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Balanco de massa
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Equacao de difusao

Concentragao: o M. o cincia

V

total

Fluxo de massa: _ oT
(compare q, =—/1&) Impulso

jx — _DZ_()? dv av

P = oy =
Conservacao:
°C div j=00ouR
3t v =0 o0u
Equacao de difusao (1D):
2 2
% =D (’;XCZ: + R(X,t) (compare:%:azg%+ F(x,t)j

R(x,t): fonte ou sumidor (reacoes, transformacoes)
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Solucoes da equacao de difusao
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Mistura de fluidos com concentracoes diferentes (experimento)

= F(x,t)=0

= Condic0es iniciais C(x,0) = Cop(x)
 transparente: agua com Csa =0
 colorido: agua com Csa = Co

= CondicOes de contorno:
 superficie: C(xo,t)=0
« fundo: C(-oo,t)= Co

= Solucao (analogo eq. do calor)

c(x,t) = Eﬁﬁ Jo dx'exp (—%
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Solucoes da equacao de difusao

Mistura de fluidos com concentracoes diferentes (experimento)
>

A
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Exemplo 2

Definicao:
= EquacOes diferenciais parciais (edp) sao equacoes contendo
« duas (ou mais) variaveis independentes x e y
« afuncao procurada f(x,y)
« derivadas de f da ordem n
Motivacao:
= Problemas mais importantes na engenharia ambiental: edp2
= Problemas de conducao/difusao, equacao do calor, de onda

Equacéao do calor (ecl):

oT
Ox =—/1@— v =a’ az-l; +F(x,t) a’ _ A
X ot OX C,p
= O<x<I| ,t>0

= A: condutividade térmica, c: calor especifico a p const., p:
densidade, o: difusividade térmica
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Definicao do problemadc valor de contorno 1

homogéneo

= 0<x<I ,t>0
’ o (’9x2
Dm_chlet
(T fixo) T
T(0,t) e solacao T(5t)
3 oY = O material homogeneo ) out —_ O
é@’t) ................................. ,Sdacao ................................. X )
von Neumann o
(fluxo fixo) / -
X
0 f
=0 (> E(x,t)
e o T(X,O)—(P(X) ’ O _ O
condicao inicial (ci):
distr. inicial roducao @(0) = ,(0)
calor (0(@ =y, (O)
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llustracao do problema de valor de contorno 1

t<0

O material homogeneo

Q

T t=0
T(O,t):() & material homogeneo ) T(f,t)
©T0)=0(x)
distr. inicial
0 f
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T(0,t)=0

) T(5,1)=0

T(x,0)=(x
distr.é inicial
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T(,t)=0

T(0,t)=0

T(x,0)=g(x
distr.é inicial

T(0,4)=0
T(x,t>0)

o >

10


http://www.ufpr.br/

_ . Tobias B’Ieninger Fl'l'lll'l—' s -I'I'I'I'l'l
Universidade Federal do Parana (UFPR) il 0o I
Departamento de Engenharia Ambiental(DEA) l ]

www.tobias.bleninger.info F P R

Equacao do calor homogénea:
Solucao do problema de contorno 1

Matematical!

o0 _N2+2,2
g2 {25
n=1

Observacoes:

falta mostrar convergencia e continuidade, mas se pode mostrar
t>20 = T(x,t) 2 0 com limites maiores
assim An=-n2r?/12 , n=1,2, ... sao auto valores com a

auto funcao
¢ u,(X)=c, sir{%)

11
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Equacao do calor homogénea:

Solucao do problema de contorno 1
T(X, t=const.)

T(x, t=const.) T
/ =0

T(x, t=0)=TO |

N [ — = ——————— 1 —

Fonte: Hancock, 2006
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Equacao do calor homogénea:
Solucao do problema de contorno 1

T(x=const., t)

T(x=const., t)
A

"T0

113=:IJD%
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Fonte: Hancock, 2006
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Equacéo do calor : Aplicagoes Srsoas ey I E=PR
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Medicdes de temperatura numa parede em inverno (nublado).
Tar,amb = 6-10°C, Tpar,amb = 14-30°C, Tpar,int.=Tar,int = 20°C Tar,amb < Tpar = nao ocorre
condensacéao. Obs.: distribuicao permanente nao corresponde com medicoes!
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441,082

0.0000 — 0.0000

Modelagem da refrigeracdo controlada de barras de aco (trilha) no processo de producéo.
Objetivo: definir condi¢cGes de contorno (refrigeracéo controlada) e/ou condi¢des iniciais
(producéo controlada) para obter uma distribuicdo de temperatura equilibrada para cada
momento. Fonte: Dipl. Math. Jens Saak

e
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Equacao de difusao

Concentracao: o M_ et

V

total

i —pc
OX

= D: difusividade molecularde Aem B

Fluxo de massa:

Equacéao de difusao:

2
oc :_Da (2: + F(x,1) compare: - = a2 9T L Ext)
ot OX PR T e T

OX

= F(x,t): fonte ou sumidor (reagoes, transformacoes)

16
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Solucoes da equacao de difusao

Mistura de fluidos com concentracoes diferentes (experimento)

= F(x,t)=0

= Condic0es iniciais C(x,0) = Cop(x)
 transparente: agua com Csa =0
 colorido: agua com Csa = Co

= CondicOes de contorno:
 superficie: C(xo,t)=0
« fundo: C(-oo,t)= Co

= Solucao (analogo eq. do calor)

c(x, t) = ﬁfﬁff dx’ exp (—{xﬂ:}z) = 3 (l—l—erF (2 X ))

9

Dr.-Ing. Tobias Bleninger
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Mistura de fluidos com concentracoes diferentes (experimento)

>

A

UFPR
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Cogrtbflllpg case study Cartagena outfall (Colombia)
utfa

2.8 km long
20 m deep
3.8 m3/s

Cartag ena

Source: World Bank
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A) Multiport diffuser design program - CorHyd

Definition diagram

29

£

]
.

i

.....

)
headworks Sae,

local water
depth H(?)

riser

21
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Governin? equations for CorHyd
IN

UFPR

= 1-D continuity and steady-state work- energy equatlons
Vd i—1 Vd i
Py: =Pyiq+Ve\Zgia—2Zy: )+Y = —— |+ P, g
‘\‘ d, d,i-1 e( d,i-1 d,|) e 29 2g £d,i
* 2 2
Vo, V5.
— p,l d,i
I Pai = Pa, "‘Ve(zjet,i _Zd,i)"'Ye 2g - 2q + Pypi ]
‘ v Water surface
Automatic consideration of: Parr " .
_I:j__’I‘1 | : p E pa,f+1
. . |—— 7 Vi{_., P,
= friction losses along every Hoota eyl /_, T Pa
single pipe section P ; "
A : : p.
= |ocal losses at every : 2l :' 7\\7\_ Y
geometrical change (e.g. <| i 1
contractions, bends) 3|1
pd,t’+1 : .
; pd,t
Vaur |
------- :zfef'” X z=0
— e R R KB S .
|+‘1 IY i-1

2
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Solving scheme

pressure diff.

2

Pe

geod. diff.

Tobias Bleninger e TERE T
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FP

diffuser losses

Pa,i-1 — Pay )

a4 =

|

=1

a ]
Ap,i,j

AL i

P,i.j

port losses

riser losses

Solving for flow distribution and total head with given total flow
= (, IS estimated, q; calculated, iteration until Zqg; = Q
optional: Solving for total flow with given total head

" Py, Is estimated, g; calculated, iteration until 2h, = H,

Algorithm coded in Matlab®, including GUI and graphical output

23
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CorHyd results for Cartagena outfall- (L, =:540"

q. [m3f5]

0.05F

q. dev [-]

mean d|5charge O 14 m3f5
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08
J06
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| 1 | | | | O
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3
7 T l
£
== 1k i
[ | 10 [ | [ | [ ] 1 10 [ | [ | [ ]
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2 [ I I 2
— diffuser diameter
15k 215
W
k=] 1E =1
}13
05k 0.5
2200 2300 2400 2500 2600 2700 2800 29[90

distance from shoreline (x) [m]

—_

E = Port/riser

04 3

Tobias Bleninger

www.tobias.bleninger.info

Q=39m¥s, H=28m
= Discharge per riser (27 risers)

= Relative discharge deviation

losses (54 ports,
Dp =0.2m; D,=0.3m)

= Discharge velocity at ports
= critical velocity for intrusion
F, =V /(Ap/pgD,)%> > 1

= Velocity in diffuser (Dg = 1.9 m)
= Critical velocity (deposition)

24
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Shallow water equation

oh N Jd(uh) N d(vh)
ot dx dy

Ou —|—ua——|—va—u—fv—— %—bu
ot dy ~ oz "

Ov uf»‘_v Uﬁ'v fu= % bu
at " " 8y+ R TR

h: total fluid column height
(u,Vv): fluid's horizontal velocity
g: acceleration due to gravity
b: viscous drag coefficient

f: coriolis coefficients

Tobias Bleninger -ﬁ-é---—;e—*‘-‘—
Universidade Federal do Parana (UFPR) [ |
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mass conservation

momentum conservation

Waves in the atmosphere, rivers, lakes and oceans as well as gravity waves in a smaller domain (e.g.
surface waves in a bath)

Limitations: wave length of phenomenon much larger than depth of domain (e.qg. tides)

25
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Delft3D Functionality - details (1) ™" GEer

two horizontal co-ordinate systems

e Cartesian co-ordinates (£, n)
e Spherical co-ordinates (A, ¢)
two vertical systems

- surface and bottom following o-layers
« fixed horizontal z-layers

lkmazx

-+ reﬂ:EIem:e IL"-*cl

k=kmax

Zkmin41

Zkmin

z—C z-—-C the total water depth, given by
H=d+ (.

Fonte: Deltares, Delft3d, 2013

the vertical co-ordinate in physical space
the free surface elevation above the reference plane (at z = 0)
the depth below the reference plane 26
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Numerical domain: Curvi-linear grid .. i OFPR

* |local refinements where
required

* boundary fitted (no ‘stair-
case’)

 follows channels and shallow
areas

* follows river bends

)

et

27

EEERE NIREaSARRAN

Fonte: Deltares, Delft3d, 2013
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nuity eq oh  O(uh) O(vh) ) h’;;”Béle&(i:gsg B

4 47 e UFEPR
! ! | 9 — () e UFPR
ti it uation 5 + :

S
10 |

The depth-averaged continuity equation is given by:
o, 1 9[@d+QUVC) , 1L 9[d+OVVGe| (0.4
Ot \/Geer/ Gy ¢ VGeen/ G On |

with () representing the contributions per unit area due to the discharge or withdrawal of
water, precipitation and evaporation:

]
Q:H/ (Q-itrz_qgut) do+ P — FE, (9-':‘)
—1
Ges m coefficient used to transform curvilinear to rectangular co-
SS o
ordinates
v Gnn I coefficient used to transform curvilinear to rectangular co-
ordinates

Fonte: Deltares, Delft3d, 2013
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. ot dx dy dx
Momentum equations 9
v v du dh
— 4+ u—+v—+ fu=—g— —bv,
ot dr s, 7,

Momentum equations in horizontal direction

The momentum equations in &- and n-direction are given by:

du u  Ou N v du w OJu v? v/ Gy
ot \fGee 08 /Gy On  d+CO00 |\ /Geer/Gyy 08
uv 0./ G
U gE—f@:— 1_ P: + Fet

=+ : =
VGee /G N poy/ Gee

1 o du

and

dv n u v L v v 4+ w v N uv v/ Gy n
ot \JGee 0§ \JGpnOn  d+C0o |\ /Geer/Gpy 08
TI'_.‘.'-2 61 / G‘EE fu .

1 0 Ov
S I V)
T d+0r oo (m“ 60) iy 80

29 Fonte: Deltares, Delft3d, 2013

29
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Reynolds stresses (horizontal)
1 5?}55 1 O7gy

Gee V Gy On

Fe = (9.20)

1 @Tﬁ.g 1 Oy

v Gee 85 VG I

For small-scale flow, 1.e. when the shear stresses at the closed boundaries must be taken into
account, the shear stresses 7¢¢, 7¢y, ¢ and 7, are determined according to:

Fn:

(9.21)

207 (6"11. O 6‘0)

o N 0.29
T G \06 90 0¢ (9-22)

1 (6‘1.-: n du E)‘J) _ 1 (5‘13 - dv @J) (9.23)
Ten = Tpe = V + + 9.2
e G \on T 9can) T JGe \9E T 90 0%

B 2 duv 4 dv do
Tm = /Gy \On 0o On

(9.24)

30 Fonte: Deltares, Delft3d, 2013

30
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Vertical velocities

The vertical velocity w in the adapting o-co-ordinate system is computed from the continuity
equation:

aC . 1 9 [(d+¢)u\/Gyy . 1 O [(d+¢)v\/Gee
ot \/Gﬁ \/GT??? o¢ \/G££ \/G'TI’TI' 5‘?‘}
Ow

+ % = H (G—m — QGM) . (9-8)

+

At the surface the effect of precipitation and evaporation is taken into account. The vertical
velocity w is defined at the iso o-surfaces. w is the vertical velocity relative to the moving
o-plane. It may be interpreted as the velocity associated with up- or downwelling motions.
The “physical” vertical velocities w in the Cartesian co-ordinate system are not involved
in the model equations. Computation of the physical vertical velocities is only required for

post-processing purposes. These velocities can be expressed in the horizontal velocities, water
depths, water levels and vertical w-velocity according to:

1 —( OH 0OC —( OH 0OC
VG /Gy [ T\ os o og “\on "oy

+ (JE + ﬁ) . (9.9)

ot ot
31 Fonte: Deltares, Delft3d, 2013 31
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Hydrostatic assumption

opP
~ — _gpH.
5 = 9P

After integration, the hydrostatic pressure is given by:

0
P = Pym +gH / p (&m0 t)do’
o (T

Tobias Bleninger "AT"iT'"—ﬁ'
Universidade Federal do Parana (UFPR) [HH —

l
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(9.10)

(9.11)

For water of constant density and taking into account the atmospheric pressure, the pressure

gradients read:
g 6‘§ 1 ap afrm

1
Pﬂwcgfg \ng 55 po\/Gee 08

By =

poy/ Gy v Gy dn por/ Gy O

32

(9.12)

(9.13)

Fonte: Deltares, Delft3d, 2013 "
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Hydrostatic assumption

or = —gpH. (9.10)

Do

After integration, the hydrostatic pressure is given by:

0
P = Payim + gH [ p (&m0 t)do. (9.11)
o (T

In case of a non-uniform density, the local density is related to the values of temperature
and salinity by the equation of state, see Section 9.3.4. Leibnitz’ rule is used to obtain the

following expressions for the horizontal pressure gradients:

9 d 0 /8p  Bpd
9_% | i ( i g) do’ (9.14)
g a

1
pﬂ.«.,ngE "jGﬂf 3& JE  do O&

d d 0 ra dp O
g C pgtts (‘0+ P J)da’ (9.15)

1
Poy/ G-rm /Gy On PD v G do On

33 Fonte: Deltares, Delft3d, 2013
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Cogrtbflllpg case study Cartagena outfall (Colombia)
utfa

2.8 km long
20 m deep
3.8 m3/s

Cartag ena

Source: World Bank
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Closed boundary conditions (bed)

9.4.1.1 Vertical boundary conditions

Kinematic boundary conditions

In the o co-ordinate system, the free surface (¢ = 0, or z = () and the bottom (o = —1,
or z = —d) are o co-ordinate surfaces. w is the vertical velocity relative to the o-plane.
The impermeability of the surface and the bottom is taken into account by prescribing the
following kinematic conditions:

wy__y=0and w|,_,=0 (9.48)

For the Z-grid the kinematic conditions read:

wl,__;=0and w|,_ =0 (9.49)

Bed boundary condition

At the seabed, the boundary conditions for the momentum equations are:

vy Ou 1 _
— A = —Th¢, (9.50)
Hoo|,__y po :

vy Ov 1

— = —Thn, (9.51)

Fonte: Deltares, Delft3d, 2013
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Closed boundary conditions (bed)

Depth-averaged flow

For 2D depth-averaged flow the shear-stress at the bed induced by a turbulent flow is assumed
to be given by a quadratic friction law:

pggﬁ ‘ﬁ) ( )
7 = , 9.52
Cip

where ‘{7‘ is the magnitude of the depth-averaged horizontal velocity.
e Chézy formulation:

Cyp = Chézy coeflicient [111”2/5], (9.53)
e Manning’s formulation:
vVH

cop— Y (9.54)

e White Colebrook’s formulation:

. 2
Cyp = 18 Vog (1;{) (9.55)

Fonte: Deltares, Delft3d, 2013
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Closed boundary conditions (bed)

Three-dimensional flow

For 3D models, a quadratic bed stress formulation is used that is quite similar to the one
for depth-averaged computations. The bed shear stress in 7D is related to the current just

above the bed:

y gpotp || _
=" (9.56)
3D
._"* &
g — 5 (1 N ﬁ) | (9.57)
K 2z0

where zg is user-defined. In the numerical implementation of the logarithmic law of the wall
for a rough bottom, the bottom is positioned at z;. The magnitude of the bottom stress is

defined as:

ITh| = potls U] - (9.58)

Using Eqs. 9.56 to 9.58, C'sp can be expressed in the roughness height z, of the bed:

Cop = YIm (1 n %) . (9.59)
K

270

The parameter zg can be linked to the actual geometric roughness as a fraction of the RMS-
value of the sub-grid bottom fluctuations. For rough walls Nikuradse (1933) found:
ks

zp = —, Fonte: Deltares, Delft3d, 2013 (9.60)
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vy Ou |

— = — |T:| cos (0), (9.64)
Hdo|,_y po

vy Ou | _
—— = — |75/ sin (6), (9.65)
Hdo|._, po

where f is the angle between the wind stress vector and the local direction of the grid-line n

The magnitude is determined by the following widely used quadratic expression:

7ol = paCaU?, (9.67)
where:
Pa the density of air.
Uio the wind speed 10 meter above the free surface (time and space de-
pendent).
Cy the wind drag coefficient, dependent on Uy.

Fonte: Deltares, Delft3d, 2013
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Results 3: Delft3D - hydrodynamics

Comparison of measured and computed water levels at outfall location

mean water level variation [m]
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Delft3D - Hydrodynamic model results

MODELED 3D current profile at time [h]176

MODELED 30 current profile at time [h]115
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Results 3: Delft3D - hydrodynamics

Comparison of measured and modeled depth averaged currents at

outfall location
north-south-component of depth averaged current

Tobias Bleninger
Universidade Federal do Parana (UFPR)

Departamento de Engenharia Ambiental(DEA) =
www.tobias.bleninger.info U ': P R

oy

7 ! ' ! I I ! .
_.E‘ |:| IR 4 2 4 e e e el cfnl ity Tttty E T A e e i il o el 1 il oo’ a1 R Al Sl E'."""" ﬂﬂ ._. """ E ity = -
g ; ke ' o LA e L
o ’ o 5.:
g _1 1 1 1 1 I 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 I 1 1 1 1 i 1 1 F“:’:
0 100 200 300 400 500 600
east-west-component of depth averaged current
0 L —— o et
.E. . ; : ; 4
.'E‘ D [ e s - - - - T "r: i D BT T TR T aaetaT ""‘:_:_;""_‘2:' g x .:-:E T A eiltl sl Ryl . —]
g -1 1 1 1 1 I 1 1 1 1 1 1 1 1 1 I 1 1 1 1 i 1 1 1 1 i 1 1 1 1 I 1 1 |'
0 100 200 300 400 500 600
time [h] .......... modeled
scatter of depth averaged velocity [m/s] measured
measured modeled
0.5
0
-05

42


http://www.ufpr.br/

Tobias Bleninger e TERE T

Universidade Federal do Parana (UFPR) il I
Departamento de Engenharia Ambiental(DEA) —

www.tobias.bleninger.info UFPR

Transport Equation
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Transport Equation 5=V (PV9)-V.(i)+ R

8(d+()e 1 { (/G (d +C) ur:'] 9 [\/Ces (d+q)uc]}+@

ot " VGeen/Gn 0& on do

d+¢ { ( VCm 0«:) ( e 5{.)}+
VGeer/Gmy / Gee 08 m on
dicﬁi (D %) —Ai(d+C)c+ 5, (9.29)

with Dy the horizontal diffusion coefficient, Dy the horizontal diffusion coefhicient, Ag rep-
resenting the first order decay process and S the source and sink terms per unit area due to
the discharge ¢;, or withdrawal goy¢ of water and/or the exchange of heat through the free
surface Qi

S=(d+ Q) (qmctiﬂ. — Gout€) + Qiot - (9-30)

The total horizontal diffusion coefthicient Dy is defined by

Dy = Dgsgs + Dy + Dji* (9.31)

Fonte: Deltares, Delft3d, 2013
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Equation of State

UNESCO formulation

The UNESCO formulation is given by (UNESCO, 1981a):
Range: 0 <t < 40 °C, 0.5 < s < 43 ppt

p=po+ As+ Bs*? L Cs?

where
po = 999.842594 + 6.793952 - 107t — 9.095290 - 10 7+
+1.001685 - 1074 — 1.120083 - 10~%¢* + 6.536332 - 107%¢°
A =18.24493 .10~ — 4.0899 - 107t + 7.6438 - 10"+
— 8.2467 - 107"+ +5.3875 - 107 7¢*
B = —5.72466 - 1072 + 1.0227 - 10~ — 1.6546 - 10~%¢2
C =4.8314-10"1

45

(9.42)

Fonte: Deltares, Delft3d, 2013
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LOG TClgy/0.1 ML

Water quality indicator (public health): total coliform bacteria

Indicates probability of pathogens in water
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Bacteria inactivation highly sensitive to environmental parameters

Significant differences exist between daylight and night and between
trapped or surfaced plumes

Implemented: Mancini model : k = f(surface radiation, temperature,
turbidity, depth, salinity)
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Results 4: bacteria concentration distributions
Depth averaged total coliform concentration (C, = 10 MPN/m3)
-Fab 1998 12000
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How to decide regarding discharge permit? 0
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C) Rannlatarv imnlamantatinn - CarZnne
Exceedance frequency of water quality standard
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