X(0)]} — {X(s) — E[X(5)]})*]
= E({X(1) — E[X()]}* — 2{X(1) — E[X()]}{ X(s) — E[X(9)]} + {X(s) — E[X(5)]}?)
= Var[X(t)] — 2 Cov[X(r), X(s)] + Var[ X(s)]
Thus, Cov[X(1), X(s)] = 4{Var[X(1)] + Var[X(s)] — Var[X(¢) — X(s)]}
Using Eqs. (5.101) and (5.102), we obtain

o [t+s—(t—s)] =0 (>
o t+s—(s—n]l=a,2t s>t

K, s) = {

or K1, s) = ¢, min(t, s)

where 6,2 = Var[X(1)].

(@) Show that a simple random walk X(n) of Prob. 5.2 is a Markov chain.
(b) Find its one-step transition probabilities.
(@) From Eq.(5.73)(Prob. 5.10), X(n) = {X,, n = 0} can be expressed as

Xo=0 X,=3Z n>1

where Z, (n = 1, 2,...) are iid r.v.’s with
P(Z,=k)=aq, k=1, —1) and a, =p a_,=q=1—p
Then X(n) = {X,, n = 0} is a Markov chain, since

PXpyy =i |1 Xo=0X,=1i),..., X, =1)
=PZ,  +in=0p | Xe=0,X=1i,,...,X,=1)
=PZ, | =ipsy— o) =4 i = PX,, =iy | X, =10)
since Z, ., is independent of X, Xy, ..., X,.
(b) The one-step transition probabilities are given by

p k=j+1
pp=PX,=klX, ,=j)=4q9=1-p k=j-1
0 otherwise

which do not depend on n. Thus, a simple random walk X(n) is a homogeneous Markov chain.

Show that for a Markov process X(t), the second-order distribution is sufficient to characterize
X(@).
Let X(t) be a Markov process with the nth-order distribution
FolXgy Xasooey Xp3 by by ooy 1) = P{X(1) < x|, X(13) < x5, ..., X(1,) < x,
Then, using the Markov property (5.26), we have

FylXpy Xgu ooy X5 Ly, by ooy 1) = PLX(2) < x| X()) € Xy, X(85) € x5, 00, X(t,2 1) € %24}
x P{X(t)) < xy, X(t) < X35 ey X(ty_ 1) < Xp_ 1}
= P{X(tn) < xnlx(ln—l) S xn—l}FX(xli ey xn—l; tl’ [RRE] tn-l)

Applying the above relation repeatedly for lower-order distribution, we can write

Fy(X(y Xay ooy Xps by B2, 000, B) = Fylxy, ty) H P{X(6) < x| X(1, ) < X421} (5.104)
k=2
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Hence, all finite-order distributions of a Markov process can be completely determined by the second-order
distribution.

Show that if a normal process is WSS, then it is also strict-sense stationary.

By Eq. (5.29), a normal random process X(t) is completely characterized by the specification of the
mean E[X(:)] and the covariance function K(t, s) of the process. Suppose that X(¢) is WSS. Then, by Egs.
(5.21) and (5.22), Eq. (5.29) becomes

1
Y xin - x@l@1s - or @) = exp{j Y po, — = Z Z Kyt — t o, wk} (5.105)
i=1 k=1
Now we translate all of the time nstants ¢, ¢,, ..., t, by the same amount z. The joint characteristic
function of the new r.v.'s X(¢; + 7),i =1, 2, ..., n, is then

Wiy 0 Xitp+ @15 -2 @) = exp{j Y uw, — Kyt + 7 — (e + 1)]o; wk}

i=1 2 i=1 k=1
n 1 n
= exP{j > Hw; — 5 > Kx(‘ ~ tJw; wk}
i=1 i=1 k=1
= ‘*IX(ll)mX(v,.)(wp AR wn) (5106)

which indicates that the joint characteristic function (and hence the corresponding joint pdf) is unaffected by
a shift in the time origin. Since this result holds for any n and any set of time instants(¢; € T, i=1,2,..., n),
it follows that if a normal process is WSS, then it 1s also strict-sense stationary.

Let {X(t), —oc <t < o} be a zero-mean, stationary, normal process with the autocorrelation
function

[7]
-2 T<i<T
Ry(1) = T == (5.107)

0 otherwise

Let {X(t,),i=1,2,..., n} be a sequence of n samples of the process taken at the time instants

T
t,=i7 i=12...,n
Find the mean and the variance of the sample mean
] n
i, = 0 z X(t) (5.108)
Since X(¢) is zero-mean and stationary, we have
E[X(¢)]=0
T

and Ry(t;, t) = E[X(£)X(t)] = Ryl — t) = Rx|:(k — i) E:|
Thus E(g,) = |: Z X(t )} % S E[X(t)] =0 (5.109)

= i=1
and Var(a,) = E{[ft, — E(i,)]*} = E(f,%)

- E{B izix«g][% élxm)]}

1 s n 1 L n
5% Sexox-5 5 Srle-01]

i=1 k=1 =1 k=
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By Eq. (5.107),

t k=i
Ryllk =0T/21 =43  |k~il=1
0 |k—il>2
Thus Var(i,) = % [n(1) + 2(n — 1)) + 0] = ;’5 @ -1 (5.110)

DISCRETE-PARAMETER MARKOV CHAINS

5.28. Show that if P is a Markov matrix, then P" is also a Markov matrix for any positive integer n.

Puy P2 0 Pim
Let P={pl= I:’nz p:" P?m
Pmi Pm2 pmm

Piy Pr2 Pim | ! 1

P12 P22 Pam || ¢ _ 1

Py P,;.z P |1 1
or Pa=a (5.111)
where a’ =1 1 .- 1]

Premultiplying both sides of Eq. (5.711) by P, we obtain
Pla=Pa=a
which indicates that P? is also a Markov matrix. Repeated premultiplication by P yields
Pla=a

which shows that P” is also a Markov matrix,

5.29. Verify Eq. (5.39); that is,
p(n) = p(O)P"

We verify Eq. (5.39) by induction. If the state of X, is i, state X, will be j only if a transition is made
from i to j. The events {X, =i, i = 1, 2, ...} are mutually exclusive, and one of them must occur. Hence, by
the law of total probability [Eq. (1.44)],

P(X, =j)=ZP(Xo=i)P(X1 =j1Xo=1)
or pAl) = Zp,{O)p,.j j=12 .. (5.112)

In terms of vectors and matrices, Eq. (5.112) can be expressed as

p(1) = p(O)P (5.113)
Thus, Eq. (5.39) is true for n = 1. Assume now that Eq. (5.39) is true for n = k; that is,

p(k) = p(O)P*



186 RANDOM PROCESSES [CHAP 5

Again, by the law of total probability,
P(Xyiy=)) =) PXy = DP(Xyy, = jI Xy =1)
or plk+1)= z pllp;,  J=12 .. (5.114)

In terms of vectors and matrices, Eq. (5.114) can be expressed as
plk + 1) = p(k)P = p(0)P*P = p(0)P**! (5.115)
which indicates that Eq. (5.39) is true for k + 1. Hence, we conclude that Eq. (5.39) is true foralln > 1.

5.30. Consider a two-state Markov chain with the transition probability matrix
1—a a
P =] 0 .
[ b I—b] <a<l,0<b<1 (5.116)

(a) Show that the n-step transition probability matrix P" is given by

.1 b a J a —a
et Teaman] o ) i1

(b) Find P" when n — 0.

(a) From matrix analysis, the characteristic equation of P is

A—(1—a) —a
—b A—(1-0)

=A~1A—-14+a+b)=0

)=l = P|=

Thus, the eigenvalues of P are 4, =1 and 1, =1 —a — b. Then, using the spectral decomposition
method, P" can be expressed as

P =A"E, + A,"E, (5.118)

where E, and E, are constituent matrices of P, given by

E, [P"'lzlj E,=

[P —A4d] (5.119)

='l)_'lz 'lz_'ll

Substituting A, = 1 and 4, = 1 — a — b in the above expressions, we obtain

| b a 1 a —a
E, = E,=——
! a+b[b a] : a+b[—b b]

Thus, by Eq. (5.118), we obtain
P"=E, +(1 —a—byE,

—L{[b “] 1 b ¢ "“} 5.120
“aap e o|TETET o, (5.120)

) f0<a<l,0<b<lthenO<l—a<land|l—a—-b|<]l Solim,, (1 —a—5b)"=0and

lim P" = —— [b “] (5.121)

ne a+bib a

Note that a limiting matrix exists and has the same rows (see Prob. 5.47).

5.31. An example of a two-state Markov chain is provided by a communication network consisting of
the sequence (or cascade) of stages of binary communication channels shown in Fig. 5-9. Here X,
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X =0 | —a X =0

L 4 —> - -

=1 1-56 X |

nol "

Fig. 5-9 Binary communication network.

denotes the digit leaving the nth stage of the channel and X, denotes the digit entering the first
stage. The transition probability matrix of this communication network is often called the
channel matrix and is given by Eq. (5.116); that is,

l—a a
P—[ b l—b:l 0D<a<l,0<b<l

Assume that a = 0.1 and b = 0.2, and the initial distribution is P(X, = 0) = P(X, = 1) =0.5.

(a) Find the distribution of X,.
(b) Find the distribution of X, when n — 0.

(a) The channel matrix of the communication network is
9 0.
P 0.9 0.1
02 038
and the initial distribution is

p(0) =[0.5 0.5]

By Eq. (5.39), the distribution of X, is given by

09 017
pn) = pO)P" = [0.5 0.5][0.2 0.8]

Letting a = 0.1 and b = 0.2 in Eq. (5.117), we get

09 01 1 02 0.1 +(0.7)" 0.1 —01
02 08 _0 02 01 03 | -02 02
07)" 1 — (0.7
3
2~ 2(0 w1+ 207
3
Thus, the distribution of X, is
+07" 1—=(07)
3
) =105 05N _hoap 14207y
3 3

_|2_©n 1 o
"[3 6 3+6:|
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that is,
2 07y 1 07y
PX,=0)==— d PX,=1)==
(X, =0) 3 5 an (Xp=1) 3t 7%

(b) Since lim,, ,(0.7)" = 0, the distribution of X, when n — oo is

PX,=0=% and PX_,=1)=4%

Verify the transitivity property of the Markov chain; that is, if i » j and j — &, then i - &.

By definition, the relations i — j and j — k imply that there exist integers n and m such that p;}” > 0
and p,™ > 0. Then, by the Chapman-Kolmogorov equation (5.38), we have

pET™ =3 p."pu™ 2 pi"put™ > 0 (5.122)

Therefore i — k.

Verify Eq. (5.42).

If the Markov chain {X,} goes from state i to state j in m steps, the first step must take the chain from i
to some state k, where k # j. Now after that first step to k, we have m — 1 steps left, and the chain must get
to state j, from state k, on the last of those steps. That is, the first visit to state j must occur on the (m — 1)st
step, starting now in state k. Thus we must have

fl‘j"")=zpik L’;"_“ m=213 ..

k#j

Show that in a finite-state Markov chain, not all states can be transient.

Suppose that the states are 0, 1, ..., m, and suppose that they are all transient. Then by definition, after
a finite amount of time (say 7y,), state 0 will never be visited; after a finite amount of time (say 7)), state 1
will never be visited; and so on. Thus, after a finite time 7 = max{T,, T,, ..., T,,}, no state will be visited.
But as the process must be in some state after time T, we have a contradiction. Thus, we conclude that not
all states can be transient and at least one of the states must be recurrent.

A state transition diagram of a finite-state Markov chain is a line diagram with a vertex corre-
sponding to each state and a directed line between two vertices i and j if p;; > 0. In such a
diagram, if one can move from i and j by a path following the arrows, then i — j. The diagram is
useful to determine whether a finite-state Markov chain is irreducible or not, or to check for
periodicities. Draw the state transition diagrams and classify the states of the Markov chains
with the following transition probability matrices:

0 05 05 (1’ g 0(')5 0(')5
(@ P=|05 0 05 (b) P=
05 05 0 0 1 00
- 01 0 0
[03 04 0 0 03
0 1 0 0 0
¢ P=0 0 0 06 04
0 0 0 0 1
o 0 1 0 0
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{a) (h) {c)

Fig. 5-10 State transition diagram.

(@) The state transition diagram of the Markov chain with P of part (a) is shown in Fig. 5-10(a). From Fig.
5-10(a), it is seen that the Markov chain is irreducible and aperiodic. For instance, one can get back to
state 0 in two steps by going from 0 to | to 0. However, one can also get back to state 0 in three steps
by going from 0 to 1 to 2 to 0. Hence 0 is aperiodic. Similarly, we can see that states 1 and 2 are also
aperiodic.

(b) The state transition diagram of the Markov chain with P of part (b) is shown in Fig. 5-10(h). From Fig.
5-10(b), it is seen that the Markov chain is irreducible and periodic with period 3.

(c) The state transition diagram of the Markov chain with P of part (¢) is shown in Fig. 5-10(c). From Fig.
5-10(c), it is seen that the Markov chain is not irreducible, since states 0 and 4 do not communicate,
and state 1 is absorbing.

5.36. Consider a Markov chain with state space {0, 1} and transition probability matrix

S

Np—
o

(a) Show that state 0 is recurrent.
(b) Show that state 1 is transient.
(@) By Egs. (5.41) and (5.42), we have
So0" =Poo =1 S =P0o=1

foom = Do flo(” =(0)3 =0
foo™ =0 nx>2

Then, by Eqgs. (5.43),
Joo=PTh<w|X,=0)= Zfoo(")"—l‘*'()‘*()‘*"”:l
n=0

Thus, by definition (5.44), state O is recurrent.
(b) Similarly, we have
fum=Pu=‘} forM=ppy =0
fu(z) =Pio fonm = (5')0 =0
Su"=0 n>2
and f11=P(T1<°0|X0=1)=qu(")=‘ll+0+0+"'='%<l
n=0

Thus, by definition (5.48), state 1 is transient.
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5.37. Consider a Markov chain with state space {0, 1, 2} and transition probability matrix

0 % 3
P=j1 0 O
1 0 0
Show that state 0 is periodic with period 2.
The characteristic equation of P is given by
A =3 -3
A=A —-P|=| -1 A 0|=4*-21=0
—1 0 A

Thus, by the Cayley-Hamilton theorem (in matrix analysis), we have P* = P. Thus, forn > 1,

0 3 $ll0 3+ 3% 1 0 0
pem—pr=|1 0 ofl1 o of=|o 4 3
1 o oLt o of o & 3
[0 4 4]
Pe*v_p=|1 0 0
[1 0 o]
Therefore d(0) = ged{n = 1: poo'™ > 0} = ged{2, 5,6,...} =2

Thus, state 0 is periodic with period 2.
Note that the state transition diagram corresponding to the given P is shown in Fig. 5-11. From Fig,

5-11, it is clear that state 0 is periodic with period 2.

0=
ol —

Fig. 5-11

5.38. Let two gamblers, A and B, initially have k dollars and m dollars, respectively. Suppose that at
each round of their game, A wins one dollar from B with probability p and loses one dollar to B
with probability g = 1 — p. Assume that A and B play until one of them has no money left. (This
is known as the Gambler's Ruin problem.) Let X, be A’s capital after round n, where n =0, |,

2,...and X, = k.

(@) Show that X(n) = {X,, n > 0} is a Markov chain with absorbing states.
(b) Find its transition probability matrix P.
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5.39.

(@) The total capital of the two players at all times is
k+m=N

Let Z, (n = 1) be independent r.v.’s with P(Z,=1)=p and P(Z,= —1)=¢qg=1—p for all n.
Then

X,=X,_,+Z, n=12..

and X, = k. The game ends when X, = 0 or X, = N. Thus, by Probs. 5.2 and 5.24, X(n) = {X,, n > 0}
is a Markov chain with state space E = {0, 1, 2, ..., N}, where states 0 and N are absorbing states. The
Markov chain X(n) is also known as a simple random walk with absorbing barriers.

(b) Since

Piisa=PX,, =i+ 1{X,=0)=p

Pii-a=PX,.,=i—-1|{X,=0=¢q
Pii=PX,i =ilX,=0)=0 i#0 N
Po.o=PX,.1 =0]|X,=0)=1
pxn=PX,., =NIX,=N)=1

the transition probability matrix P is

10 0 07]
g 0 p 0 v o o0
0 g 0 p -+ == --- 0
p=|: : (5.123)
0 0 0 0 a 0 »p
00 0 0 -~ 0 0 1

For example, when p = g = s and N = 4,

1 0 0 0 0
10 1 0 0
P=|0 4 0 L o
0 0 L 0 4
00 0 0 |

Consider a homogeneous Markov chain X(n) = {X,, n > 0} with a finite state space E = {0, I,
..., N}, of which 4 = {0, 1, ..., m}, m = 1, is a sct of absorbing states and B={m + 1,..., N} is
a set of nonabsorbing states. It is assumed that at least one of the absorbing states in A is
accessible from any nonabsorbing states in B. Show that absorption of X(n) in one or another of
the absorbing states is certain.

If X, € A4, then there is nothing to prove, since X(n} is already absorbed. Let X, € B. By assumption,
there is at least one state in 4 which is accessible from any state in B. Now assume that state k € A4 is
accessible from j € B. Let n;, (< cc) be the smallest number n such that p,k‘"’ > 0. For a given state j, let n;
be the largest of n;, as k varies and n’ be the largest of n; as j varies. After n’ steps, no matter what the initial
state of X(n), there is a probability p > 0 that X(n) is in an absorbing state. Therefore

P{X”'GB}=1—17
and 0 < 1 — p < 1. It follows by homogeneity and the Markov property that
P{Xysne B} =(1 —p} k=12
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Now since lim, _, (1 — p)* = 0, we have

lim P{X,e B} =0 or limP{X,e B=A} =1

a=uw n= o

which shows that absorption of X(n) in one or another of the absorption states is certain.

Verify Eq. (5.50).

Let X(n) = {X,, n > 0} be a homogeneous Markov chain with a finite state space E = {0, 1, ..., N}, of
which 4 = {0, 1,..., m}, m > 1, is a set of absorbing states and B = {m + 1, ..., N} is a set of nonabsorbing
states. Let state k € B at the first step go to i € E with probability p,,. Then

u,; = P{X, =jle A)| X, = k(e B)}

]

N
= ) pi P{X, = jle A1 X, =i} (5.124)
i=1
1 i=j
Now P{X,=jle A), X, =i} =40 e A i#j
u;; ieBi=m+1,...,N
Then Eq. (5.124) becomes
N
Uy =P+ 2. Puldy k=m+1,...,N:;j=1...,m (5.125)
i=m+1

Butp,;, k=m+1,...,N;j=1,...,m, are the elements of R, whereas p,;, k=m + I, ..., N;ji=m+1,...,
N are the elements of Q [see Eq. (5.49a)]. Hence, in matrix notation, Eq. (5.125) can be expressed as

U=R+QU or (I-QU=R (5.126)
Premultiplying both sides of the second equation of Eq. (5.126) with (I — Q)™ !, we obtain
U=(-Q 'R=3®R

Consider a simple random walk X(n) with absorbing barriers at state 0 and state N =3 (see
Prob. 5.38).

{a) Find the transition probability matrix P.
(b) Find the probabilities of absorption into states 0 and 3.

(@) The transition probability matrix P is [Eq. (5.123)]

0 1 2 3

0]t 0 0 O
P=l g 0 p O
210 g 0 p
310 0 0 1

(b) Rearranging the transition probability matrix P as [Eq. (5.49a)],

0 3 1 2
o]t 0 0 0
310 1 0 0
)
llg 0 0 p
210 p ¢ O
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and by Eq. (5.49b), the matrices Q and R are given by

R=|:Zlo P13:|=|:q 0:| Q=|:P11 P12:|=|:0 P:|
20 Pa3 0 p P2y Pa: q9 0

1 —
Then 1—Q=[ ”}

and O=(1-Q7 =+ _'pq [; ﬂ (5.127)

By Eq. (5.50),

11 0 :
U [“10 “13] — OR = [ P] [‘1 ] ! ["2 p ] (5.128)
Uyo Uz l—pglg 1[0 p I—pqlq p

Thus, the probabilities of absorption into state O from states | and 2 are given, respectively, by

2

Uyo = and Uzg =

1 — pq

and the probabilities of absorption into state 3 from states 1 and 2 are given, respectively, by

Ll —pq

2

p
Uy = and Uy =
1 — pgq 1 — pg
Note that
DU b A et . S
TR T —pg 1 —p(l —p)
PP . . el ) O
TTB T —pg 1—(1—g)y

which confirm the proposition of Prob. 5.39.

5.42. Consider the simple random walk X(n) with absorbing barriers at 0 and 3 (Prob. 5.41). Find the
expected time (or steps) to absorption when X, = 1 and when X, = 2.

The fundamental matrix ® of X{(n) is [Eq. (5.127)]

_ b1 12 _ ] [l P:|
® |:¢zn ¢zz] l—pglgqg 1

Let T; be the time to absorption when X, = i. Then by Eq. (5.51), we get

1
E(T) = T=ra {1+ p) ET,) = g+ (5.129)

1 —pgq

5.43. Consider the gambler’s game described in Prob. 5.38. What is the probability of A’s losing all his
money?

Let Pk), k=0, 1,2,..., N, denote the probability that A loses all his money when his initial capital is
k dollars. Equivalently, P(k) is the probability of absorption at state 0 when X, = k in the simple random
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walk X(n) with absorbing barriers at states 0 and N. Now if 0 < k < N, then
Pk)=pPk+ )+ qPk—1) k=1,2,...,N—1 (5.130)

where pP(k + 1) is the probability that A wins the first round and subsequently loses all his money and
qP(k — 1) is the probability that A loses the first round and subsequently loses all his money. Rewriting Eq.
(5.130), we have

1
P(k+l)—;P(k)+%P(k—l)=0 k=1,2..,N-1 (5.131)

which is a second-order homogeneous linear constant-coeflicient difference equation. Next, we have
PO) =1 and P(N)=0 (5.132)

since if k = 0, absorption at 0 is a sure event, and il k = N, absorption at N has occurred and absorption at
0 is impossible. Thus, finding P(k) reduces to solving Eq. (5.131) subject to the boundary conditions given
by Eq. (5.132). Let P(k) = r*. Then Eq. (5.131) becomes

1
S IR, QT R p+qg=1
p p
Setting k = | (and noting that p + q = 1), we get

1
r2——r+€=(r— 1)<r—2>=0
p p P
from which we get r = 1 and r = ¢/p. Thus,
q k
Pk)y=c¢, + (12<;> qFp (5.133)

where ¢, and ¢, are arbitrary constants. Now, by Eq. (5.132),

PO)=1-c,+c;=1
q N
PIN)=0-c¢, +c2<;> =0

Solving for ¢, and c,, we obtain

__—lp)"” oo
Tl —(/p)" P =/
K N
Hence P(k) = M q#p (5.134)
1 —(q/p)
Note thatif N » k,
1 q>p
P(k) = (q)* (5.135)
- p>q
p
Setting r = q/p in Eq. (5.134), we have
k= k
P(k) = -—
® 1= N
Thus, when p = g = 4,
P(k)=1 k (5.136
= N . )

5.44. Show that Eq. (5.134) is consistent with Eq. (5.128).
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548S.

Substituting k = 1 and N = 3 in Eq. (5.134), and noting that p + g = |, we have

(@/p) — /Y’ _ 4p* — 4
-/ (-9
qp+49) q __ 4

T P+pa+qt p+a)P—pg l—pg

P(1) =

Now from Eq. (5.128), we have

q
=—2 _ _p1
Uyo 1-pq (1)

Consider the simple random walk X(n) with state space E = {0, 1, 2, ..., N}, where 0 and N are
absorbing states (Prob. 5.38). Let r.v. 7; denote the time (or number of steps) to absorption of
X(n)when X, =k, k=0,1,..., N. Find E(T}).

Let Y(k) = E(T,). Clearly, if k = 0 or k = N, then absorption is immediate, and we have

Y0)=YN)=0 (5.137)
Let the probability that absorption takes m steps when X, = k be defined by
P(k, m) = P(T, = m) m=1,2,... (5.138)
Then, we have (Fig. 5-12)
Pk,mj=pPtk +1,m—-1)+qPk —1,m—-1) (5.139)
and YK =ET) =Y mPlom)=pY mPk + 1, m~1)+q3 mPk—1, m~1)
m=1 m= 1 m=1

Setting m — 1 = i, we get C,J\ﬁ

Y(k):pi(iﬁ- DPk+ 1L, +g) (i+ DPk—1,1)

i=0 i=0

fiP(k— 1, i)+p§P(k+ 1,i)+q§1>(k— 1, i)
i i=0

i=0 i= =0

=pYiPk+1,i)+q
=0

i

x(n) r— k-1 =1
m -0~ —
[ J [ J [ J
[ J [ J [ J
[ J [ J
a+lp [ J [ ]
14
air
q
a—lr— [ J [ ] [ J
[ J [ ] [ J
[ J [ J
[ J [ J
Y 1 1 1 I U N | | 1 ) 1 ¢ >
0 1 2 3 k n

Fig. 5-12 Simple random walk with absorbing barriers.
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Now by the result of Prob. 5.39, we see that absorption is certain; therefore

iP(k+1,i)= iP(k—l,z’)=l

i=0 i=0
Thus Yk)=pYk+ 1)+ qYk— D+ p+g
or Yky=pYk + 1)+ qY(k - 1)+ 1 k=1,2....N—1 (5.140)
Rewriting Eq. (5.140), we have
1 q 1
Yhk+1)—-Yk)+-Yk—-1)= —~ (5.141)
P P P

Thus, finding P(k) reduces to solving Eq. (5.141) subject to the boundary conditions given by Eq. (5.137).
Let the general solution of Eq. (5.141) be

Y(k) = Yi(k) + Yj(k)

where Y,(k) is the homogeneous solution satisfying
1
Wk + )~ k) +% Yk~ 1)=0 (5.142)
and Y, (k) is the particular solution satisfying
1 q 1
Y+ 1) ==Yk +=-Yk-1)=—- (5.143)
p P p
Let Y,(k) = ak, where a is a constant. Then Eq. (5.143) becomes
| 1
k+ Da—-ka+Th—Da=—-
P p P

from which we get a = 1/(q — p) and

k
Y (k) = p#q (5.149)
q—7p
Since Eq. (5.142) is the same as Eq. (5.131), by Eq. (5.133), we obtain
q k
Yk)=c¢, + CZ(E) q#p (5.145)
where ¢; and ¢, are arbitrary constants. Hence, the general solution of Eq. (5.141) is
qy |k
Y(k) = ¢, + c2<—) +——  q#p {3.146)
P q—7p

Now, by Eq. (5.137),

Y0)=0-c¢, +¢,=0
NN
Y(N)=0-¢, +c2<€) S S
p) Ta-p

Solving for ¢, and ¢,, we obtain
e = ZNg=p) _Na-»p
Y- 20— g/p)t
Substituting these values in Eq. (5.7146), we obtain (for p # q)
I L - (g/p)*
Y(k) = K(T)) = —— <k - N{— 5.147
e 1—(g/p)" G147)
When p = g = %, we have

Y(k) = E(T,) = k(N — k) p (5.148)

1
£

1
[ g
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5.46. Consider a Markov chain with two states and transition probability matrix

0 1
P =
o)
(a) Find the stationary distribution jp of the chain.

(b) Find lim,., P".

(a) By definition (5.52),

pP=p
01
or lpy pil =[p, p.]
1 0
which yields p, = p, . Since p, + p, = 1, we obtain
p=[2 %I
0 1
l:l Ojl n=1315...
(by Now P = | o
=2,4,6,...
[0 1] e

and lim, . . P" does not exist.

5.47. Consider a Markov chain with two states and transition probability matrix

]

(S

(a) Find the stationary distribution p of the chain.
(b Find lim,_,  P"
(¢) Find lim,_, , P" by first evaluating P".

(a) By definition (5.52), we have
P=p

-

[l =
Bl i

or (py P2]|: :|=[Pn p2]

which yields
%Pl +1p, =p,
P+ 1P =P

Each of these equations is equivalent to p, = 2p,. Since p, + p, = 1, we obtain

]

wh—

p=[3%

(b) Since the Markov chain is regular, by Eq. (5.53), we obtain

N B

—
i}
| —
=h
| I— ]
i
I
LI Wi
[OF
| I—

lim P" = lim l:

n—a Ll d)
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(c) Settinga = % and b = § in Eq. (5.120) (Prob. 5.30), we get

t oy :
P"=[z 1]“(%)"[ 2
3 3 -3

|
Wity
| S

Since lim ()" = 0, we obtain

n— oo

[V
| —

POISSON PROCESSES

5.48. Let T, denote the arrival time of the nth customer at a service station. Let Z, denote the time

interval between the arrival of the nth customer and the (n — 1)st customer; that is,
Z,=T,—-T,_, nxl (5.149)

and T, = 0. Let {X(t), t > 0} be the counting process associated with {T,, n > 0}. Show that if
X(t) has stationary increments, then Z,, n =1, 2, ..., are identically distributed r.v.’s.

We have
PZ,>z2y=1~PZ,<z)=1—F,(2)
By Eq. (5.149), PZ,>2)=PT,—T,_,>2)=PT,>T,_, +2)
Suppose that the observed value of T, _, ist,_,. The event (T, > T,_, + z| T,_, =t,_,) occurs if and only if

X(t) does not change count during the time interval (t,_, t,_, + z) (Fig. 5-13). Thus,

P(Zn>z|7:|—l =ln—l)=P(Tn>7:|—l +z|7:v—l =tn—1)
= P[X(t,_, +2)— X(t,-4) = 0]

or P(Z,<z|T,_,=t,_) =1 —P[X(t,, +2)— X(t,_,) = 0] (5.150)

Since X(¢) has stationary increments, the probability on the right-hand side of Eq. (5.150) is a function only
of the time difference z. Thus

PZ,<z|T- =1, )=1- P[X(z)=0] (5.151)

which shows that the conditional distribution function on the left-hand side of Eq. (5.151) is independent of
the particular value of n in this case, and hence we have

Fo(z2)= P(Z, < z) =1 — P[X(z) = 0] (5.152)

which shows that the cdf of Z, is independent of n. Thus we conclude that the Z,’s are identically distrib-
uted r.v.’s.

~y

Fig. 5-13

5.49. Show that Definition 5.6.2 implies Definition 5.6.1.

Let p,(t) = P[X(t) = n]. Then, by condition 2 of Definition 5.6.2, we have

Polt + Al) = P[X(t + A1) = 0] = P[X(1) = 0, X(t + At) — X(0) = 0]
= P[X(t) = O]P[X(t + At) — X(1) = 0]
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Now, by Eq. (5.59), we have
P[X(t+ At)— X()=0] =1 — 4 At + o(Ar)

Thus, Polt + A1) = po(O[1 — A At + o(At)]
Pt + A1) — pglt) olAr)
or M = ) +

Letting At = 0, and by Eq. (5.58), we obtain

Po(t) = —Apo(t) (5.153)
Solving the above differential equation, we get
Polt) = ke
where k is an integration constant. Since py(0) = P[X(0) = 0] = 1, we obtain
polt) = e~ (5.154)

Similarly, for n > 0,

pot + Aty = P[X(t + At) = n]

= P[X(t)=n, X(t + A1) — X(0) = 0]
+ P[X(t)=n—1,X(t+A)—X(O) =11+ Y P[X(t)y=n—k X(t + At) ~ X(0) = k]
k=2
Now, by condition 4 of Definition 5.6.2, the last term in the above expression is o(At). Thus, by conditions 2
and 3 of Detinition 5.6.2, we have
pt + At = p()[1 — A At + o(A)] + p,— (D[ At + 0(A)] + o(Ar)

—T— = Apn(l) + 'lpn- l(t) + At

Thus

and letting Ar — 0 yields
Pit) + Ap,(t) = Ap, (1) (5.155)

Multiplying both sides by e*, we get

e“Iplt) + Ap, ()] = Ae¥'p,_ (1)
d _ .
Hence 7 [e*'p(t1)] = Ae*'p,_ (1) (5.156)
Then by Eq. (5.154), we have
d _
FAGIOEY:

or palt) = (A + c)e ¥
where ¢ is an integration constant. Since p,(0) = P[X(0) = 1] = 0, we obtain

pilt) = Ate™ ¥ (5.157)
To show that

_p Ay
pt)=e* T

we use mathematical induction. Assume that it is true for n — 1; that is,

o (lt)"—‘

P,,_l(l)=€ n—1)
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Substituting the above expression into Eq. (5.156), we have

d At —_
m [e¥p.(0] = "

Integrating, we get

A Aty

eMpn(t) = u‘ + ¢y
n!
Since p,(0) = 0, ¢, = 0, and we obtain
(A"
pat)y=e€"" o (5.158)
n!

which is Eq. (5.55) of Definition 5.6.1. Thus we conclude that Definition 5.6.2 implies Definition 5.6.1.

Verify Eq. (5.59).

We note first that X(z) can assume only nonnegative integer values; therefore, the same is true for the
counting increment X(¢ + At) — X(t). Thus, summing over all possible values of the increment, we get

i P[X(t + At) — X (1) = k] = P[X(t + At) — X(1) = 0]
k=0

+ P[X(¢ + At) — X(1) = 11+ P[X(t + Ap) — X(0) = 2]
=1
Substituting conditions 3 and 4 of Definition 5.6.2 into the above equation, we obtain

PLX(t + At — X(1) = 0] = 1 — 4 At + o(Ar)

(@) Using the Poison probability distribution in Eq. (5.158), obtain an analytical expression for
the correction term o(At) in the expression (condition 3 of Definition 5.6.2)

PLX(t + At) — X(0) = 1] = X At + o(Ar) (5.159)
(b) Show that this correction term does have the property of Eq. (5.58); that is,
. o(AY)
lim
a—o At
(@) Since the Poisson process X(¢) has stationary increments, Eq. (5.159) can be rewritten as
P[X(At) = 1] = p (A1) = 4 At + o(A1) (5.160)
Using Eq. (5.158) [or Eq. (5.157)], we have

py(AD) = A At e * 2 = A Ar(l + ¢4 — )
=AAt+ A Ae A — 1)

Equating the above expression with Eq. (5.1/60), we get
AAL+ oA = A At + 1 Atle™ 2 — 1)

=0

from which we obtain

o(Af) = A At(e™ 2 —~ 1) (5.161)
(b)) From Eq.(5.161), we have
At AAe A — |
lim 280 _ gy AR =D a1y = 0
ar—o Al ar-0 At at-0

5.52. Find the autocorrelation function Ry(t, s) and the autocovariance function K(t, s) of a Poisson

process X(f) with rate A.
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5.53.

5.54.

5.55.

From Egs. (5.56) and (5.57),
E[X()] =& Var[X(1)] = &t

Now, the Poisson process X(t) is a random process with stationary independent increments and X(0) = 0.
Thus, by Eq. (5.103) (Prob. 5.23), we obtain

K1, s) = 6, min(¢, s) = A min(t, s) (5.162)
since 6,2 = Var[ X(1)] = A. Next, since E[X(t)]E[ X(s)] = 1%ts, by Eq. (5.10), we obtain
Ry{t, s) = A min(t, s) + A%ts (5.163)

Show that the time intervals between successive events (or interarrival times) in a Poisson
process X(t) with rate A are independent and identically distributed exponential r.v.'s with
parameter 4.

Let Z,, Z,, ... be the r.v.’s representing the lengths of interarrival times in the Poisson process X(t).
First, notice that {Z, > t} takes place if and only if no event of the Poisson process occur in the interval
(0, t), and thus by Eq. (5.154),

P(Z,>0=P{X(t)=0} =e™*
or Fo)=PZ, <ty=1-e¥
Hence Z, is an exponential r.v. with parameter A [Eq. (2.49)]. Let f,(t) be the pdf of Z,. Then we have

P(Z,> 1) = J.P(Z2 >t Z, =1)fi(r) dr
= f PLX(t + 1) — X(v) = 0] f,(z) dr

=e M Ij'l(t) dr=¢ % (5.164)

which indicates that Z, is also an exponential r.v. with parameter A and is independent of Z,. Repeating the
same argument, we conclude that Z,, Z,, ... are iid exponential r.v.’s with parameter A.

Let T, denote the time of the nth event of a Poisson process X(t) with rate A. Show that 7, is a
gamma r.v. with parameters (n, 4).

Clearly,
L=2,+Z+  +2,

where Z,, n =1, 2, ..., are the interarrival times defined by Eq. (5./49). From Prob. 5.53, we know that Z,
are iid exponential r.v.’s with parameter 1. Now, using the result of Prob. 4.33, we see that T, is a gamma
r.v. with parameters (n, 1), and its pdf is given by [Eq. (2.76)]:

o B
Jr(O= (n —1)! (5.165)
0 t<0

The random process {T,, n > 1} is often called an arrival process.

Suppose t is not a point at which an event occurs in a Poisson process X(¢) with rate A. Let W(1)
be the r.v. representing the time until the next occurrence of an event. Show that the distribution
of W(t) is independent of ¢t and W(¢) is an exponential r.v. with parameter A.

Let s (0 < s < 1) be the point at which the last event [say the (n — 1)st event] occurred (Fig. 5-14). The
event {W(t) > t} is equivalent to the event

{(Z,>t1—s+t|Z,>t—s}
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I 4

Fig. 5-14
Thus, using Eq. (5.164), we have
PIWit)>t]=PZ,>t—s+t|Z,>t—5)
P(Z,>t—s+7) et
= =e

P(Z,>t—5) e Mo T

and PW(H) <t]=1—¢* (5.166)

which indicates that W(t) is an exponential r.v. with parameter 1 and is independent of t. Note that W(t) is
often called a waiting time.

Patients arrive at the doctor’s office according to a Poisson process with rate 4 = {5 minute. The
doctor will not see a patient until at least three patients are in the waiting room.

(@) Find the expected waiting time until the first patient is admitted to see the doctor.
(b) What is the probability that nobody is admitted to see the doctor in the first hour?
(a) Let T, denote the arrival time of the nth patient at the doctor’s office. Then
T,=Z,+Z,+ - +2,
where Z,,n = 1,2,..., are iid exponential r.v.’s with parameter 1 = {. By Egs. (4.108) and (2.50),
n n l
E(T) = E<Z Z.) =L EZ)=n- (5.167)
The expected waiting time until the first patient is admitted to see the doctor is
E(T3) = 3(10) = 30 minutes

(b) Let X(¢) be the Poisson process with parameter A = 1. The probability that nobody is admitted to see
the doctor in the first hour is the same as the probability that at most two patients arrive in the first 60
minutes. Thus, by Eq. (5.55),

PLX(60) — X(0) < 2] = P[X(60) — X(0) = 0] + P[X(60) — X(0) = 1] + P[X{(60) — X(0) = 2]

e—60/l0 + e—ﬁO,’lO( + e—60/10_i_(_?_g)2

60
o)
e %1 + 6 + 18) =~ 0.062

Let T, denote the time of the nth event of a Poisson process X{(¢) with rate 4. Suppose that one
event has occurred in the interval (0, t). Show that the conditional distribution of arrival time T;
is uniform over (0, ¢t).

Forz <,
P[T, <1, X(t)=1]

P[X()=1]
_ P[X(z) =1, X(t) — X(7) =0]
- P[X(1) = 1]
_ P[X(x) = 1JP[X(1) — X(r) = 0]
- PLX(t) = 1]

Ate~ A=A

Ate &

PIT, <<|X(n=1]=

(5.168)

~la

which indicates that T, is uniform over (0, t) [see Eq. (2.45)].
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5.58.

Consider a Poisson process X(t) with rate A, and suppose that each time an event occurs, it is
classified as either a type 1 or a type 2 event. Suppose further that the event is classified as a type
1 event with probability p and a type 2 event with probability 1 — p. Let X (t) and X,(¢) denote
the number of type | and type 2 events, respectively, occurring in (0, t). Show that {X,(¢), ¢ > 0}
and {X,(1), t > 0} are both Poisson processes with rates Ap and A(1 — p), respectively. Further-
more, the two processes are independent.
We have
X(0) = X,(1) + X, (1)

First we calculate the joint probability P[ X ,(t) = k, X ,(t) = m].

PLX \(8) = k, X,(1) = m] = Z PLX (1) = k, X,(t) = m| X(r) = n]P[X(¢) = n]

n=0
Note that
PIX,0)=k X,t) =m|X(t)=n]=0 whenn#k+m
Thus, using Eq. (5.158), we obtain
PLX,(1) = k, X,(t) = m] = P[X (1) = k, X,(t) = m) X() = k + m]P[X() = k + m]
(lt)k"'m
(k + m)!

Now, given that k 4+ m events occurred, since each event has probability p of being a type 1 event and
probability 1 — p of being a type 2 event, it follows that

= PLX,(0) = k, X,(t) = m| X()) = k + m]e™™

PLXy(6) =k, Xo() =m| X(t) =k + m] = (k : m)p"(l -y

k+m _,, (ARrm
P = — = k(1 _ pym,—At 2077
Thus, [X,(0) = k X)) = m] ( k )p(l e
_(k+m)! e AT
= Term PO
= e-Ap:“_P‘Xe—m—pnM (5.169)
k! m!
Then PIX\()=Kl= Y P[X,(t) =k X,(t) =m]
m=1
—ipt (}*Pt)k - M1 - d [}'(1 - p)t]m
= ¢ AP __k!__e (1 pnmgl ..m_!
-Al(lpt)h —A(L - pi,A(1 —pp
=e p_k!__e (1= pgi(l - p)
l k
_ o-m AP (5.170)
k!
which indicates that X (¢) is a Poisson process with rate ip. Similarly, we can obtain
P[Xy(ty=m) =} P[X,(t) =k X,(t) = m]
k=1
- e—A(lwnM (5.171)

m!

and so X,(r) is a Poisson process with rate A(1 — p). Finally, from Eqs. (5.770), (5.171), and (5.169), we see
that

P[X (1) = k, X(t) = m] = P[X () = K]P[X ;(t) = m]

Hence, X (1) and X ,(¢) are independent.
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5.59.

5.60.

Let X4, ..., X, be jointly normal r.v.’s. Show that the joint characteristic function of X, ..., X,
is given by

n

. 1 n n
Wy, x @y, .o, @) = eXP(J Z W; Yy —3 Z Z wiwkaik) (5.172)
= =1

i=1 i=1 k
where u; = E(X,) and g, = Cov(X;, X,).
Let Y=aX +a4;X;+- - +4a,X,
By definition (4.50), the characteristic function of Y is
Wy(w) = E[o@FiraXo) = @, (way, ..., wa,) (5.173)

Now, by the results of Prob. 4.55, we see that Y is a normal r.v. with mean and variance given by [Egs.
(4.108) and (4.111)]

uy=EY)= Y g, E(X)= 3 a;p; (5.174)
i=1 i=1

ayt = Var(Y) = 2": Y aa, Cov(X;, X,) = i ia,-ak Ty (5.175)

i=1 k=1 i=1 k=1
Thus, by Eq. (4.125),

¥ y(w) = expl jouy — 3o,°0?]
= exp(jw Yoap— 0ty ) aa ‘Tik) (5.176)
i=1 i=1 k=1
Equating Egs. (5.176) and (5.173) and setting @ = 1, we get

n 1 n
Wy, xlan ..., a)= CXp(jZ a; ;i — 7 Y 24 "'ik)
i=1

i=1 k=1
By replacing a;’s with w,’s, we obtain Eq. (5.172); that is,

l n n
¥y o x @ ..0 @) = CxP(f 2 Wil — 3 Y Yoy aik)
i=1

i=1 k=1

Uy @, Ty 0t Oq,
Let p=\| o= K=1{o])= .
l‘n wn D’nl T onn
Then we can write
Z i =o'y Y 2 ww 0y =0'Ko

i=1 i=1 k=1

and Eq. (5.172) can be expressed more compactly as

¥y, o, ..., @) = exp(jo’p — o’ Kw) (5.177)

Let X, ..., X, be jointly normal r.v.s Let
Y] =£111X1 + +a1"X"
: (5.178)
szamlxl +'”+aman

where a; (i=1,...,m;j=1, ..., n) are constants. Show that ¥, ..., Y, are also jointly normal
r.v.’s.
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5.61.

5.62.

X, 4 ay 4y
Let X=|: Y=|: A=[az] =

n

mn,

Then Eq. (5.178) can be expressed as
Y = 4AX (5.179)

Hy W, LS R X'
Let px = EX) = : @=|: Kx =[o4] = :

Ha Dpy, O e Tpn

Then the characteristic function for Y can be written as
Y@y, ..., ©,) = E(@®7Y) = E(e/*TX)
= E[eMT@X] = W (47 0)
Since X is a normal random vector, by Eq. (5.177) we can write
Wx(4"w) = exp[j(AT0) Ty — $(AT@) Ky(4 0]
=exp[jo’Apy — $0TAKy A7T0]

Thus Y@, ..., ©,) = exp(jo py — 10Ky o) (5.180)
where By = Apy Ky = AKy AT (5.181)

Comparing Egs. (5.177) and (5.180), we see that Eq. (5.180) is the characteristic function of a random vector
Y. Hence, we conclude that Y}, ..., Y, are also jointly normal r.v.'s

Note that on the basis of the above result, we can say that a random process {X(t), t € T} is a normal
process if every finite linear combination of the r.v.’s X(t)), ¢, € T is normally distributed.

Show that a Wiener process X(t) is a normal process.

Consider an arbitrary linear combination
Y a, X(t) = a, X(t,) + ay X(t) + -+ + a, X(t,) (5.182)

i=1

where 0 < t, < -+ < t,and a; are real constants. Now we write
2 aX(E)=(ay + -+ a)[X(t) — XO] + (@ + -+ + a)[X(2) — X(t))]
i=1
o 4 @+ @)X () — X(6,- )] + a,[X(2,) — X(t,-,)] (5.183)

Now from conditions 1 and 2 of Definition 5.7.1, the right-hand side of Eq. (5.183) is a linear combination
of independent normal r.v.’s. Thus, based on the result of Prob. 5.60, the left-hand side of Eq. (5.183) is also
a normal r.v.; that is, every finite linear combination of the r.v.’s X(¢,) is a normal r.v. Thus we conclude that
the Wiener process X(t) is a normal process.

A random process {X(t), t € T} is said to be continuous in probability if for everye > 0andt € T,
lim P{| X(t+ h)— X()| >¢} =0 (5.184)

h—0
Show that a Wiener process X(¢) is continuous in probability.
From Chebyshev inequality (2.97), we have

PUIX(t + by — X(0)] > ¢} < 2rLXC *;zh) —x@l
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Since X(r) has stationary increments, we have
Var[X(t + h) — X(t)] = Var[X(h)] = o%h

in view of Eq. (5.63). Hence,

2
IimP{lX(t+h)-X(t)|>8}=limU_zh=0

A0 n~o0 €

Thus the Wiener process X(t) is continuous in probability.

Supplementary Problems

Consider a random process X(n) = {X,, n > 1}, where
X, =Z,+2Z,+ +2,
and Z, are iid r.v.’s with zero mean and variance o2. Is X(n) stationary?

Ans. No.

Consider a random process X(t) defined by

X(t) = Y cos(wt + Q)

[CHAP 5

where Y and O are independent r.v.’s and are uniformly distributed over (— A4, A) and (—=, =), respectively.

(a) Find the mean of X(t).
(h) Find the autocorrelation function R,(t, s) of X(t).

Ans. (@) E[X(1)]=0; (B) Rylt, s) = $A? cos w(t — 5)

Suppose that a random process X(t) is wide-sense stationary with autocorrelation

Ry(t, 1 + 1) = g7 IW2

(a) Find the second moment of the r.v. X(5).
(h) Find the second moment of the r.v. X(5) — X(3).

Ans. (@) E[X*5]=1; (b)) E{[X(5)— X3} =21 —e"?

Consider a random process X(t) defined by

X(t)=Ucost+(V+ 1)sint — <t < w

where U and V are independent r.v.’s for which
EU)=EWV)=0 EU»=EVH=1
(a) Find the autocovariance function K(t, s) of X(t).
(h) TIs X(1) WSS?
Ans. (a) K,(t, s) = cos(s — 1); () No.

Consider the random processes

X(1) = Ag cos(wgt + O) Y(t) = A, cos(w,t + D)

where 4,, A, w,, and w, are constants, and r.v.’s © and ® are independent and uniformly distributed over

(—m, 7).
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5.68.

5.69.

5.70.

5.71.

5.72.

5.73.

5.74.

(@) Find the cross-correlation function of Ryy(t, t + 7) of X(¢) and Y(¢).
(b) Repeat (a)if © = ¢.
Ans. (@) Ry, t+7)]=0

Ay, A
) Ryylt, t + 1) =2

cosf(@w; — we)t + w,1)

Given a Markov chain {X,, n > 0}, find the joint pmf
P(Xo=ig, X, =iy ... X, = 1)
Hint: Use Eq. (5.32).
Ans. piOPigiPisiy " P iy
Let {X,, n > 0} be a homogeneous Markov chain. Show that
PXpe =kyy oo Xpsm =kl Xo=1ig, ..., X, =0)=P(X, =k, ..., X, =k, | X, =1)
Hint: Use the Markov property (5.27) and the homogeneity property.

Verify Eq. (5.37).

Hint: Write Eq. (5.39) in terms of components.

Find P” for the following transition probability matrices:

Lo 1 0 0 10 0
(@) P=[05 05} ¢ P={0 1 O (© P=[0 1 0
o 0 0 1 03 02 05

1 0 0
Ans. () P"=[’ °]+<0.5>"[_? ?] ® P=|o 1 o
0 0 |1

10
1 0 0 0 0 0
@ P={0o 1t o|l+@©s] o 0 0
06 04 0 —06 —04 1

A certain product is made by two companies, A and B, that control the entire market. Currently, A and B
have 60 percent and 40 percent, respectively, of the total market. Each year, A loses 4 of its market share to
B, while B loses § of its share to A. Find the relative proportion of the market that each hold after 2 years.

Ans. A has 43.3 percent and B has 56.7 percent.

Consider a Markov chain with state {0, 1, 2} and transition probability matrix

0 § %
P=]} 0 %
1 0 O

Is state O periodic?
Hint: Draw the state transition diagram.

Ans. No.

Verify Eq. (5.51).
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5.75.

5.76.

5.77.

5.78.

5.79.

5.80.

5.81.

5.82.

RANDOM PROCESSES [CHAP 5

Hint: Let N = [N], where N, is the number of times the state k(e B) is occupied until absorption takes
place when X(n) starts in state j(e B). Then T, =) ¥_ .| N; calculate E(N,).

Consider a Markov chain with transition probability matrix

06 02 02
P=[(04 05 0l
06 0 04

Find the steady-state probabilities.

Ans. p=[3 3§ 3]

Let X(¢) be a Poisson process with rate 1. Find E[ X *(1)].
Ans. At + AP

Let X(r) be a Poisson process with rate 4. Find E{[X(t) — X(5)]?} for ¢ > s.
Hint: Use the independent stationary increments condition and the result of Prob. 5.76.

Ans. At — 5) + A3t — 5)?

Let X(z) be a Poisson process with rate 4. Find

PIX( —d)=k|X(t)=j] d>0
- (Y
oG-\ J\

Let T, denote the time of the nth event of a Poisson process with rate 4. Find the variance of T,.

Ans. n/i?

Assume that customers arrive at a bank in accordance with a Poisson process with rate A = 6 per hour, and
suppose that each customer is a man with probability 4 and a woman with probability 4. Now suppose
that 10 men arrived in the first 2 hours. How many woman would you expect to have arrived in the first 2
hours?

Ans. 4
Let X, .... X, be jointly normal r.v.’s. Let

Y =X, + ¢ i=1,..,n
where ¢; are constants. Show that Y, ..., Y, are also jointly normal r.v.’s.

Hint: See Prob. 5.60.

Derive Eq. (5.63).
Hint: Use condition (1) of a Wiener process and Eq. (5.102) of Prob. 5.22,





