A Summary of Solutions to the Convective Diffusion Equation

General Governing Equation for Homogeneous, Anisotropic Turbulence, Steady
Velocity U:

> —Kc (0-1)

1 Instantaneous Point Sources (IPtS)

1.1 IPtS at (X1, Y1, 1), steady unidirectional velocity field g = (U, 0, 0)

M [(x=x)-Ut]*  (y-y.)*  (z-2)°
©T @M (EEE,)T P _{ sEx T aEgr Toaggx Ky U
where M = mass imput.
1.2 Fluid at rest, isotropic, no decay, molecular diffusion
c= M ex i (1-2)
~ @ P 7| apt
where
r=yx*+y?+7* (X1=y1=21=0).
1.3 IPtS at (X1, Y1, z1) with image at (Xy, Y1, -Z1), Fluid at rest
M (X_Xl)z (y_y1)2 (2_21)2
= lan)(E,E,E)" P _{ AEt | 4Et | 4EL
(1-3)
" M exp — (X_X1)2 +(y_y1)2 +(Z+Zl)2
(4nt)**(E,E,E,)" 4E t 4E t 4E t
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1.4 IPtS in Shear Flow with Velocity Field g = ( [uo(t) + Ayy + A,z], 0, 0)

where A, = %u A, = Z—u = velocity gradients (Okubo and Karweit, 1969).
z

z

M
c(t,x,vy,2) = .
(txy.2) (4nt)¥?(E,E E, )" (1+ @*t?)"?
Lo 1 i
{x—juo(t )dt —E(xyy+ xzz)t} FR (1-4)
exp — 0 + + + Kt
4E,{(1+0%t%) 4E,t 4t
E
where ®? = —(kyz —y+kzzij
2 E, E,

2 Instantaneous Line Sources (ILS)

2.1 Steady velocity field g = (U, 0, 0) Line source along entire line: Xy, yi, -00 < Z < +0

L | 5 L N (A

4n(E E )Wt 4E t 4E t

+ Kt (2-1)

where m’ = mass input per unit length.

2.2 Line source on z - axis between -2, <2<+Zp;,x1=y1=0
2
' - x — Ut 2
c=— M o |erf Z+ ijjz —erf-Z 212/2 exp— [ ] + Y ikt (2-2)
8n(E,E,) t (4E,1) (4E, ) AE,t  4E,t
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3 Instantaneous Plane Source (1PIS)

Injection plane at x;

f

4nE, 4t

X

" 2
c=— 1 exp — {[(X —x)-UY + Kt} (3-1)

where m'' = mass input per unit area

4 Continous Point Source (CPtS)

Time integration of instantaneous sources

a

t; 1
c=d gm exXp— |:(t ~ T) + b(t - T):| dT (4'1)

where

(z- 21)2

(x- X1)2 N (v- y1)2

a= +
4E, 4E, 4E,
2
b= U + K
4E,
] exp{(x—xl)u}
i 2E,
(4m)"?(E(E,E, )

where g = time rate of mass injection = Z—M
T

4.1 Solution t>t; where t; = duration of injection

(t-1)

c:%{&@[erf( a +,/b(t—t1)j—erf[\/%+\/ﬁﬂ +
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4.2 Continuous injection t; =t

c= %{e”%rfc {(\/% + \/ﬁ)} +e ®erfe {(\/% - \/ﬁ)}}

Steady-state solution t— o

C:%exp—[zﬁ]

Special case: Steady, homogenous, isotropic

T o {r\/u2 +4EK—XU}

4rEr 2E

where, r=4x*+y?+2°

C=

4.3 CPtS (continuous point source) neglecting longitudinal diffusion

Governing equation, homogenous turbulence

_ 2 2
L_g,9CE, %% ke
OX oy 0z

Solution

g X

——— exp- +
4n(EyEZ)”2X LxEy 4xE, U

C

I

y’u  z%U Kx}

4.4 CPtS in uniform flow with anisotropic, nonhomogenous turbulence

Governing equation
ac o°C o°C
U—=E,(X)—+E,(X)—
o~ B0 7 T By )aZ2

Diffusivities: (Walters, 1962)

—_ o
Ey = ayX

E, = a,x

(4-3)

(4-4)

(4-5)

(4-6)

(4-7)

(4-8)

(4-9)
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Solution

oo [@raar) ) [arauyt @epu 2 _
C_Zn\/ay—azx {eXp {4X(1+cx) a, + Ax B a, (4-10)

4.5 CPtS in Shear Flow u(z) = apz" with Non-homogenous, isotropic turbulence

Governing equation  (Smith, 1957)

ac ot 0 ac
U(Z)& = E(Z)W'FE(E(Z)Ej (4'11)

Solution for p =%,  E,(z) = bez"™

C= i exp— [M]

ZM(bOX)SM (4-12)

5 Continous Line Source (CLS)

a eXp— [X_U(t_T)]2+ y’ +K(t—1)pdt -
nlE. ) { E () )}d o

C=

O —

where g’ = time rate of mass injection per unit length.

5.1 Steady state solution t—> o
xU
q.ezEx
2n(E,E,)

c= Ko(28,) (52)

where Ko = modified Bessel funktion of second kind of order zero and

JE X +E,y?)(UE, +4E,E K)
4E E,

B, =

5.2 CLS, neglecting longitudinal diffusion

q y’U  xK
Cz——— exp-— +— 5-3
famxUE, T {4ny U } 59
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6 Continous Plane Source (CPIS)

Time integration of IPIS

c= Eﬁ exp — {% +K(t- T)}dr (6-1)

where q” = time rate of mass injection per unit area.

6.1 Solutionfort>t;

xU

qeZx (X+Qt] X+Q(t—t,) (XQ)
c=—— |<erf —erf| ————==| }exp
2Q) JAE, t 4E,(t-ty) 2E,

(6-2)
- ~Ot—t -
- erf(X QtJ—erf R G (t-t) exp(—xgj
4E, t 4E,(t-1)) 2E,
where Q=,/U? +4KE,
6.2 Continuous injection t; =t
xU
1 2EX
c:q © erf X+ F1 exp(ﬁj
20 4E  t 2E,
(6-3)

Concentration at x=0

C(x=0):q— erf( i J (6-4)

Steady-state t— oo

=4 exp{— (UF Q)} (6-5)
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6.3 CPIS, neglecting longitudinal diffusion in downstream section

C

1N

qII XK
— exp—-|— forx>0 6-6
" o] o =

Neglecting decay in upstream section

_ qll XU
Cx—— e — for 0 6-7
U xp{E } X < (6-7)

X

7 Continous Plane Source of Limited Extend

7.1 Semi-infinite CPIS

Source over -0 <y <0, -0 < Z < 40

Governing equation:

— 2
L_g, 7% ke (7-1)
OX oy
Solution:
no_Kx
c=d o Uerid Y Y (7-2)
2U 2\Eyx
7.2 Rectangular CPIS Brooks (1960)
b b
Source over—E<y<+E , —0<Z< 40

7.2.1 Homogenous turbulence Ey = const.

— Kx
_izle Ulerf| YERI2 | U | gl y=b/2 U (7-3)
C, 2 2 E, X 2 E, X
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Centerline concentration y=0

_ Kx
T g7y erf[g LJ

Co 4\ E X

Plume Width L(x) = 2+/3 &(X)

24E, X
L/b=,1+ o
7.2.2 Non-homogenous turbulence E, = Eyo(%j
— Kx
—CTaX =e U erf 3/2 >
Co [ 12E, x]
1+ o —
Ub?
12E, X
L/b=1+ byzo
L\43
7.2.3 Non-homogenous turbulence E:EYO(E] “4/3 power law*
— K
e e_vx erf 3/2
Co 8E,, X 3
+-— 0
Ub?
3/2
8E, X
L/b=|1+ y%
Ub

(7-4)

(7-5)

(7-6)

(7-7)

(7-8)

(7-9)
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8 Instantaneous VVolume Source

One-dimensional

Instantaneous injection of mass M over |; < x < |, producing initial concentration c;

M

where A = cross-sectional area.

c e (x—1y)-Ut (x—1,)—Ut
C_i: 5 {erf{ \/%xt }_er{—4EXt }} (8-1)

Semi-infinite domain -co < x <0

°_ 1{1— erf w} (8-2)

4E t

X
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