STRATIFIED FLOW
Gerhard H. Jirka, University of Karlsruhe

1.  Definitions, Equations of Motion, Parameters

Stratified fluid: fluid involving density variations p (X Y, z, 1) in gravitational field g

Z)

- ' mass M

| | & o=/ oo
olx,y.z.tl volume L

>y

temperature (heat)

- dissolved phases (solids, fluids, vapors)
- suspended solids (sediments)

- pressure

Sources of density change:

Ex. Seawater p (S, T, p)

T T T_ pressure
| | temperature

| salinity S= [ mass of salt J %o

mass of mixture

UNESCO (1980) equation of state
oy =p [—k—%} —-1000 “sigma-t” units
m

Freshwater 4°C ct=0 ‘Reference value
20°C ct=-1.77 0.18% lighter
Seawater 0°C ot =27.3 2.73% heavier

S = 34%o0 20°C : cr=24.0 2.4 % heavier
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Hydrostatics: Equilibrium of stratified fluids p (2)

P - _pg ¢=00-9)
0z
Incompressible fluid: p = f (pressure)
Z
p=p(0)-g[pz)dz p (0) = reference pressure
o]

p = const. isopycnics

R X
p = const, isobars
-

L \ zA

Examples Linear P - Discretely
stratification layered
strafification
P, .
5 >
Py . %
~ Equilibrium states:
Stable —  p decreases with z
Neutral — p=const.
Unstable —  pincreases with z

Deviations from equilibrium — p (x, y, z) — horizontal pressure forces induce flow!

Compressible fluids: Atmosphere, deep ocean
p = f (pressure) Gas law

Stability conditions given by entropy variations
(i.e. adiabatic movements of fluid parcels)

Concept of potential density (potential temperature) (see Turner)




Governing equations of stratified flow: U=(u,v,w), p
Ref. Turner (1973)

- Mass conservation:

op - op - -
—4+V- =0=—"+4+1-Vp+pV-
otV P)=0= 0T VPV T
| NS S
Dp
Dt
Do _ incompressibility (constant density following fluid motion)

Dt

V.i=0 continuity eq.

- Momentum conservation (Navier-Stokes Eq.):

ou . _. Du - 5
—+u-Vuj=p—=-Vp+pg+uv-u
P[at ) P Dt p+pg+u
u = molecular viscosity

Neglecting viscous forces:

-

p% =-Vp+pg Euler Eq. p = variable!
Reference state: Hydrostatic condition (no motion)
0=-Vp, +p, O
Deviations: pP= po(z)+p
P = Po(z)+p’
DG = ’ [
po =" VP -Po)+-p.)a=-Vp'+pg

Stratified flow motions are result of density and pressure variations from
equlibirium!




- Vorticity conservation: & = Vx{i

— = yWC +C- Vi - E}(Vvap)

diffusion stretching  generation due
from solid  of vortex to non-parallel
boundaries lines isopycnics and isobars

1)  Stratified flow is always rotational

2) Inlayered stratified flow vorticity is generated at density interfaces, but
flow may be irrotational within layers.

Boussinesq approximation:

Small density changes relative to total density
p = const. = p, reference density in acceleration term

2o Lyps g Lypeg
Dt p, Po Po
' = 2§ =buoyant acceleration

o}
Small amplitude approximation:
bu_au +U-Vi=- in’ +g useful for linear wave theory
Dt ot Po

N——

~0
small spatial

gradients




Parameters of stratified flow:

- Displacement of fluid parcel in local stratification:

z=0

dt?

~(po &'2)gd Vv

dzz ) dZZ 2
—+¢g'gz=——+N"2=0
eI e

z=Acos Nt + B sinNt

1/2
N = (_id_Pj
p, dz

period T= ZN—R = 0(min)

pP,0V

- Shear flow du
dz

_94dp

N>  p,dz

BRG]

- Layered shear flow -
&g[_ ,
R =P _9gL
Iy U2 - U2
U 1

- Viscous, diffusive effects

Reynolds number

Schmidt (Prandtl) number

Q.!Q.
N |©

g =- A% density gradient
p, dz
Isopycnics '
harmonic eq.

Brunt-Vaiséla (buoyancy) frequency

atmosphere, lakes, upper ocean

Gradient Richardson Number

du wu

e 2N —

1T "9z L

Bulk Richardson Number

Densimetric Froude Number

v, D, K
Vv

Sc=~ , Pr=

v
D K




Internal Waves: Small Amplitude (Linear) Theory

Discretely Layered Sytems , 2-D(x,2z), uU=(uw)

z 4
gl Layer 1  p, (p'=0)

sharp interface

nixt) -
AN /L .
-

equilibrium pesition

Layer2  p, = p, +40 (0’=0p)

For each layer: 4,, G,

flow is irrotational € =Vxii=0

satisfied if T=-V¢ u=-20 , 2
X 0z
continuity V-u=0
Thus: V-Vo=V?$=0 Laplace Eq., Potential Flow
Interface conditions: n="f(xt)
1) Kinematic: w=a—n=—@3~ = 9%,
ot 0z |,_, 0Z|,_,
2) Pressure continuous: p, =p, at
z-momentum eq.: P a{;’:‘ =Py 0 ( 6¢1] (a¢1)
pr—+ od; =p, +Const.
ot
9%, A Const
P22 ot =p, +Ap gz +Const
at z=n
09y 99,
—_— Pt < _A
P4 ot P2 at],_, pgn

_opy

0z




Natural modes: n = acos (kx + ot)

a = amplitude
a _ 2z
' > = wave nhumber = ~ A
_ _ 2%
! | o = frequency = == T
e A - T

Note: n=Re|ae"™ e®|=Refacos (kx + ot)+iasinfkx + ot)]

Two infinitely deep layers: Progressive Waves

b= A e et ] Satisfies V¢ =0!
'

b, = A et eltiot | o 5 decays away from interface!

Satisfying interface conditions:

Solutions: A; = g , Ay = L
K Kk
2 Ap , , .
o =gk Dispersion relation
P1+P2

Interface movement: n(xt)

dn:@ldx+a—ndt:0 for n = const.
OX ot

—ak sin(kx + ot)dx — ao sin(kx + ot)dt=0

dx

®
—_— ==
It ” Phase speed

k K131+F>2

wave length

period

1/2
c=2 (g —ﬂ)——J Long waves (k — 0) = c fast

Short waves (k — «) = ¢ slow




Progressive internal
wave:

instantaneous
streamlines
- - - - particle orbits

Note: Shear at interface
(vorticity generation)

Surface wave: p1=0 (air) , Ap = p2
g 1/2
2
= gk , c=|=
© e G

Boussinesq case:  p,~p,=p

1/2 12 - 1/2 ~N1/2
0)2=-1é£gk , C= _139 .9. - _.1_ (_g___]
2 p 2 p Kk 2) |k

R — L —
lower slower

longer period T




(i)

Two finite layers:

0,

z A W1=——-—-:0
z2z+hy NN SN LA NN AN AL \/\;/ 0z
L
¢2 wzz—a—?z.‘:o
L~ oz

L NV NV IRV NS NSNS NS IS NN\
-+t
o= A, cosh(z —h,)," "

¢, = A, cosh (z -t-hz)e""‘““iOJt

2 Ap 2 O
O =9 Cothkh, +p, cothkn, K2
1) Deep case (short waves):
kh-—->ow , cothkh—1 — as before

In practice: kh=2 or A<mh (10% error)

2) Shallow case (long waves):

kh—0 , cothkh-—1/kh

In practice: kh<0.5 or Ax=4rxh (10%)

=9 Ap - g—2ehh, non-dispersive!
k 1 - p1hy +p2hy
P1 +P2
kh, 2kh,
2 ’ h1 h2

Boussinesq case: c¢c“ =g
h; +h,




(iii)

3) One shallow layer (long waves):

kh, — 0 (shallow), khy — «© (deep)
C2:g____Ap—_:gApi]L__:éth2:g'h2
P+ 1k pkhatpr  po
17 P2 Kh
2

non-dispersive, shallow layer controls!

Free surface case: Ap = p2 c?=gh,

10

Fig. 2.1. A wave on the interface between two homogeneous fluid layers
with different densities and depths. The lower layer is dyed.

Two-laver system with free surface:

Az 3
Z=h1 /’—y—_f"

.

z=0 /}—

Surface

Interface

3
it

Z=—h2 -

NSRS RS PSSP RS 2L SRS RSS2SR SR A
Dispersion relation o* =f(k hy, hy, Ap/p,)

Surface / interface interaction! — 2 roots
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Solution assuming: Long waves and Boussinesq case!

c? =g(h, +h,)=gH FAST MODE
(external, barotropic,
sinuous)

> T density effects unimportant

AYANVEN AN YOO\ YN N AN AN ANV

2 _ lh1h2.
¥

(9}

SLOWMODE (g'<<g

(internal, baroclinic,
—v varicose)
Free surface almost flat,
yields hydrostatically

:

\
<
W

KA XK KK A AL A A AL L RS

In shallow waves phase speed is equal to energy transport velocity (“group velocity”).




Standing waves:

12

Superposition of two opposing progressive wave trains

I
l
|
|

I
1
Node II

=X
=2

Dispersion relations are the same!

Assume: Shallow basin of finite extent ¢

|

l\possible vertical boundary

By Py
h, £, \@ﬂ)
X
Nee.
0z 0
Possible wave numbers: k= %zl = n% n=1,23...
mode number
Thus: 4= 2%
n
~23
Note: c=Q® - T _*_20
k 2t T nT
A
. . 2/
Associated periods: T = —
nc
“Seiche” motions:
. 20
- External seiches: T. =
° nJgH
- Internal seiches: T = 2¢
Ih1 h2
n,/g
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Generation of seiche motions: Wind set-up
_Wed_ 0~ _ . - Steady wind Ty
: a, Tw=0p F;air U2w
by p —f cp~ 107 typically
H
h, p+h0p ]a.
| 1
!‘ 8 |
Surface set-up as: pglaH=1,/ Force balance
a =W £ “barotropic forcing”
== g 2H p g

Interface set-down a;:
Pressure at basin bottom must be constant
Prett = pg (h1 —as —aj) + (p + Ap) g (h2 + &)
Pright = pg (h1 +as + &) + (p + Ap) g (h — &)

Set equal: a; = LaS “Baroclinic adjustment”

i Ap
Wind stops — as gives initial condition for external seiche

a; forinternal seiche




E. B. Hevson

INTERNAL WAVES IN CAYUGA LAKE

(
E
\
0 | 2 3 MILES

) ) ITHACA
1_0 SAMPLING LOCATION

LiraNOLOCY AND OCERNOGRAPHY . /959. Vo

8. 8 30 38 3 7§ io 18 20 @3 30 310 1 @0 28

c JUNE JuLy i { “Aug:

Lo

i5°C
W 8°c
\/\/‘\/ ¢°c
e

.FXG. 2. TFluctuations of the 6°; 10°, and 15°C isotherms as observed from the Taugha
Cayuga Leke, from June 9 through September 7, 1951. . :

OEPTH N MEYERS

25 °C.

viii5rl
_———- /9.3 -~

20T
30
40

50

h=60.5M

T

60 te= 17.8 °C.
th= 6.8 °C. -
70 /
[=445KL.) - - f
.80 m= X d .
- n=49 o
90, lmn
100, 1. =P =56.7 HOURS [
/U' .
1101 i . :
M. i

- Fic.4. Temperature profiles for August 3 and 4, 1951, from the Taughannock station, ¢ *

‘Thé mean temperature conditions of August 1 through August 8 are represented by thedotte .

various factors listed are used in caleulating the thecretical period.of oscillation of a uninoc . |

Fra. 1. Map of 'gzéquu Lake New York tyre seiche
showing the location™of the nug’mnnocﬁ SaIT~

" pling station. Contour intervals are 200 feet.

7k [4

F1a. 5. - The observed temperatures of the metalimnion (19.8 metérs) at the Taughannock
Cayuga Lake for August 1 through August sj?’hg‘a_;?m represented by points 4 through X. Th

represents the theoretical temperature condit! t 19.8 meters.:

i

B A
EAT_:'“'?'C M =
6

Oﬂ oo4




26 SMALL AMPLITUDE WAVE THEORY

8 ’ T
4 foie
7 wF S £ dn ol G | %
l Cosdl *h= T e + 2 '{*"jg
7 [ & s
l by
[ e
s .
g - oy
' = l I
[ g <l
°|
5 i & -~ =
5 , &
" 2
E S| <
E :f
O
2 B I
e i
3 __::m“ :"':I'C !
ik
o l cosh kh ~ Asymptote: f, (BR) = =
g | I I
2 © |.§i [
['Nﬂg . , I
L~
| /// /4\_Asymptote: fi(kh) = kR l
f
1‘ ‘/_?/ // e ‘ /Asymptote: f3(kh) = 1.0i
Zam———e S
] e —~ tanh kh l
| 1
0 T 1 B2 3 7
10 kh = 277 -2\_
FIG, 1.9. Hyperbolic functions and asymptotes,
,/\ ,

&N\ P
$ \—/

Il

T 1T 7771 77T T 777 7777 77777

¥

Shallow water Intermediate depth Deep water
h 1 : 1 h 1 h 1
)\SZO 20<A<2 )>2

FIG, 1,11, Schematic representation of water particle trajectories.
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B) Continuously Stratified Systems (X y), u=(uw)
) _ 9 0P _p2
\//\\_//\\ po az g .
N po = equilibrium
_ density
isopycnics
P T 1 .
ZT/ ~—— ~—— wave motions
X —  rotational flow!
~ TN
ou Ow I
1) —+—=0 Continuit
M ox 0z Y
(2) ou + 1op 0 x-momentum
ot p ox
(3) ow 1% +g' =0 z-momentum
- ot poz :
(4) 99 _N2w =0 Mass conservation 9 _g=9P0, P
ot t ot 0z
uw,p,g = PP, g Eq. (4) — density variation 90°

2-D wave structure:

Dispersion relation

k2 1/2
Since
[kz +mzj

out of phase with velocity w

M = —2% = horizontal wave length

Ay

2 1712
o =N
(k2+m2J

<N

—2!%5 = vertical wave length

N is maximum frequency of excitation!




Applications:

Standing wave patterns in rectangular basin

7 |
T /77//440777////7%777%

Fig. - Displacements and streamlines in a cellular standing,
internal gravity wave. (From Prandtl 1952.) Fig.

falas

Wave radiation from oscillating source

/-

N=const.

Slow excitation o << N

; 8=90°
— horizontal motion only

15

" Laboratory experiments on standing internal waves in a con-
tinuously stratified fluid (a) mode (2, 1), (6) mode (2, 3). The dyed layers
marking surfaces of constant density were inserted durmg the filling of the
tank. (From Thorpe 19684.)

k = (k, m) =wave number vector

bands with wave activity

energy propagation (group velocityl

cosezg
N

=

motion
confined

*

Eigenfrequency o=N 06=0°

Fast excitation ®=N No waves! Local d

}

. vertical motions

issipation!




WAVE RADIATION /1 STRATIEIED
FLOID (L/nEPR JTRATIEICATIDAS)

(;J’/,U: 0. ?
1. 1’

/%owén&y WP § qu;'gj /?‘?/
TFmM
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- boundary reflections

/ - basin shape!

- silent regions
- focusing regions

N=const.

- nonlinear density variation N # const.
Z)

- reflection layer

z
A | N>>w energy absorption

critical {ayer

!
]
!
l
l
I
|
|
l

(7]
Lee waves = superimposed mean flow U

Stafionary waves

,\\\ \\\\ \\\ \\\ \\\ \\\ \\\ \\\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ \\\ A

—_—
u
Density
N=canst. perturbations
b

PNV //\,\//, N PN NSO PN PN TN NS PN PN PN PSS NS TN DN PN //; //;
hump
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3. Two-layer stratified flow

(Hydraulics, finite amplitude motions)

- predominantly horizontal flows driven by density differences
(baroclinic effects)  1-D theory

Examples:

exchange flows over sills {Gibraltar)

Aflantic

il

salt e c(je_

River —_— X ‘ ~
(in "L’b"Z/C-fJ elﬁad.ne.f

- ‘- Ocean

SNAONYANTN ANNUOANUANIANIANIA /\V/K
N

\\ AN

%

bLottom Heniify, caurrent
(f'f- '76\.4"47:\/"6 é—trrenf)

Cc <

— —

\\ \\ \\\ \\ \\ \\ \\ \\ \\ \\ \\/

ﬁ/Skimmerwall
g

ﬂ ’ Jelechve wWiflctmwat
— :

R RTRRR ((Coolnp water infalee)
Q\\\\\\\\\\\\
g

K

4

analogy to single-layer hydraulics
- concepts of local control

- effect of friction




Single-layer hydraulics:

18

1-D hydrostatic assumption

I Total E=pg(z+h) u’
\u*h\ otal energy E =pglz +h)+p—-
u2
<\’7/\\’7/\\’;«Wx =pgZ+p+ p——2——
4
Datum
- flow rate/width ~ g=uh = const. - stationary
- constant width
- dE .
Frictionless flow a 0 (short distances)
dz dh q° dh
J— ——— | — ——— O
pg(dx i dxj Phe
2
| dz _ _ 1_q_3 d_h:_(1_|:2)ﬂ
dx gh® ) dx dx
F= —\/i_h— = (free surface) Froude number
g
_dz
dh__ ox F2=1 : critical flow:
dx 1-F?
dh dz
— —>o unless —=0
dx dx
- flow over a hump ]
? concept of local control
- flow through constriction
e dE e
Flow with friction: = S; =friction slope
eg $S;= f ﬁ Darcy-Weisbach
9 STYR, P2

Rr=h
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Frictionless flow over hump: h, = depth without hump

Subcritical flow
F<1

Crest-controlled
flow
F =1 at crest

Supercritical flow
T F>1
he q —
L s ;
Flow with friction: Backwater curves

e.g. subcritical flow
hn = normal depth

M1

Case B
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Two-layer hydraulics:

- similar principles
- more degrees of freedom

g1, g2 (co- or counterflow)

Ex.: Frictionless Co-flow with barotropic forcing
i.e. constant velocities in both layers without obstacle (Lawrence, 1993)

Boussinesq case — free surface = constant

t ~ p+bo

Parameters: p, Ap, g, 91, 92, h, Zm

; : . 92 z q Ap
Four dimensionless groups: r=-%, B . ="" (G, =—— =%
g’ " h ° Jgr@-n® e

where q=qi+q2, hxo=rh, g="Tg

- Define: m=z+hy—hg Disturbance of interface

_FZ%
Eﬂzﬂ F2_q_12 E2_ q,”
dx ']—Gz T lh3’ 2 - /h3
: ghy gn,

Composite local Froude number
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Classification diagram I

(Lawrence, 1993) - 12 4 T—/\— IV Supercritical

. B ‘;0 A
r=0.5 . « G>1 >
. 1.0
0.8 +
G, |
0.6 +
04 +
02 + -
| I Subcritical Crest-controlled
0 0.2 0.4 0.6 \ 0.8 1.0
B
J:fv R
LT N RN
G<l ~G<l—+ G>1 —

Figure ©  Classification diagram for r = 0.5 showing the regions of the (£,,, G,)-plane corresponding
to each of the flow regimes (adapted from Lawrence 1993). The dashed line in the sketch of
Approach-controlled flow represents the hydrostatic solution.

U f - Vertical profiles in an Approach-controlled flow
$ / p/q); ufcm g | as
PR ~ 3. -+
i J * VELOCITY ‘é‘« 0.4

5 600  Atiantic Ocean
g 800 ________-——-—'-"36.0

1000 -

1200 -

1400 ,_ L .
Figure . Dense, highly saline water of the Mediterranean flows into the

North Atlantic over the sill at the Straits of Gibraltar. As it sinks it mixes
with the surrounding water and reaches a density equilibrium at about 1000
m. Spreading of the high-salinity Mediterranean water can be traced across
the entire Atlantic (from Knauss, 1978).




Ex:
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Selective Withdrawal with skimmer wall

(Cooling water intakes)

SSSY

/

L0 p 000042020000 207077

L]
Large !
1
water Intake i W
body channel |
hY
LL70 7702777770 RS0 7+ 7
/// ad )\ 7/
A Skimmer
- wall

a) Plan view

Operating condition:

(Jirka, 1979)

IMAVANN

b

- TLLS ALy
74
A .

b) Hydrestaticjconditions

h

r

Lower layer flow only

2
é  oh=-=3_.B
T T 2gB
If q —> B
' ‘ ” q=81/29’ihr~Bi
permissible withdrawing rate
/
dqg 2
ﬁ = O o qmax = = ghr

if

B< ’i,‘hr critical section

102NN Iarys 7
/// / Af 1222 fB 223
. Critical section

¢) Incipient

" Two-dimensional skimmer wall in two-layer
flow with design condition B <2/3 4,.

if Q> Qmax

Both layers flow

shifts forwavrd

ki

but selectivity is
maintained

o
hr

P

la l
XN
1
\
q, mixing
& 1“:2},&@?53

o

/A/// Ve

TSI
2
o , |
v Critical section

d) Supercritical withdrawal
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T T T T T
oek [Pate H/h, H/h= 2
’ Harleman and A=1-F, /F
Eider (1965) | * [281t074 R
Delft labor— % ~
atory {1973) 301060 - 2.0
0-5'— ® X XXX x
State electri—| © %22
city comm— | ¢ |I.
PN ission of Vic-| o | 1.7 1.8
toria (1974) | o | L6
0.4+ ~ 1.2 B
o | L7 1.6
f; :Zg Limit of partial selectivity
5/2 -2
03k P (H/B YUY H/R, 1) 1.4
0.2r r -
e
S0
0.1k N— H/h, = 1.0 |
4, %Y
+B§g_° *
0 L S ! S B = S ! NI P
) 0.2 0.4 tos a8 10 12 L4 16 08 2.0
F, = (2/3) Foralgho)
Limit of full selectivity ’
Comparison of complete skimmer wall g .
theory with experimental data for B < 2/3h,. . F = 1 5Y2 withdrawal Froude No.
4
gn?)
. A=0
I.o /
/————— Selective withdrawal effectiveness diagram 0.1
| for two-dimensional skimmer wall.
‘0.8 - ‘ 0.2
Y \ Nor:e— ti::::cﬁve 0.3
E ’
06 © ) 0.4
T = \
~ s 0.5
2 =
5’_» N r:"mclx
04r < Sy _ 0.6
>
= s S 0.7
[T . —— —
| Partially T——
0.2 effective regime —— e — 08
= A=0.9
‘< /’-——__—_-
L 13 13 L 1 5 J
OQ 4 1 2 -] 6 T .8
Fl'C 7 Fr =q:(5'h,3)-|/2
O+her 529mc—1{‘r\z: (3’_0),‘ lcl
A _/;/'7 [ /\
P, Py

Jirka and Katavola (1979)
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Ex: Internal hydraulic jump

—>  sudden flow transition from strongly supercritical condition to less
supercritical (shocks) or subcritical conditions; with energy dissipation

Compare: free surface flow

=
(} O T, I - 1 2 q
[ ) Sy h Flow force” = —pgh“ + pg-— = const.

conjugate depth h’ % = —;—(WM +8F2 1)

Extension: Yih and Guha (1953)

N\Aﬁ/—%——r— 4 possible conjugate states

_N - neglect entrainment
h, -
—>q

Boussinesq case: Jirka and Harleman
(1979)

hy+h, =h, +h, =H

, 2
f(h')-_- RS LT B 2F,"
1 hy |h, 2| 4 2F,”
L h—1+1
h1 h1
| 2

2
F‘lz = q1 ' F22 = q2
grh13 g;h23

- Special case:
Inverted jump for surface layer h, >o, F,—>0

= ’

Q> | M

S h—1=—1-(w/1+8F12—1)
hy h1 2
e |




Special case: Equal counterflow

1 Upstream supercriticality

. |

1 i

hy —— g |
I

2 2
I l h1' Su = F1 -+ F2
| .
I I
h: “f—‘l q { b Downstream
2
: ll 2 2
| | Sq=F +F,
“upstream” “downstream”
Forjumps S4<§S,
f (H/H) 54> S,
Si < S,
1
| ml - }II]/H
0

RN

T— }
///./ w \\\1
Ve ~

. Limiting soilution

7~
Increasing
Sy

Ficure 7. Solution properties of internal hydraulic jump equation (32) as a function of upstream
supercriticality S,,. Solution I is the general admissible solution with lower specific energy.

05 Y T 1 T T Y T T T T
04 - . 7
Unstable jump
. Equation (41) -
S, =1
Equation (38)
03 |- s ]
d= Su
E'::' B ~
- kY
02 No jump Equation (42) .
Sy < 1 Sq=1
Stable =
" jump \ . —
03 0T
0 1 1 L N S I L 1. 101
o1 1 - 10

£,

Fiaure 8. Stability plot for internal hydraulic jumps with equal flow in both layers as a function
of upstream conditions F} and ,/H { x indicates conditions for pure plume discharge).

(Jirka et al., 1979)

- Also: Radial internal jumps
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Ex: Flow with Friction, Horizontal Bottom

Boussinesq case

Py 17

We
IOZ Uz “‘fn

T, = %p Uy |u,| bottom shear

T = —;i—p (Uy —uz)|us —u,|  interfacial shear

Ty =Cp Pair Ua2 wind shear (neglected)

¥
i
L < =
j
e = A Q8 |
& 103
Exp. Data
164
O Keuiagun (19686)
® Mojewshi {1963) + Zonotti (Po) (1965)
& Riddell (1970) ® Boulot & Daubert (Rhone) (1969)
v Grubert (1980) % Keulagun {Mississippi) (1966) F,=0.23
103 © .Sorgunt 8 Jirko (1982] + Balloffet 8 Borah {Orinccal {1985 F*034
i 1 1 . i 1
10 10’ o' 10° i* 0 0
Re
Fig. . : Interfacial Shear Stress Coefficient A, as a Function of

Reynolds Number and Froude Number (Arita and J:era, 1987)




Schijf and Schénfeld (1953)

2
Q125&h¢:h1{dh1+_dh2}_+ Y
gh, dx dx dx

) _
q,” dh, 1 h dh, dh, Ty — T
— = + +

gh22 dx  p, 2| P1 dx P2

Boussinesq case; quadratic friction law

dh, 8 9 \N2

2
“finzsiQn(qz)—f—iFf‘li 1“3?* ﬂ—1 sign(q1 "Q2)
~ 8  h, h

dX 1—-F12-F22

where Fy, F2 are densimetric Froude numbers defined as

F12 _ q12 2 qz2

: =—53 local
gh gh,

3 2 7

~and sign (a) = (+1) if a is positive and (-1) if a is negative.

Supercritical

27

! g
3 l - —+—q,
1 §
H ! subcritical __= ]n
L 1 Ny e
26 hz
o
Y A2 @—— ! X
77777V 77777, 7777777777777 777770
Xy N X2
Critical Supercritical  critical
Section Section
Fig. '~ : 1Interface Profiles: General Solufion for One-Dimensional

Stratified Flow Equation




Parameters:

q11 q21 g’y H, ny fi

FzH:—qz—“: Q*‘qi: fo | fn

g/H3 q2

10

i 1 b [l 1 1 1 1

Fig.

20 .30 40 50 60 70 .80 .80 1.0

Critical Depth as a Function of Densimetric Froude Number

and Flow Ratio

Fig.

a)

b)

c)

'
..

9y

TSI TTT77TT //%

Arrested” bottom wedge

A

qz A
P2

I~

77777777777 777777777 777777777777, =

Arrested surface wedge

c

-~ ] -

c
T
\k -+ g, {
! .
Py | !
| —e

E//// T TT T //////% =~

Kl

P

Equal exchange flow

Three Examples of One-Dimensional Stratified Flow ("¢

denotes a critical section)
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! i I I L] [ T T
1.0 | Lo

a) Surface Wedge

1.0

b) Bottom Wedge ]

Fig. ¢ Non-Dimensional Solutions of Wedge or Channel Length as
a Function of Densimetric Froude Number
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Salt Wedge
. L. 2] 1 213 6. a3
Intrusion length == -2+3FK, " -=F
H f|5F 5 ™
i 1+4
P S 4 A ZC"" .
(em) ] 8 8 2 ge _.,S::v j&,h S 57,/ =
" —* ? T A A 8 : , ~ P
: : ] : TR . Hode. Enp (113) 198 %
© 3 3 H d B s j__ kY 4 Vi - f,
: ; WA B - v
- Interfoce u%_‘g’g‘ \ —— ZL "\
* ) ) "_‘:‘ N | [
400 200 mg s N %i o
wld-dwnn omcuv scals Sems .u: ol {cm) |
Fig. . Velocity and Density Distribution for Wedge Experiment 4/17 (F, = 0.39) o8k
0r ° [eX3
‘N
£ |
0.6 :N
04
ha o4 \\ 0.2
o \ -
03 Beo 4
COMPUTATION / @ ; 0.0 i ! H i 1 1 ) 1 1
e '\'\“ | EXPERIMENTAL CURVE 00 0.2 04 L 06 08 1.0
o
0.1 . Fig. ... Normalized Interface Shape for Salt Wedge. Comparison of Experiment:
and Schllf-Schonfeld Theory
oCl 20 40 60 80 100 20 140 180 IISO 200
X/hg

F1G. . —Comparison of Experimental and Computed Salt Wedge Profile in Horl-
zontal and Rectangular Canal

735’5%&;*(15" ond Borel j %}‘37,,{{ .,
(/m} 158 ¢

a2

T T 1
| WATER  SURFACE

FLOW

_—
\NTERFACE: L—

T [ [ gV ==
100,000 CFS -
BN | L /1 ,./

E ] 150,000 GFS—
E \ r 3”/*(2—0:000“ 7Lzso.ooocrs |
& s L (R, ad
3
2 L DU R AT ASNAWTA (Y T
A R TR ==
Wy i i PASS ]
7 VT Ty
s i
s N U
/osv‘gssss < i ‘e *
w
- ! \| e
S o?v“ LUt § (agl " o«
&% enss™ | Ed { 5
v, 3 Cd H a
. i 20 § H
Y1) =z
o~ BT = 60 « 3, . ;
© AN o
5 0 5 10 ISMILES  guLF  OF :\ounsmNAoFanaﬂe :@a X o B @ o 1o s 0 o ae w0 T % @ K o w0
OIL PORT (LOOP)

FIG. -—Steady-State Saline Interfaces in Lower Mississippi: Existing Channel

A ippi
FIG. .—Map of Lower Mississipp (1 #t = 0.305 m, 1 mile = 1.61 km, 1 cfs = 0.028 m’/s)

Extended Salt Wedge Mode!: Arita and Jirka (1987)

- with entrainment and salt circulation
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Exchange Flow Between Basins

-e.g. warm/cold lakes
fresh/brackish/salt water: e.g. Baltic Sea

/ T R

limitations on mixing

- open door/window
1 - ni13 1/2 4
air 20° / (gH )

— P

air 0°
20 m
r=[—29_lg-0o67x10=067"1
” 9 (273+20J9 067 52

Le=0

OpeningH=1m, B=1m

e =%1/0.67 x1® =0.20m*/s, m

Q, =q,B=12.3m®/min

- tunnel ventilation, flushing mechanisms
fire control




Ex. Density (Gravity) Currents (Fronts)
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"Heael”  Bgttam

1K

¥ current
h Ug

Py Surface 7
current /r
1 2 Benjamin (1968)
R N}
] - p H-hz"s UZ .
Wl LU '
A >
A
> P, u=0 h2
: Y
S s'tggnarion - Hydrostatic
point - inviscid approach
- No mixing

UH=q=U,(H-h, -3)

1 1 1
P1qU+§PQH2 =poqU, + ‘2‘P1Q(H - 5)2 +§"(Pz “P1)gh22

U2

p,gH—h, —8)+p,gh, =P, Fluid 2

Unknowns: Uy U, 8, ps ; Given: Ap, g, hy, H

2 U _@-n-n __h
g’ha 1+n H

Froude number for density front

Energy eq. for upper layer:

2 2
—gg +H= %29— +(H-h, -8)+h, h, = energy loss per unit weight

h,  n*(1-2n)
H 2(1+n){-n)

normalized head loss
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Special cases:

n=0.5 Lock exchange flow U l = { /
1 =zt H
I

h ° 1h£ z u
T—IL =0 energy conserving! T A
1 U2 .,  U* 1 1 {
F2_—_-—:-—; F =——=— U-_—-_.__ 'H T2 1
2~ gh, "TgH 4 2 Vo T3k
In practice; Loh =z
u’/a Q_Q " 7 z
ha < g u‘fz_
I R A 77 LR ON N~
u; = 0.59gH u;, =0.47/gH
15+ N2
F he
10T +0.02
F ‘-[1-— h A :
(V2 H Koy jesmin (176
05+ 1001 njemin (1762)
. 0366 energy conserving !
0 01 02 A 03 04 05
n=0 H—ow thin layer F = u - Yz
h ‘j“"z_

—l_—’i’— — 0, but not energy conserving!
u =z ‘3"1,_

— Dissipation in wake behind head
— can be expressed as “drag force”

- effect of entrainment / mixing
- viscous effects at nose




LOCK EXCHANGE FLOW

LIS

A |
]

NN AN N AN A AN A AR AN ANRANTANRONAN AN ANNVAN

approximate U as: Up ~Ug =U Front velocity

Ug
—y—

_1L : Jr_:

1
Uy !
!
!

T

1

BN | 7t

| 1 !

e | " K7

l I

! ! ]

1 1 = unit length
Net change (release) in P.E. = Total gain in K.E.
1,1 1,,( 1 1 L
[(p +Ap)-2—H(g-2—Hj - p—Z—H(QEHJ = p—2-Uf2H + (p+Ap)§Uf H:I
Parcel on left P. onright Top layer  Bottom layer
Apng2 = pu2H+Ap1u2H
4 f o
neglect as Ap <<p
2 1Ap
U =——-gH
=2 o g
Front velocity U = 1 ﬁg H
2V p
. . _ Uy 1
In non-dimensional form: T = 3
p
| Sy —

Densimetric Froude number
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4, Interfacial Instabilities, Mixing, Entrainment

Kelvin-Helmholtz Instability Mechanism

! Wave-Shear flow interaction
1

AU

Instabilities — wave growth — roll-up

77°f < (“f‘?-}"’?")

,2
Short waves  unstable for Q}_,L{Z_ >
gL m

i.e. initially sharp interface intrinsically unstable

(AUy

Long waves —————<>1
9',(h1 + hz)

i.e. supercritical flow is unstable!

Subcritical flow tends to be stable
(for long waves!)




Stratified Shear Flow (Taylor-Goldstein)

2 YN
T ]
u E
< P . ;<~—Au—>-l
ap
-9 622 1 for instability
P |ou 4
oz
gﬂ)_s ,
P g’

For layer thickness 8:

Bulk R;

if unstable — wave breaking — mixing

until new layer 8* > & forms for which R, ™"

Other wave types: Holmboe Waves

- sharp density gradients in gradual shear flow

ZA

38

_99p _\2

Buoyanc
yancy 0 9z

stabilizes

Shear @ destabilizes
0z

= 9,6* = -
(auy 4

“Marginal stability”

cusps; moderate mixing
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Mixed layer entrainment

- effect of turbulent kinetic energy on stratified interface — instabilities and
entrainment

Wind shear 7,

— e ey —

D 6 5 5= l Turbulence diffusing downward

R M

————F=—— e AR T

Interface

5 -
dh . .
T W, = entrainment velocity
_ (mean)
: T, . .
U, = /—W = shear velocity p = density of water!
p
A
W, :f(u*,——gg:g',h
p
w ! . '
E=—2=1 (Ri*) R, = %? = shear Richardson number
u. U,
°.3 T p T T T
0.2 X R‘:*\ I(o::\ o) -
BAT s Philleas
© L S ET hAad
% - P ~
moR L g T Oy (2leger) ]
AN J Laboratory
g X TN
< 0.035 |- ao* o AN . - H
13005 e nty NN - moving belt
= 7‘1 0Ao‘bv&!d}m’ a \‘ ’;n \"\
/ Cah, Y - grid stirring
Kato + 'v:if"':, g / '
0.02 voag X, N
?x]nl(i;l) v A::‘x AN
_) Y AN x L Y
( oo @ M A\ -
.01 b~ * ’x", -1 —& = 25 Ri !
x u, *
{ 1 { 1
10 20 30 100 200 300
i K(Opi0) D Turner (1973)
2T T

Fig. 9.4. Entrainment rates measurcd by Kato and Phillips (196¢6) i1
turbulent stratified flow produced by a surface stress, 'The overall Richar
son number is defined using the friction velocity and the depth of
mixed layer, and different symbols are used for experimental runs w:
various initial density gradients and surface stresses.
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