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MASS TRANSPORT PROCESSES

When a tracer cloud is introduced into a fluid flow (e.g. river) two processes are visible:

e The cloud is carried away from the point of discharge by the mean current.

e The cloud spreads in all directions due to irregular motions and grows in size.

Advection - mass transport by mean velocity field
Diffusion - mass transport by irregular fluctuations (“random movements")
—
mean by t2
flow > *
—>
PASSIVE MIXING PROCESSES - advection + diffusion as they exist
in environment (passive source)
ACTIVE MIXING PROCESSES - generation of mean and random
velocity field

by source - momentum or buoyancy

Y
S J—
H(\ I

passive mixing Active mixing
(weak source) (strong source e.g. high velocity)
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MOLECULAR DIFFUSION

— molecular diffusion of dissolved or suspended matter is caused by random movement
through molecular motions of individual molecules
oc
<
OX

window of unit area

J, =diffusive mass flux = mas§ =[ ZM }
area,time |L°,T

Fick's Law of Diffusion:
— rate of transport is proportional to the spatial concentration gradient a—c
X

ac
Jy=-Daps x| Fick's law (1-D)

2
D g = coefficient of molecular diffusivity = [L?} =f (solvent, solute, temperature...)

Typical values for molecular diffusion:

Dissolved matter in water: D~2x10°cm?s
Gases in air: D~2x10tcm?s

Generalization:

J=(303y.3;) V= (i o ij divergence vector
OX 0y 0z

J=-DVC| Fick's law (3-D)

Example: Salt diffusion in a vessel

Water Water two hours later
initial sharp diffuse interface

interfface  —» __ ~10cm

Water + NaCl+ Dye Water + NaCl+ Dye
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ADVECTIVE MASS FLUX

— transport of matter due to mean motion (current)

d = (u, v, w) = hydrodynamic velocity

_ M L M :
ca=| == = advective mass flux
LT L=, T

window of unit area

Example:

Pure advection in x-direction (no diffusion no reaction)
C

t1 t2

no change of shape
“plug flow”

TOTAL MASS FLUX: Advection + diffusion

N=(NNy,N,)=cG+J=cG-DVC
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MASS CONSERVATION PRINCIPLE

R = rate of production or decay per unit

NeAy &x ) (N %Ax

M
s Geaaye volume = | —
LT

Rate of production/
Rate of mass

net flux of mass decay of mass _
(In—Out) * (chemical, physical = | accumulation
i . R within element
biological...)

oN
ONy AXAYAZ — —L AXAYAZ — N, AXAYAZ + RAXAYAz = oc AXAYAzZ
oX oy 0z ot

oN - -
oc | ONy | y+aNZ=@+V-N:@+V-cq—v-(DVc)=R
ot 0X oy oz ot ot
oc . 2 . . . .
EHJ'VC:DV c+R Convective Diffusion Equation
ac ac ac ac o°c  0°c  d%c
— + U— 4+ VvV— 4+ w— = D + + + R
ot dX oy oz ox*  ay*  0z?
T T
Temporal Advective transport Diffusive transport Reaction

change
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Solution of the convective diffusion equation:

1. Basic solution: Instantaneous point source (IPtS) in uniform current and infinite
space

. q= (U, 0,0), (uniform velocity field)
Y Y . R =—kc (first order decay)
—> t=0 t,

to

2 2 2
@+U@:D(a 2 +8 (2:+ 0 gl—kc
ot OX ox: o0y° o0z

Initial Conditions (I.C.) t<0, c=0 t=0 Sudden mass input
M on (X1, Y1, Z1)

Boundary Conditions (B.C.) c—0 as (X, y,2) > o

Solution:

[(x—xl) —Ut]2 + (y—yl)2 + (2—21)2

M _
c = e 4Dt ekt
(4nDt)
- - . v - - g H_J .
Crmax spatial distribution non-conservative

(reaction) effect

1. Position of cloud center:
(%, +Ut, yy, 7,)

2. Cloud size:
4Dt =262, c = variance

c =./2Dt = standard deviation ~ t>°

Distance relative to center

3. Maximum concentration
-3/2
Cmax ~t



Environmental Fluid Mechanics 1 6 Institute for Hydromechanics

2. Other solutions

Boundary conditions (finite space):

onl: c = specified

Ex: ¢c=0 Absorption condition
(Dirichlet B.C.)

unit normal

oc = specified
on

Ex: % =0 Diffusion barrier (Reflection condition)

(Neumann B.C.)

Multiple sources —  superposition, due to linearity of governing equation
— image sources

(@]
I
=
o
T
e

T
N
o Il
@

Time dependence
Initial condition:

— Instantaneous sources
— Continuous sources
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TURBULENCE - aninstability of a base flow (shear flow)

Possibility 1:

ulz)

- damping of disturbance

(viscosity)
t

Disturbance damping - stable flow

LAMINAR FLOW

Possibility 2:

- insufficient damping
- large eddies
- secondary eddies

Disturbance

disturbance TURBULENT FLOW
grows
SPECTRUM OF EDDIES
Large eddies: Integral length scale /7, Integral velocity scale u,
=> Integral time scale tI:E—I
ul

2 3 2
Extraction of energy from mean flow: s~£~u;:u¢= L—3
time ¢, /u, ¢, |T

Energy cascade (transfer of energy from larger to smaller scales)

Smallest eddies: at some scale (Kolmogorov length scale) the eddy size will be small
enough so that viscous damping will prevent further breakdown

. o o L2 o L2
Dimensionality: viscosity v = {?} energy dissipation rate ¢ = {—}

T3

Kolmogorov length scale n=——

Turbulence spectrum: 0y -

»

equilibrium subrange

UL
Overall criterion: Reynolds number Re =—>100 to 1000
A%

U ~ base velocity, L ~ base flow length
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TURBULENT DIFFUSION

Random motion due to turbulent velocity fluctuations cause additional transport ("small
scale advection").

ult)

u’(t) = fluctuating velocity

_ . —, 1t
uft) _1 Ju(t')dt’ = mean velocity u'== j '(t)dt' =0
LI T 1
u=u+u wW=Ww+Ww Averaging process:
Reynolds decomposmon
V=V+V c=c+c uc=uc+uc'+uc+uc

t4T 2 2 2
1j ac auc+avc+6wc:D[ac o°c OSJJFR}“

2t -2 *
OX oy 0z OX oy 0z
¢ _oc _oc _dc 0 == 0o 08— »’c o°c o°c) —
AU —+V—+W—=-—UC ——VC -—Wc+D|—+—+—[+R J
ot OX oy 6z ox oy 0z ox° oy oc
\J
time advective transport "small scale advection" molecular reac-
change by U diffusion tion
of mean mean velocity turbulent mass transport =0
conc.

jt Z(U'C'. V'C’,W’C') = turbulent diffusive mass flux = [Lzﬂ}

jt needs parameterization : analogy to molecular diffusion (Fick's law) ?
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Example: Tank with Grid Stirring

W'

net transport w'c'=0

net transport w'c’ >0

DIFFUSION IN TURBULENT FLOW

— fluctuating velocity field =  multiple scale eddies (spectrum)!

Ex: Release from POINT SOURCE

o,
QUSSP SE e
)
T

&

a) Short time after release t<t,, o < /;
First small eddies, then eddies of increasing size will cause spreading

o, = ? t~t Rapid growth (Taylor theorem, 1921)
x/u7:rmsvelocity~uI

b) Long time after release t>t;: eddies are independent of each other
Large eddies control spreading => random process
GX=\/21u12t1 E~t1’2 "Fickian" behavior: corresponds to spreading with
gradient-type diffusion and a constant coefficient
2 L?
Analogy: u, tI:uIZI:EX:turbulentdiﬁusivityz[?}
Y ocC T ocC — ocC
Jy =u'c’ = - X Gy Jy =v'c =- Y oy Jp =wW'C’ =~ 25,
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PRACTICAL TURBULENT DIFFUSION EQ.: c > ¢

oc oc oc oc 0 oc 0 oc 0 oc )
+U—+V +W—_—= (Exaijray(Eyaijraz(Ezazj+R+Dv C

turbulent diffusive transport

Valid for  t>t ; o>/,

Diffusivities can have dependence on spatial position and direction:

- E,E,E,=f(x,y,z) non-homogeneous

X1 =y =z

_ o%c o°c o%c
if E,E,,E, =const. homogeneous - E,——+E > +E
Y o0X Y oy 0z
- E,#E, #E, anisotropic
if E,=E,=E,=E isotropic E(azc o azcj
=E,=E, = - + +
X y z _L 6)(2 ayZ 622

Estimation of turbulent diffusivities:
E =1 (base flow characteristics)

Order of magnitude:
E ~u,/, single scale only!

TURBULENT CHANNEL FLOW

Re = U—h > 500 for turbulence

A%
T, = pghS = shear stress

%o _y, = friction (shear) velocity

p

U. =4/ghS

Dominating scales:

u,~u,’,~h
/f
Also: ronguz f = Darcy-Weisbach coefficient, 0.02 .. 0.1 u, = §U2
1 2/3 2 H [ gn2
Or: U=—-h""S n = Mannings's n, 0.02 ... 0.05 U, =4/ 53 U?
n h

Rule of thumb:u, ~ (0.05 to O.l)U
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MIXING IN RIVERS

Eddy diffusivity E;

We expect: E, ~u, h
Velocity profile

du
& (..

Dimensional analysis:
du u, du u,

—_—~ or — =
dz z dz «z

u 1
0" —inz+ C, log-law Kk = von Karman constant = 0.4

. K

C: =f (Re, roughness)
z du
T=1, (1_ﬁj =Pe. g, model for momentum exchange
(Boussinesq)
z
o (1_ h) z L?
, = du =K U, (1— Ej €, = eddy viscosity = {7}
P dz
o 2(1 Zj = Reynolds analogy for turbulent f
=k—|1-— | = eynolds analogy for turbulent flows
wh “n""h)Tun y %y
Mass exchange ~ momentum exchange

Depth averaged:

E _X_5067~01
U*h_6_ . e 18 S~ e

S M SN
. o=bay piosn AN
Rules of thumb: ) [ \\
River U, h u, ~ 01U z “ oS-l g)
E, = 0.1u, h= 0.01Uh 0t v —p
e

EXx: 02 //94"
U=2m/s, h=2m |t

E, = 0.04 m2/s = 400 cm?/s >> D =2 x 10°cm/s !!
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VERTICAL MIXING

e.g. source at surface

J— ‘\\\_lzz_—\ GZ = 2EZt = 2EZ£
Uh U

—

77777 777777777777,

Complete vertical mixing: 2,15c6,=h 10% criterion with Gaussian profile
h e X . (Lj u
215 \“77 U - m=\215) 2E,
Ex: X —( 2 )2 Z2__ 25m Very fast
' m “\215) 2x004 " y

Typically: Distance to complete vertical mixing 10 to 20 water depth!

LATERAL MIXING Wide Channel, Depth h

y

—

\)

- Conditions:
s (N

/,/ Oy X > Xm
—> // )

l/ \\\ 'xm X Gy > h
— S Uy
Line or
C/ point
- release

Assume isotropy: E, = E, = 0.067u,h
Ey . .
Data: oh ~ 0.15t0 0.20 straight, uniform channels
Evaluation of field / laboratory tests:
1 d 0y2 e - 1 o’y (t2)_62y (tl)
2 dt Y72 t,—t,
or 1 o’y (x,) -~ 0% (x,)
2 (x,-x,)/U

Outlines of tracer cloud

Data from Mississippi River study on
longitudinal mixing (after McQuivey and
Keefer 1976b)

*d =0.006



Environmental Fluid Mechanics 1 13 Institute for Hydromechanics

NATURAL CHANNELS; IRREGULARITIES

B

¢ »
< »

€
<

Re

Outerbank | C’ Inner bank
Center of

Increased lateral mixing curvature
due to secondary currents

. AN

Secondary flow

E
Data: u—yh =05t010 =« o =06+50% (Fischer (1972)

uB )’
R j Yotsukura and Sayre (1976)

* C

o= 0.4(
Cumulative Discharge Method Yotsukura and Cobb (1976)

dg=hudy = local discharge — from
measurement or numerical model

y
qly) = IhUdy = cumulative discharge
0

Continuous
Plume

B
Q = [hudy = total discharge
0

Approximate local balance:

u(y) h(y) % = (%(Ey (Y)h(Y)Z_;j (@) h Ay n
1 J

depth integrated depth integrated
advection lateral diffusion
(& g—; ) h&x

oc 0 oc oc 0 oc
uh— =uh—| h%E _—) —:—(hZE _—j
Hox = aq( yuéq - ox 0q y“aq

%{—/

L5
"Diffusitivity" = {T—} ~ constant

Understanding of advective velocity
field is key to many environmental Io.quwz
diffusion problems!

o
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12 — —
12— -
! Downstream Dopnslream
I distance — distance
. from source flo_rn source
[ x =125 m — x =125 m
61— . . .
e ! ° ~ ~
| °°® _
2 | . .
o | ool 1 o
= 6— | _ _
S | ® x=2660m : N
g | - |
= 2 r T . | ]
z v ] .
S, [ AL B |
( ]
=T | 2 .| cwn ]
s Q&f x=3610m x =360 m
F 4 o ©9 ] I
s, S ] i
tw] o i
,;_ 0 Q. o © ° I l! | °d%n Q
3 * % —
B i = 6830
27— L) o l ° X m_—
i.
R - ]
0 p o l l | 1 .-$.~.
? o o oo l .
o ‘o i° o x = 10,050 m
1 ]
| ] l lo 0Doof 50 0 o
0 0.0 0.2 0.4 0.6 0.8 )
0.0 02 04 0.6 08 1.0 ' 0

Transverse distributions of dye observed in the Missouri River near Blair, Nebraska, by
Yotsukura et al. /1970), plotted (a) versus actual distance across the stream and (b)
versus relative cumulative discharge [Yotsukura and Sayre (1976)].
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LONGITUDINAL DISPERSION (SHEAR FLOW DISPERSION)

The stretching of a tracer cloud due to vertical and horizontal velocity shear is called
longitudinal dispersion. In this case, the velocity differences interact with the transverse
diffusion effect and produce an additional transport mechanism

- i C = vertically averaged concentration

z U |
T £ |
f oulz) D) z |
) | ,
t=0 ' ) E, h
1 O
X o | a
4 short time !
Uty Ut, x
Eaaasraannny
; ! Observations: t >t ;.. or o, >h
fs A 0, = 26, <h
NS~ {il o ) .
= ut, y For long t_|me.. o
z tong e > vercally mixed 1. Gaussian distribution
o XS —
f2 S S RS
OSSN .
““:“"o‘; See Therefore: behavior is analogous to
ut, Fickian diffusion
Oz>h
Analysis:
z velocity shear
Y] C
| T
: ulzt) ¢ I _cx,z,t)
|
|
! 1
X
ac ( t)ac a(E acj a(E acj oD
—+ulzt) —=—|E,—|+—|E, — -
ot oX Ox\ *o0z) 0z\ * o0z
Spatial decomposition: u=U+u”, c¢=C+c", u”,c” = spatial deviations
1 h
Substitute and average Ej( )dz U, C = spatial averages
0

oC  aC  auc” a(E ac) 1( acj“

ot T ax T ox ox\ax) TnlFeaz) 0
%/—J
____ "
u”c”:—_[u"c”dz = 0 no flux
h0

. , M
J, =u"c"” =dispersive mass flux = [LZ T}
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J, =u”c” =dispersive mass flux =

_ oC
Analogy: J =-E, %
— neglect: long. diffusion, Ex << E_

oc ¢ _ o @cC

ot ox - ax?

2 \2 A
change of advection  spreading by

mean conc. mean
velocity

velocity deviations
+ transverse diffusion

Local balance as seen by moving observer (U):

RN
ox  0z\ % oz

\ \

transportin x  « diffusion in

direction by vertical direction
differential by turbulence
velocities

With given properties: u”(z),E, (z)
and evaluate u”c”

This leads to:

E = ——J:u” ZEiJ:u” dz dzdz

—

N

M
L>T

L2
E. = coeff. of longitudinal dispersion = {?}

1-D

Taylor (1953, 1954)

— 41

,tr/ Simple balance
L

"Stretching” <

one can compute

"Homogenization

C” @
ox '’
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Applications: 2-D Flows
1. Channel flows:

u” ~log- profile

E, =59u,h

Ez ~ parabolic
L Compare:
o e
- g = SUy

10cm 0]

Elder (1959)

E, ~ E, = 02u,h
EL >> Ex

B

7/

T~

=
X K&:&.’——)g

LL

|

Plan view of a drop of dye diffusing in the turbulent flow in an open channel.
Distribution of concentration C, normalized to have a maximum of 10. The flow is

to the left; h = 1.43 cm, x/h = 90 ( Elder, 1959)

2. Turbulent pipe flow:

E_=101u,r,
ro = pipe radius

3. Laminar pipe flow:

r2, U?

EmoI:
L 48D

General rule for applicability:

2

ol

t

Taylor (1954)

Taylor (1953)

t >ty = transverse mixing time (vertical)

E: = transverse diffusivity



Environmental Fluid Mechanics 1 18 Institute for Hydromechanics

Natural Rivers Data: f—Lh =100 to 1000 3-D non-uniformities
i T Lateral velocity
N~~~ deviations dominate
— \\\
U | )
— J~ily) /// — Stretching
=" +

Lateral (transverse) diffusion

VELOCITY , f1/sec

Typical cross section of a natural stream
(Fischer 1968)

Fischer (1965) u(y),E, (y), A = cross-section
1 B y 1 y
E = ——J.(U—U)hj‘ — I(U—U)h dydydy u(y): measurements
A 0 0 Ey h 0
J J or numerical model

velocity deviation in lateral
direction y

- approximate formula (typical conditions):
U®B?

E, =0.011 " good within factor 4 (oL ~ within 2)

*

Applicability: t >ty transverse (lateral mixing time

_ 4,812
= 04 £

y

Other physical non-uniformities:

dead arms \

/) Overall effects:

- stretching of "cloud"

—> 0 o, ﬂ/) floroyes) > - increased longitudinal

dispersion E. T

Side view:

—— ROE _J
gravel bed °Fozo °.=°§‘°§’1’o°o° FTeore

U
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Practical longitudinal dispersion equation

°C v _E 0°C kC t>t
ot ox - ox? M

(often neglected; but careful!)

m" (x—Ut)’
Instantaneous Area Source: C=—7———exp exp [— kt]
1[4TE EL t 4E|_ t

q" = Mass flux
Area
513«—-——/—-— ————— —

Continuous Area source: C= exp (11 1+ > J
[ 4kE, 2E, U
U1+ U2

| AKE,
In continuous problems Plug flow: U2 -0

- long. Dispersion usually negligible
" k

U U
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OCEANIC DIFFUSION (coastal zone, estuaries, large lakes)

- eddy structure

Path along
larger eddy

RELATIVE DIFFUSION"

diffusion relative to center of mass, independent of actual location in fixed space
%, )

- mass will follow larger eddies, but will be diffused by action of smaller eddies (of
increasing size)

— accelerating growth rate

E, =CeP o™ ,Richardson’s (1921) 4/3 Law"
/I\
cloud size
do? L . L
ai - 4E, cylindrical coordinate r, standard deviation o,
= o5 ~¢t® rapid growth

E, ~et? = const.!, diffusivity increases with time
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Data: o?% ~t**

11
E, ~o™

Okubo (1971) — Oceanic Diffusion Diagrams

'OM"I"I"I"'OO’""

I 1 ocean, coastal zone
B g6z W .

L oies2 I
<1961 I

103 & o1

- 32
| OFF
A3 cape

+ »4
5 #5 | KENNEDY

[ ® «8
10t2]- © NEW YORK BIGHT

NORTH SEA

— tokm large lake, coastal zone

F ® #a
2 @ #b
2 o #C OFF
em©) F o ed | CALIFORNIA
ol o et

*f

[ @ BANANA RIVER

L & MANOKIN RIVER

i . mid-size

10101~ s
- -'v ° 1
E / -
i Ll
ool of/* N
/j -1
.8 Fo
| & Lo I J
& [t
ool :/ dioon  small lake
e /
. e 7 .
! .
HOTR Z/@ DAY WEEK MONTH .|
107 f @/ 4 L ¢ ‘i L ) 1 1 I 1
103 104 105 106 107

1 (sec)

A. Okubo, "Oceanic Diffusion Diagrams", Deep Sea Research, Vol. 18, 1971

Typical growth rates:

1 day ~ 1 km
1week ~ 10 km
1 month ~ 100 km
Applications:
Instantaneous Point Source (Accident): t t2
1
Coax ~ 2~ 2-D growth

(vertically mixed)

)
M o2
- e 26,
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Continuous release (Routine problems):

Virtual source

//
/ -~
17" Diffusion “floor” 2-D
4
oc 0 oc
U& = 8_y (Ey 8_yj -kc Brooks (1960)
|_ 4/3
E, = E, [Ej 4/3 Law L=2+30,

22% width
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