
329

25.1  �Introduction

Turbulent buoyant jets are a fundamental flow class in the natu-
ral and engineered environment and span the full asymptotic 
range of jet and plume behavior: round jets, line jets, momentum 
puffs, negative jets, round plumes, line plumes, and thermals. 
In summary, buoyant jets occur whenever fluid is discharged 
with an excess of or deficit in momentum and/or buoyancy 
through a constriction into a receiving fluid body. They occur in 
a whole host of applications, and we would like to quote Gerhard 
Jirka from his (2004) paper in the journal Environmental Fluid 
Mechanics where he outlined his view of the topic:

Buoyant jet motions (sometimes called forced plumes) are 
prevalent in the natural environment and in engineering 
applications. They are most spectacular in volcanic gas 
eruptions, they occur as hydrothermal vent flows in the 
deep ocean or as fresh groundwater plumes in the coastal 
zone. They are a key feature in society’s fluid waste dis-
posal methods, be it in the form of gaseous emissions into 
the atmosphere from industrial and domestic smoke-
stacks, from mobile exhausts and from cooling towers, 
or of liquid releases into water bodies from industrial, 
municipal and agricultural sources or mining and oil 
extraction operations. They are an integral part of build-
ing ventilation and air conditioning systems. And they 
play a central role as mixing and injection devices in 
chemical reactors, waste and sewage treatment plants, 
desalination plants, combustion chambers, jet engines, 

or heat exchangers as well as stratification control and 
oxygenation devices in lakes or reservoirs.

In this chapter, we will focus our attention on the most com-
mon tools used to analyze buoyant jet behavior in the environ-
ment and highlight areas where research is ongoing.

Though the study and observation of buoyant jets began hun-
dreds of years ago, the quantitative analysis of their behavior 
began in earnest with the introduction of the boundary layer the-
ory by Prandtl and colleagues (Görler 1942; Tollmien 1926). Jirka 
(2004) presents a detailed history of turbulent buoyant jet analy-
sis; here, we highlight some of the critical stages of development 
from his survey. Initial work employed similarity solutions based 
on different formulations of the Prandtl mixing length theory 
(see also Schlichting [1960] for a summary). The more general-
ized integral model approach began its development through the 
work of Reichardt (1941), who showed that the Gaussian profile 
was an acceptable approximation to the cross-sectional shape of 
the jet integral properties. Using this approximation, early mod-
els relied on a turbulent diffusion model for jet expansion until 
the seminal paper by Morton et al. (1956) who introduced Taylor’s 
concept of jet entrainment. The entrainment model hypothesizes 
that jets grow by incorporating ambient fluid into the jet by tur-
bulent motion and further that the inward velocity of the entrain-
ing fluid at the jet edge is proportional to a characteristic velocity 
scale in the jet, taken as the time-average centerline velocity. The 
advantage of the entrainment approach is in the robustness of its 
applicability, making it capable of modeling quite complicated 
flows, including ambient stratification and crossflow.
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General buoyant jet models based on the entrainment 
hypothesis and capable of simulating several different source 
and ambient conditions later developed, initiated by the work 
of Fan (1967). This model development was also supplemented 
by the excellent dimensional analysis of Wright (1977), and 
a detailed summary of these early activities is presented in 
Fischer et al. (1979). A more recent historical perspective on 
the entrainment hypothesis is also presented in Turner (1986). 
Since then, models have been generalized (see, e.g., Doneker 
and Jirka 1991; Jirka 2004; Jirka and Doneker 1991) and have 
benefitted from a wide range of new validation data, particu-
larly from laboratory methods utilizing particle image velo-
cimetry (PIV) and laser-induced fluorescence (LIF) (see, e.g., 
Davidson and Pun 1999; Tian and Roberts 2003; Yu et al. 2006, 
and other chapters in this book).

While our understanding of turbulent buoyant jet behavior 
is becoming quite detailed, their analysis remains challenging 
due to the wide range of time and space scales involved in their 
dynamic evolution. Figure 25.1 presents an example laboratory 
experiment of a buoyant jet along with a summary of the scales 
involved in coastal wastewater discharges. In the near-field 
region, close to the source, the buoyant jet exhibits the canonical 
self-similarity behavior and jet entrainment. As the jet is either 
arrested by the stratification (as in Figure 25.1) or encounters a 
boundary (side walls, free surface, or reservoir bottom), it enters 
an intermediate regime of rapid spreading in which the bound-
ary layer assumption critical to the turbulent jet analysis breaks 
down, and the flow is no longer classified as a buoyant jet. At 
the end of this spreading region, the discharge enters a far-field 
behavior, dominated by ambient currents, turbulent diffusion, 
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Figure 25.1  Laboratory experiment of an inclined, turbulent buoyant jet in a linearly stratified quiescent reservoir and a sketch of the charac-
teristic length and time scales affecting coastal wastewater discharges.
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and large, basin-scale motion. Because the height of rise of the 
plume and the initial dilution entering the far field is strongly 
affected by processes in the near-field, models of buoyant jet 
behavior are critical to the fate and transport modeling of envi-
ronmental discharges. Hence, the near-field jet model is of fun-
damental importance.

In the remainder of this chapter, we present an overview of 
the methods used to analyze buoyant jets in the environment. 
The Principles section outlines the quantitative parameters 
used to describe buoyant jets and introduces the boundary layer 
approximation and the details of the entrainment hypothesis as 
it applies to turbulent buoyant jets. In the Methods of Analysis 
section, we begin with a discussion of dimensional analysis and 
the scaling relationships that have been developed for many 
asymptotic and transitional regimes of jet flow and conclude 
with a presentation of the governing equations for the integral 
model of a general turbulent buoyant jet in a flowing and density-
stratified ambient reservoir. The Applications section highlights 
how such models are used in regulatory mixing zone analysis, 
particularly through the U.S. Environmental Protection Agency 
(EPA) model CORMIX, and introduces example extensions of 
the integral model to multiport diffusers and surface and bot-
tom jets. The final section, Challenges, highlights several areas 
of ongoing research to improve and extend buoyant jet models 
for an ever increasing range of applications.

25.2  �Principles

25.2.1  �Governing Variables

Jets and plumes are typically described mathematically by a 
set of flux variables expressed in kinematic form. Figure 25.2 
is a sketch of the general case of a buoyant jet discharged at 
an arbitrary angle (σ relative to the x-axis and θ relative to the 
horizontal plane) into a flowing and density-stratified ambient 
reservoir. For this case, the independent flux variables are the 
volume flux Q, momentum flux M, buoyancy flux J, and the mass 

flux of passive tracers Qci. Although J is the important forcing 
parameter for buoyancy, it is often more convenient to track the 
fluxes of the state variables Xi (e.g., heat, salinity, etc.) affecting 
the density and to compute the density from an equation of state 
of the form ρ = f(Xi)—once the density is known, it is substituted 
to compute the buoyancy flux J separately.

At the jet nozzle, these governing flux quantities are given by 
their initial values

	 Q U a0 0 0=

	 M U Q0 0 0=

	 J g Q0 0 0= ′

	 Q X QXi i0 0 0=

	 Q c Qc ii0 0 0= 	 (25.1)

where
U0 is the jet exit velocity
a0 is the nozzle cross-sectional area (for round jets with pipe 

diameter D, a D0
24= ( )π/ )

Xi0 is the concentration of state variables in the effluent
ci0 is the concentration of passive tracers in the effluent

′g0 is the reduced gravity of the effluent, given by 
′ = −g g a r0 0( )/ ,ρ ρ ρ  g is the acceleration of gravity, ρa is the 

ambient fluid density at the elevation of the jet exit, ρ0 is 
the density of the effluent, ρr is a reference density, gener-
ally taken as a constant equal to the average density in the 
receiving fluid

The subscript “i” is used to keep track of multiple tracers

The values of these flux variables also evolve with distance 
from the nozzle along the jet trajectory s. This is true for both 
laminar and turbulent jets, though for turbulent jets, we aver-
age over an appropriate integral time scale to obtain statistically 
stationary results. The local flux variables can be computed by 
integrating profiles of velocity u(s, r), reduced gravity g′(s, r), and 
tracer concentrations Xi(s, r) and ci(s, r) over the jet cross section 
(perpendicular to the jet axis). Thus, for a round jet, we obtain

	

Q s u s r rdr( ) ( , )=
∞

∫2
0

π

	

M s u s r rdr( ) ( , )=
∞
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Figure 25.2  Schematic of a general round buoyant jet into a flowing 
and density-stratified ambient reservoir.
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Q s u s r X s r rdrXi i( ) ( , ) ( , )=
∞

∫2
0

π

	

Q s u s r c s r rdrci i( ) ( , ) ( , )= 2
0

π
∞

∫
	

(25.2)

These variables form the state space of unknown quantities that 
are solved for by jet integral models. For line jets, the equations are 
similar, with the integrals taken over a Cartesian coordinate sys-
tem and the results expressed as per unit length along the jet slot.

When the receiving fluid has non-zero values of some of the 
variables (as due to an ambient current or background tracer 
concentration), care must be taken to distinguish between the 
relative value in the jet compared to the background value. 
We have already seen this fact in the reduced gravity, which 
expresses the difference between ρa, the absolute density in the 
ambient fluid outside the jet at s, and ρ(s, r), the absolute density 
in the jet: ′ −g s r g s ra r( , ) ( ( , ))= ρ ρ ρ/ . Similarly, our interest is to 
solve for the excess velocity and concentration in the jet above 
the ambient value. Hence, we may express the local variables as

	 u s r u s r uj a( , ) ( , )= +

	 X s r X s r Xi ij ia( , ) ( , )= +

	 c s r c s r ci ij ia( , ) ( , )= + 	 (25.3)

Here, the subscript “ j” indicates the excess value in the jet and 
the subscript “a” indicates the value for the ambient reservoir 
outside the jet at s; for the vector velocity, we take ua as the com-
ponent along the jet axis.

Away from the nozzle, the buoyant jet is also described by 
characteristic values of its dynamic jet properties. These vari-
ables include the jet half-width b(s) and centerline values of the 
velocity uc(s), reduced gravity ′gc( )s , and passive tracer concentra-
tions Xic(s) and cic(s). Because the cross-sectional profiles of the jet 
properties asymptotically approach zero, the half-width is usu-
ally defined as the lateral distance from the centerline to a point 
where the mean velocity is a fixed fraction of the average cen-
terline velocity: b r uc= ( )δ . Common values for δ are 1/2 or 1/e. 
Profiles of concentration are wider than that of velocity by a con-
stant spreading factor λ, such that dissolved constituents have a 
width λb.

From these parameters describing the jet motion, an impor-
tant property for environmental applications of jets and plumes 
known as the dilution S may also be derived, defined as the 
total volume of a sample divided by the volume of effluent in 
the sample. Several processes affect the effluent volume in the 
plume, including physical mixing, chemical transformation, and 
boundary interaction processes. In this chapter, we will focus on 

the pure hydrodynamic dilution, which for a conservative tracer 
(nonreacting) can be defined as

	
S

c
ci

i

ic
= 0

	
(25.4)

Because cic is a jet excess concentration, the dilution computed 
by this formula will give the true dilution of the effluent regard-
less of concentrations in the ambient reservoir.

25.2.2  �Boundary Layer Approximation

Jets and plumes are among the canonical free shear flows that 
satisfy the boundary layer approximation, where the width of 
the jet is much less than the longitudinal length scale along the 
jet centerline. For an axisymmetric jet, the Reynolds averaged 
boundary layer equations are (refer to Figure 25.2)

	

∂
∂

+ ∂
∂

u
s r

rv
r

1 0= ( )Continuity equation

	

u u
s

v u
r r r

ru v∂
∂

+ ∂
∂

− ∂
∂

′ ′( )= 1

Momentum equation along the jet axxis( )

	
0 = ∂

∂
( )p

r
Momentum equation perpendicular to jet axis

where u′ and v′ are the fluctuating turbulent velocities in the s 
and r directions, respectively. For a pure jet in a quiescent and 
uniform unbounded domain, the boundary conditions at r = 0 
are v = 0 and ∂ ∂u r = 0 and at r → ∞ are u → 0 and ′ ′u v → 0.

For certain simplified turbulence closure models, such as the 
Prandtl mixing length hypothesis with

	
′ ′ ∂

∂
u v u

r
= ε

	
(25.5)

where ε is a constant, similarity solutions can be found (see e.g., 
Kundu and Cohen 2008; Schlichting 1960). For more compli-
cated situations, numerical solutions may be obtained using 
various advanced turbulence models. A simple, yet flexible third 
alternative is to convert the aforementioned system of partial 
differential equations to ordinary differential equations by inte-
grating over the plume cross section using an assumed, self-
similar shape of the local variables, yielding the integral model 
equations for the flux variables defined in the previous section. 

The general form of the integration for a round jet is 2
0

π ( ) ,⋅ rdr
∞

∫  
and applying this operation to the continuity equation and using 
the boundary conditions gives

	

d
ds

u z r rdr v s r r
r

2 2
0

π π( , ) ( , )
∞

=∞∫












−=

	

(25.6)
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The integral on the left-hand side of the equation is just Q(s). 
The term on the right-hand side of the equation is not zero and 
introduces a turbulent closure problem through the fact that 
the solution for v depends on the turbulence model used in the 
momentum equation. This term is usually evaluated at the edge 
of the plume at r = b since its contribution is essentially constant 
beyond this radius, and the velocity obtained there is called 
the entrainment velocity ve directed toward the jet centerline 
(−r direction), yielding

	

dQ
ds

bve= 2π
	

(25.7)

as the continuity equation. To obtain an equation for the momen-
tum flux, we combine the continuity and momentum equations 
and then integrate over the cross section to obtain (Kundu and 
Cohen 2008)

	

dM
ds

= 0
	

(25.8)

hence, the momentum flux is preserved for a pure jet experienc-
ing no ambient forcing or boundary interaction.

25.2.3  �Turbulence Closure: 
Entrainment Hypothesis

As we see in the previous section, the solution for the flow in a 
jet requires a turbulence closure model, either for the kinematic 
Reynolds stress u v′ ′  or for an entrainment velocity ve. Two pop-
ular closure models are the spreading and entrainment hypoth-
eses. The spreading hypothesis is based on the experimental 
observation that the jet width grows linearly with distance from 
the source, so that

	

db
ds

= const
	

(25.9)

This closure is particularly useful for analytical solutions based 
on Prandtl’s mixing length theory. Schlichting (1960) explains 
that the mixing length l for a jet is proportional to the local width 
l/b = const and that this constant leads to the linear growth in 
the spreading hypothesis. With this model, the solution to the 
boundary layer equations takes the same form as the laminar 
solution, but with the molecular kinematic viscosity replaced 
by the turbulent viscosity ε = const, which may be obtained 
experimentally.

The second closure model, the entrainment hypothesis, leads 
to the same solution for a simple jet as the spreading hypothesis, 
but from a more mechanistic perspective, explaining the reason 
for the observed spreading. In the entrainment hypothesis, the 
entrainment velocity is assumed to depend on the turbulence 

intensity, which scales with the centerline velocity, resulting in 
the relationship

	

v
u

e

c
= α

	
(25.10)

where α is a constant, called the entrainment coefficient and 
which is obtained by experiment. Substituting this relationship 
in the continuity Equation 25.7 for the 1D integral model and 
using the definitions in (25.2) leads to a closed system of equa-
tions for Q and M.

The entrainment hypothesis has been shown to be a very 
robust relationship, valid from laboratory scales of a few cen-
timeters up to geophysical scales of several kilometers, as cre-
ated by volcanic eruptions (Turner 1986). Because of its physical 
interpretation as the inflow of ambient fluid along the edge of the 
jet, the entrainment hypothesis is also a much more flexible tool 
than the spreading hypothesis for developing models of more 
complicated jets involving forcing from ambient currents and 
stratification. It is also important to note that the entrainment 
hypothesis is a turbulence closure model; hence, it is only appro-
priate for turbulent jets and plumes, at a Reynolds number based 
on the jet width above about 500.

25.3  �Methods of Analysis

The three classes of methods for buoyant jet flows used to solve 
for the governing parameters described earlier are empirical, 
integral, and numerical methods. The empirical methods are 
introduced in the following in the Dimensional Analysis sec-
tion, followed by the integral methods in the section on Buoyant 
Jet Integral Models. These methods are generally adequate for 
each of the asymptotic flow regimes defined in the introduction 
(e.g., pure jet, pure plume, momentum puff, etc.) and in gradual 
transitions among these regimes.

For highly complex situations, such as nontrivial jet merg-
ing processes, unsteady flow analysis, complex discharge 
geometries, and boundary interactions, numerical solutions 
are required using advanced (at least two equation) turbulence 
closures. As distinct from the empirical or integral approach, 
numerical solutions calculate all flow characteristics at every 
point of the flow domain, thus they need to resolve the entire 
jet-induced velocity field and its interaction with the surround-
ing fluid. For the buoyant jet, the hydrodynamic and constitu-
ent transport equations are dynamically coupled. In addition, 
the sharp gradients and small scales in the jet near field require 
nondispersive numerical schemes for the convective terms and 
specialized turbulence closure models. For the same reasons, 
grid generation and computations are time-consuming, limiting 
the opportunity to apply numerical solutions to many designs. 
Furthermore, uncertainties exist in prescribing appropriate 
boundary conditions for the ambient flow, and calibration is 
needed for the parameters of the turbulence model, limiting the 
predictive capabilities of these models (Xiao et al. 2005); thus, 
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a more detailed discussion of computational fluid dynamics 
models applied to jets and plumes is beyond the scope of this 
chapter. We will show, however, that the empirical and integral 
solutions are adequate for the design of most single and multi-
port discharges in the environment.

25.3.1  �Dimensional Analysis

Because of the self-similarity behavior of the asymptotic types of 
the buoyant jet, dimensional analysis is a powerful tool to both 
predict relationships among the governing variables and to clas-
sify buoyant jet flows into different asymptotic regimes.

As an example of empirical solutions to the jet flow, consider 
a pure jet discharging horizontally in the x-direction in a stag-
nant, uniform ambient reservoir. The local unknown quantities 
(dependent variables) are the velocities u and v, and the concen-
tration of passive tracer c. Characteristic scales of interest that 
evolve along the jet trajectory are b(x), uc(x), Q(x), and Sc(x), each 
a different function of several independent variables, (x, M0, a0, 
etc.). Dimensional analysis for a round jet then results in the 
parameters

b
x

k u x
M

k Q
M x

k S Q
M x

kc c= =1
0

2
0

3
0

0
4, , ,= =

	
(25.11)

The width b evolves following a linear dependence on x with 
the proportionality factor k1 = 0.11, determined by experiments 
(Jirka 2004), and the centerline velocity decays inversely with the 
distance with the proportionality factor k2 = 7.25 (Jirka 2004). 
The flow rate and dilution increase linearly with distance (from 
experiments k3 = 0.27, and k4 = 0.1623; Jirka 2004).

Because of the self-similarity of the flow, these four con-
stants can also be expressed in terms of two other experimental 
constants, an entrainment coefficient αjet = 0.055, and a tracer 
spreading rate λjet = 1.20, yielding

k k k

k

1 2 3

4

2

2

2 1
2

2 2

1
2 2
1

= =α
πα

πα

λ
λ

πα
λ

jet
jet

jet

jet

jet

jet

je

, , ,=

=
+ + tt

2

	
(25.12)

Similar analysis is possible for other jet properties and each of 
the asymptotic buoyant jet regimes. These are summarized in 
Table 25.1. However, with increasing complexity, the number 
of independent parameters increases, and difficulties arise in 
defining consistent relations on the one hand and elaborating 
necessary laboratory studies on the other. Thus, correlation 
equations resulting from dimensional analysis are restricted to 
steady asymptotic cases with some slight extensions.

As a second example of dimensional analysis, we consider 
more complicated cases and attempt to classify regimes of the 
flow as, for instance, jet, plume, crossflow, or stratification 

dominated, among others. Consider the jet of the previous 
example with the added effect of an initial buoyancy flux. Early 
attempts to predict the trajectory of a buoyant jet used the exit 
geometry as the important scales to nondimensionalize the data. 
However, as shown in the left plot of Figure 25.3, this scaling is 
unable to collapse the data, and different lines are obtained for 
different initial Froude numbers

	

F U

g D
0

0

0 0

=
′

	

(25.13)

Instead of the nozzle exit, another characteristic length scale for 
the jet can be defined that accounts for differences in the initial 
Froude number, by taking a ratio of the initial momentum and 
buoyancy fluxes yielding

	
L M

JM = 0
3 4

0
1 2

/

/
	

(25.14)

When applied to predict the buoyant jet trajectory, this new 
scale efficiently collapses the data to a single line (right plot 
of Figure 25.3). Because LM is a measure of the length scale 
of the jet-dominated region of a buoyant discharge, it also 
allows distinguishing the jet-dominated region of more com-
plicated f lows, as illustrated in Figure 25.4 and expanded in 
Section 25.4.1.

A consistent length-scale-based categorization of the different 
buoyant jet regimes in the presence of crossflow and/or stratifi-
cation is summarized in Fischer et al. (1979) and modified by 
Jirka and Akar (1991), giving the following length scales:

•	 L M JM = 0
3 4

0
1 2/ / : The jet to plume transition length scale, 

which denotes a scaling for the transition from jet to 
plume behavior in a stagnant ambient (note that the prod-
uct D0F0 is proportional to LM).

•	 L M um a= 0
1 2/ : The jet to crossflow length scale, which 

denotes a scaling for the distance of transverse jet pen-
etration beyond which strong deflection by the crossflow 
occurs.

•	 L J ub a= 0
3: The plume to crossflow length scale, which 

denotes a scaling for the distance of plume penetration 
beyond which strong deflection by the crossflow occurs.

•	 ′L Jb = 0
1 4 3 4/ /ε : The plume to stratification length scale, 

which denotes a scaling for the distance at which the jet 
becomes strongly affected by the stratification (defined 
by ε ρ ρ= −( )( )g d dzr a/ / , the ambient buoyancy gradient), 
leading to terminal layer formation and horizontally 
spreading in a stagnant linearly stratified ambient.

For a comprehensive discussion of these and other scales for 
buoyant jet classification, see Jirka and Doneker (1991). Similar 
analyses for the dilution of a buoyant jet in quiescent, flowing, 
and stratified ambient reservoirs is presented in Fischer et al. 
(1979) and Jirka and Lee (1994).
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25.3.2  �Buoyant Jet Integral Models

For the design and more detailed analysis of real discharges in 
the environment, integral jet models are the most common tools 
for predicting the evolution in the near field. Strictly speak-
ing, these tools are based on the similarity assumption: profiles 

of velocity, concentration, and other jet properties have the 
same shapes at all heights; only their magnitudes change. Self-
similarity is valid in unbounded domains where there is no char-
acteristics length scale for the flow. Stratification, crossflows, 
and the existence of lateral (side-walls) and horizontal (bottom 
and free-surface) boundaries all act to introduce external length 

200

180

160

140

120

100

80

60

40

20

0
0 20 40 60 80 100 120 140

Calculations
Abraham (1963)
Fan (1967)
Hirst (1971)

5

10
20 =

50

Fo

Horizontal round
buoyant jet

θo = 0

Experiments
20

8
11

4
33
14
42

Cederwall (1963)
Anwar (1972)
Anwar (1972)
Anwar (1972)
FAN (1967)
FAN (1967)
FAN (1967)

Fo

(a)
x
D = Horizontal distance, diameters

x D
= 

Ve
rt

ic
al

 d
ist

an
ce

, d
ia

m
et

er
s

220

	 (b)

Fan (1967) Fo=14–42
Hansen and Schroder (1968) Fo=9–41
Anwar (1972) Fo=4–11
Davidson and Pun (2000) Fo=10–25

CorJet

0
0

1

2

3

4

5

6

7

1 2 3 4 5
x/LM

z/
L M

Figure 25.3  Three-dimensional horizontal buoyant jet trajectories for a single-port discharge into a stagnant reservoir. Comparison between 
predictions and experimental data. (a) normalized with port diameter. (b) Normalized with the momentum length scale LM. (Reproduced from 
Jirka, G.H., Environ. Fluid Mech., 4(1), 1–56, 2004. With permission.)

~LM

M0, J0

Jet
S ~ z

Transition

(a)

S ~ z5/3

plume

 

~LM

(b)  

Jet

(c)

Plume

~LM
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buoyant jet in stratification, and (c) a horizontal buoyant jet.
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scales to the problem and break down the self-similarity of the 
jet. Nonetheless, because of the robustness of the entrainment 
hypothesis, acceptable results may be obtained in most of these 
situations provided experimental data are used to validate their 
accuracy and range of applicability.

In addition to self-similarity, the buoyant jet integral equa-
tions derived here are constrained by a few other assumptions. 
Their derivation starts with the Reynolds averaged Navier-
Stokes equations and applies the boundary layer approximation; 
hence, the fluids must be Newtonian, the flow must be thin in 
lateral extent compared to distance along the flow path, and the 
results should be interpreted as time averages over the turbulent 
fluctuations. Jirka (2004) summarized the implications of these 
limitations in six principles that must be met by any jet inte-
gral model to obtain a reasonably accurate solution. Briefly, for a 
round jet, these are as follows:

	 1.	 Solutions are valid only for the five asymptotic conditions 
exhibiting strict self-similarity, a constant internal force 
balance, and invariant turbulence properties. These are 
the pure jet, pure plume, pure wake, advected line puff, 
and advected line thermal. As a corollary, all jet integral 
models must be validated to show that they accurately 
reproduce these five asymptotic regimes.

	 2.	 Models of the transitions among these five asymptotic 
solutions are arbitrary (they cannot be derived from first 
principles) and should be guided by good model agree-
ment with available data.

	 3.	 Model solutions cannot be trusted when the boundary 
layer assumption is violated. This occurs whenever the jet 
undergoes strong spreading (as in the arrest due to ambi-
ent stratification) or strong curvature (as in jets directed 
into an opposing ambient current).

	 4.	 The initial zone of flow establishment (ZOFE) lacks self-
similarity (the velocity profile shape transitions from top-
hat pipe profiles to the Gaussian jet profile); hence, the 
ZOFE should not be modeled by the jet integral equations. 

Instead, empirical relations in this region (extended 5–10 
times the exit diameter) should be used to establish an 
equilibrium initial condition for the jet integral model at 
the end of the ZOFE.

	 5.	 The jet integral equations should be formulated in terms 
of the flux quantities (Q, M, J, etc.) because these quanti-
ties are conservative and generally do not exhibit strong 
changes or singularities as some of the local variables do 
(e.g., b, u, g′, etc.). This principle acts to preserve solution 
accuracy.

	 6.	 The model formulation must be accompanied by limits 
of applicability. In particular, the model must terminate 
when boundary interactions occur or the flow transi-
tions to an intermediate- or far-field behavior domi-
nated by turbulent diffusion over entrainment-related 
spreading.

One integral model that meets each of these principles is 
the CorJet module as implemented in the CORMIX system 
for the analysis of regulatory mixing zones (Doneker and 
Jirka 1991; Jirka 2004; Jirka and Doneker 1991; see also the 
Application section of this chapter). In the following, we 
derive the fundamental equations solved by this model and 
presented in Jirka (2004).

25.3.2.1  �Coordinate System

Here, we derive the jet integral equations in an Eulerian sense 
along the jet centerline. Figure 25.5 shows a sketch of the jet 
trajectory and overlaying coordinate systems. The local, cylin-
drical coordinate system (s, r) is fixed to the jet trajectory, with 
s tangent to the local jet centerline and r the radial coordinate 
from s. The (s, r) coordinate system is also mapped to the fixed, 
Cartesian coordinate system (x, y, z), in which x points in the 
direction of the ambient current 

�
u u za a= ( ( ), , )0 0 , z points oppo-

site to the gravity vector 
�
f gg = −( , , )0 0 , and the origin is at the jet 

exit (CORMIX solves for the more general case of a 2D, planar 
velocity field; however, we limit this chapter to the simplified 

Jet
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Figure 25.5  Schematic of the local (s, r) and fixed Cartesian (x, y, z) coordinate system for the buoyant jet integral model.
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case defined here). A transform between the two coordinate sys-
tems is also depicted in the figure, where σ is the angle between 
the s- and x-axes, and θ is the angle between the s- and z-axes. 
Thus, a unit vector in the s-direction at the origin of the (x, y, z) 
coordinate system has Cartesian coordinates

	 es = ( )cos cos ,sin cos ,sinσ θ σ θ θ 	 (25.15)

Because entrainment fluxes into the jet are perpendicular 
to the s-axis in the model, an important quantity is the com-
ponent of the ambient velocity vector transverse to s. Because 
u⃗a depends on z only, the projection of u⃗a on s is obtained by 
u u e u zs a s a= =

�
⋅ ( )cos cosσ θ. Then, the ambient velocity compo-

nent transverse to s is found using the Pythagorean theorem (see 
inset in Figure 25.5), yielding

	 u ut a= 1 2 2− cos cosσ θ 	 (25.16)

These and similar geometric transforms are used throughout the 
equations given in the following.

25.3.2.2  �Lateral Profiles of the Local Variables

The choice of the shape of the lateral profiles for velocity, concen-
tration, etc. is essentially arbitrary—square, so-called top-hat 
profiles perform equally well to more realistic profile shapes—
because the model tracks only the flux resulting from an inte-
gral over the profile shape. Here, we use Gaussian profiles, both 
for their ease of use and because they most closely match the 
experimental data. We will develop the model for the general 
case of a stratified, flowing ambient condition, as sketched in 
Figure 25.5. For this model, Gaussian profiles give (Jirka 2004)
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where the centerline quantities are jet excess quantities above 
their ambient values.

25.3.2.3  �Flux Equations

The state space of model fluxes are obtained by substituting 
these profiles into Equation 25.2 to obtain

Q s u s r rdr b s u s u zc a( ) ( , ) ( ) ( ( ) ( )cos cos )= 2 2
0

2π π σ θ
∞

∫ = +

	

(25.17)

	

M s u s r rdr b s u s u zc a( ) ( , ) ( ) ( ( ) ( )cos cos )= =2 1
2

22

0

2 2π π σ θ
∞

∫ +

		
		  (25.18)
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		  (25.20)

So far we have shown explicitly the dependence of each variable 
on s and r. After integrating as done earlier, the model unknowns 
become 1D along s; hence, we will drop this notation going for-
ward and all flux and local variables may be assumed to depend 
on s only.

25.3.2.4  �Model Conservation Equations

Figure 25.6 shows a sketch of a differential control volume along 
the jet trajectory for which we will derive the model equations. 
Flux quantities F enter the element at face 1 and exit at face 2. 
Ambient fluid is entrained along the sides of the jet with effective 
entrainment flow rate E per unit height. And the forces acting 
on the control volume are the drag force fd due to the crossflow 

AQ1

F2

2

1

F1

fd

fbds

E

E

ρa(z) ua(z)

Xa(z) ca(z)

Figure 25.6  Schematic of the control volume of the buoyant jet used 
to derive the governing conservation equations of the integral jet model.
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and the net buoyancy fb of the control volume. The model equa-
tions are obtained by applying conservation laws to this control 
volume.

The entrainment rate E accounts for several shear mecha-
nisms that result in entrainment of ambient fluid into the body 
of the turbulent buoyant jet. Similar mechanisms are at work 
in each of the asymptotic flow regimes (principle 1), and a gen-
eral model is sought that accounts for an appropriate transition 
among these asymptotic solutions (as required by principle 2). 
Jirka (2004) suggests a general entrainment model of the form

	 E b u ue c t= 2 4π α α σ θ( cos cos )+ 	
(25.21)

The term 2πb is the local circumference of the jet. The first term 
in (25.21) accounts for the entrainment from jets, plumes and 
wakes, and an acceptable empirical model to achieve smooth 
transition among these asymptotic regimes is suggested by Jirka 
(2004) as

	
α α α θ α

σ θ
e

l

a

c aF
u

u u
= 1 2 2 3+ +

+
sin cos cos

	
(25.22)

The first term in (25.22) gives the entrainment coefficient for 
a pure jet, the second term adds the effect of the pure plume, 
and the third term incorporates the effect of the pure wake. The 
plume contribution is shown by experiment to depend on the 
local densimetric Froude number F u g bl c c= ′  and the vertical 
angle θ since buoyancy acts in the vertical direction. The wake 
effect is proportional to the wake parameter u u ua c a/( )+  and the 
projection of the jet velocity on the x axis since the wake propa-
gates in the direction of the ambient current (x-direction). The 
final term in the entrainment model (25.21) accounts for line 
puffs and thermals: the entrainment velocity is proportional to 
the ambient velocity transverse to the jet and the entrainment 
contribution depends on the component of the jet velocity in 
the ambient current direction: cos cosσ θ . Hence, vertically 
oriented buoyant jets are dominated by jet and plume entrain-
ment while the wake and crossflow entrainment mechanisms 
dominate as the jet bends over and transitions to a buoyant line 
thermal. Although crossflow entrainment is zero for the vertical 
jet (cos θ = 0 for θ = π/2), the plume still bends over as regular jet 
entrainment engulfs ambient fluid having x-direction momen-
tum and as the jet experiences a drag force in the x-direction.

The conservation of mass is obtained by a volume balance on 
the flows into and out of the control volume, giving

	 Q Q dQ Eds2 1− = = 	 (25.23)

or, rearranging:

	

dQ
ds

E=
	

(25.24)

Likewise, the conservation of mass for the state parameters and 
passive tracers are a simple flux balance over the control volume. 
However, because the flux variables are calculated in terms of 
the excess concentration, there are a few more steps. Consider 
the conservation of mass for the state variables over the control 
volume

	

d
ds

X udA EXi ia∫ =
	

(25.25)

To arrange this equation in terms of concentration excess, sub-
stitute the conservation of volume Equation 25.26 to replace E 
in (25.25), giving

	

d
ds

X udA X d
ds

udAi ia∫ ∫=
	

(25.26)

We use the product rule on the right-hand side to bring Xia into 
the derivative

	

d
ds

X udA d
ds

X udA dX
ds

udAi ia
ia∫ ∫ ∫





−=
	

(25.27)

and bringing the first two terms of (25.27) together on the left-
hand side of the equation to obtain

	

d
ds

X udA X udA dX
ds

udAi ia
ia∫ ∫ ∫−





−=
	

(25.28)

It is now possible to bring Xia inside the integral in the second 
term of (25.28) since the integration is over r and not z or s. On 
the right-hand side we also apply the chain rule to dXia/ds and 
substitute udA Q=∫ , yielding

	

d
ds

X X dA Q dX
dzi ia

ia( ) sin− −∫ = θ
	

(25.29)

We now recognize the quantity inside the integral as the mass 
flux of the excess concentration; hence,

	

dQ
ds

Q dX
dz

Xi ia= − sinθ
	

(25.30)

By similar algebra, the conservation equation for passive tracers 
gives

	

dQ
ds

Q dc
dz

ci ia= − sinθ
	

(25.31)

The advantage of the excess concentration formulation is that a 
simple equation for conservation of buoyancy is obtained when 
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the equation of state can be linearized (see, e.g., Jirka 2004). 
When the ambient concentration of passive tracers is zero, the 
concentration of tracer mass flux simply becomes

	

dQ
ds

ci = 0
	

(25.32)

To derive the momentum equation, we require expressions for 
the forces acting on the control volume. The buoyancy contribu-
tion is the net reduced gravity across the centroid of the control 
volume, giving

	

f g s r rdr b gb c= =2
0

2π π λ′ ′
∞

∫ ( , ) ( )

	

(25.33)

in kinematic force per unit length dimensions, acting exclusively 
in the z-direction. The drag force is formulated in analogy to 
the drag around a cylinder of diameter 2 2b using the velocity 
transverse to s as the characteristic scale; hence,

	

�
F c bud D a= 1

2
2 2 12 2 2( cos cos )− σ θ

	
(25.34)

and the Fd vector is assumed to act in the same direction as the 
transverse velocity ut. Decomposing the drag force into (x, y, z) 
components yields

� �
f Fd d= −1

1
2 2

2

2 2
−

−





−

cos cos , sin cos cos
cos cos

,

sin cos

σ θ σ σ θ
σ θ

σ σσ θ
σ θ

cos
cos cos1 2 2−



 	
(25.35)

To test this formulation, consider three simple cases:

	 1.	 For a vertical buoyant jet, θ = π/2 and σ = 0 so that the 
drag force acts in the x-direction, causing the plume to 
bend over.

	 2.	 For a horizontal jet with centerline along the x-axis, θ = 0 
and σ = 0. Here, the transverse velocity is zero; thus, Fd is 
zero. If the jet deviates slightly in the y-direction so that 
σ is small, the drag force is small, but almost all of it is 
directed in the negative  y-direction; hence, causing the jet 
to correct its path and move back to the x-axis.

	 3.	 For a horizontal jet with centerline along the y-axis, θ = 0 
and σ = π/2, the drag force is large and is directed solely in 
the x-direction, similar to case 1.

With these forces, the conservation of momentum flux in 
the x-, y-, and z-directions follows from Newton’s first law as 
(Jirka 2004)
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Eu Fa D
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(25.36)
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(25.38)

where the term Eua accounts for the change in momentum due 
to entrainment of ambient fluid with velocity ua in the x-direc-
tion and the other terms on the right-hand side of the equations 
are buoyancy and drag contributions.

To close the system of equations, the trajectory is obtained 
from

	

dx
ds

= cos cosσ θ
	

(25.39)

	

dy
ds

= sin cosσ θ
	

(25.40)

	

dz
ds

= sinθ
	

(25.41)

and the density necessary to compute the reduced gravity is 
obtained from the equation of state.

25.3.2.5  �Values of the Empirical Coefficients

To solve the model equations presented earlier, values for the five 
model parameters are required. These are obtained by validation 
to available data, and because of the robustness of the similarity 
solution, are constant over a very wide range of physical scales 
and also in many transition states between asymptotic flow solu-
tions. Jirka (2004) reports the values used in CorJet as

	 α α α α1 2 3 40 055 0 6 0 055 0 5= . , . , . , .= = = 	
(25.42)

	 λ = =1 2. , .0 1 3cD 	
(25.43)

It is important to note here that these values depend on the shape 
of the lateral profiles (these values are for Gaussian profiles) and 
the chosen definition of the plume half-width b (taken as 1/e for 
the entrainment coefficients). Models using other profiles or def-
initions may result in the same solution as this model, but using 
different values for these five model parameters.

25.3.2.6  �Validation

Integral models based on the equations presented earlier have been 
validated to all of the asymptotic regimes as well as many transition 

AQ2
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cases in which different parts of the jet trajectory are dominated by 
different asymptotic dynamics, as in a buoyant jet transitioning 
to a plume. The purpose of model validation is both to check the 
accuracy of the numerical routines and computer code to ensure 
that the right equations are solved well and to check that the gov-
erning equations are indeed an adequate representation of the jet 
physics. In this section we highlight a few of the validation cases 
that have been applied to the CorJet model. For a more comprehen-
sive suite of validation data, please see Jirka (2004).

	 1.	 Pure jet: The pure jet has no ambient density stratification 
or crossflow, and the effluent is of neutral density with the 
environment. Since validation data span laboratory and 
field experiments of a wide range of scales, comparisons 
are made for nondimensional variables. Figure 25.7 shows 
the decay of the centerline velocity uc/U0 and the bulk 
dilution S versus the distance from the source x/D (as for a 
jet discharge with σ = 0, θ = 0). The model comparison is 

limited to the self-similar region beyond the ZOFE. Over 
this region, the model predictions track through the mean 
of the experimental data, and the scatter in measured 
data is typically ±5%. Because the model assumptions are 
wholly valid within all of the asymptotic regimes, model 
comparisons for pure plumes, wakes, line puffs, and line 
thermals show similar levels of agreement.

	 2.	 Buoyant jet in stratification: As a first example of a tran-
sitional regime, consider a buoyant jet in a quiescent res-
ervoir with linear density stratification. The comparison 
in Figure 25.8 shows the predicted centerline trajectory 
and half-width overlain on line tracings from images of 
the laboratory dye studies for an inclined discharge in the 
x-direction (σ = 0 and θ = π/4). T g D= ′0 ( )ε  is the strati-
fication parameter. Note that the simulation terminates at 
the start of the intermediate field as the jet undergoes rapid 
spreading and begins to violate the boundary layer approx-
imation. The model accurately predicts the evolution in the 
jet-like region of the flow and the height of maximum rise.

	 3.	 Buoyant jet in crossflow: Another important transition 
region considers the buoyant jet in an unstratified crossflow. 
The dominant length scale for this case is Lb; Figure 25.9 
presents the model validation for a vertically discharging 
jet (σ = 0 and θ = π/2). From this log–log plot, it is apparent 
that the model captures the correct scale-law behavior in 
the weakly bent (z x∼ 3 4/  power law) and strongly bent 
(z x∼ 2 3/ ) regions. The model also tracks the experimental 
data throughout the near field, but slightly underpredicts 
the rise height (overpredicts the degree of bending) for 
x/Lb > 100. This is due to an overestimate of the drag force 
in the latest stages of the jet, indicating that the drag force 
term becomes less important as the jet transitions from a 
coherent column to a diffusion-dominated puff or thermal.

	 4.	 Buoyant jet in stratified crossflow: Among the more com-
plicated cases that can be analyzed using the CorJet model 
equations is a buoyant jet into a flowing and density-
stratified ambient reservoir. Figure 25.10 shows the case 
of a vertical buoyant jet (σ = 0 and θ = π/2) into a uniform 
current with linear density stratification. In these experi-
ments, the initial momentum was small so that the flow 
was dominated by the discharge buoyancy. The model 
predicts well the intrusion level of the plume and is par-
ticularly capable of matching the measured dilution, as 
indicated by the variation of ρc/ρa versus x/D. Again, the 
model simulation is terminated when the jet enters to col-
lapsing region of the intrusion formation.

25.4  �Applications

25.4.1  �Discharge Analysis Using CORMIX

Environmental impact assessment is often required for a wide 
range of point source discharges—including municipal waste-
waters, cooling waters, industrial wastes, oil, and gas produced 
waters, dredging operations, and desalination brines—into 
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Figure 25.7  Validation of the pure jet showing the decay of the cen-
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G.H., Environ. Fluid Mech., 4(1), 1–56, 2004. With permission.)
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rivers, lakes, estuaries, and the coastal ocean. Design optimiza-
tion of wastewater disposal systems using multiport diffusers 
can often mitigate negative environmental impacts. Because of 
this, predictive simulation models are used to design, manage, 
and regulate wastewater disposal systems.

The previous sections outlined the physical concepts and 
theoretical basis for buoyant jet modeling into an unbounded 
(infinite) ambient. However, water bodies always have limita-
tions; be it the surface, bottom, shorelines, or boundaries caused 
by internal ambient density stratification. This section addresses 
the practical application of buoyant jet modeling to water qual-
ity management within the regulatory mixing zone, where 

boundary interaction is often important. The regulatory mix-
ing zone is an administrative concept which includes the region 
near the discharge where the initial mixing occurs and generally 
spans an area from the discharge through the intermediate field 
and to the start of the far field (refer to Figure 25.1). Although the 
potential for water quality impacts are greatest within the mix-
ing zone, the opportunity also exists to mitigate adverse condi-
tions through outfall design optimization.

The CORMIX modeling system (Version 6.0 or higher) is a 
software system for the analysis, prediction, and design of aque-
ous toxic or conventional pollutant discharges into diverse water 
bodies. It contains a buoyant jet integral model as previously 
described along with enhancements to account for boundary 
interaction within the mixing zone. The system emphasizes 
steady-state (∂ ∂Q t = 0), near-field mixing and contains meth-
ods to predict conditions within the regulatory mixing zone 
which typically occurs after boundary interaction in the far-field 
region (where ambient conditions dominate mixing). While 
CORMIX was originally developed under the assumption of 
steady ambient conditions, Version 6.0 includes application to 
highly unsteady environments, such as tidal reversal conditions, 
in which transient recirculation and pollutant build-up effects 
can occur. Figure 25.11 gives the problem domain covered by 
the CORMIX methodology in relationship to ambient and dis-
charge conditions.

Among available water quality simulation models, CORMIX 
has a unique data-driven approach to simulation model selec-
tion based primarily on the characteristic scales defined in 
the Dimensional Analysis section and on other similar scales 
for more complicated cases. To do this, CORMIX employs a 
rule-based expert system to screen input data and select the 
appropriate core hydrodynamic simulation model to simu-
late the physical mixing processes contained within a given 
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discharge–environment  interaction. The methodology also 
comprehensively documents the model selection process and 
interprets the physical mixing processes present in relation to 
applicable regulatory criteria. Since the model selection process 
is data-driven and explicitly contained within the methodology, 
the approach facilitates a discussion between regulators and the 

regulated on the physical processes contained within the mixing 
zone, limits the potential for model misapplication, and helps 
to develop consensus on appropriate model selection. Figure 
25.12 shows an example of the CORMIX flow classification 
system based upon length scale analysis of the boundary inter-
action process. CORMIX determines discharge stability and 

0
0

10

20

z/
D

10 20 30 40 50 60
x/D

0
–0.01

0.01

0.02

0.03

∆ρ
c/ρ

a

0

10 20 30 40 50
x/D

Hunter (1993) Hunter (1993)

CorJetCorJet

BR

Visual plume
boundaries

zmax
FN = 0.45

FN = 1.1

x = 5La

BR√2b

√2b

(a) (b)

Figure 25.10  Validation of the buoyant jet in stratified crossflow showing the jet trajectory, half-width, and centerline decay of the density 
difference. (Reproduced from Jirka, G.H., Environ. Fluid Mech., 4(1), 1–56, 2004. With permission.)

AQ3

Hydrodynamic models for mixing zone analysis

Near-�eld region models Far-�eld region models

(A) General case

(B) Restricted case (B) Restricted case

(A) General case
- High/low momentum �ux
- High/low buoyancy �ux
- Arbitrary discharge alignment geometry
- Deep/shallow condition (stable & unstable)
- Arbitratry ambient strati�cation
- Boundary interaction/dynamic attachments

Applicable models:

Applicable models:

CORMIX-Mixing zone model expert system

- Combination of weak momentum & high
   boyancy �ux
- Deep conditions (stable)
   - typical for coastal sewage discharge

CorJet - (included in CORMIX)
PLUMES
VisJet

- Complex coastal topography & bathymetry
- Complex current structure (tidal, wind driven)
- Arbitrary ambient stratification

Applicable 3D circulation and transport
models:
DELFT-3D/EFDC (hydrostatic)
Mike3 (non-hydrostatic)
POM/ECOM (hydrostatic)
Telemac3 (hydrostatic)

- Open coastal areas
- Simple current patterns
- Rivers

Applicable models:
CORMIX

- Tidal data option
- Far field locator (FFL post-processor)

Denotes CORMIX problem domain

Denotes PLUMES/CorJet problem domain

Denotes DELFT3D/EFDC problem domain

Figure 25.11  CORMIX mixing zone model problem domain.

K10858_C025.indd   343 7/3/2012   11:38:41 AM



344 Handbook of Environmental Fluid Dynamics, Volume One

the boundary interaction process before executing a series of 
regional flow models to complete the near-field and far-field sim-
ulation. CORMIX also determines if dynamic wake or Coanda 
attachments occur in the near-field. The entire CORMIX system 
contains about 60 flow classifications similar to V1 to V6 in the 
figure.

A User Manual gives a comprehensive description of the 
CORMIX system (Doneker and Jirka 1990). Multiple publica-
tions describe the scientific basis for the CORMIX system and 
demonstrate comparison and validation with field and labora-
tory data (Akar and Jirka 1991; Bleninger et al. 2002; Doneker 
2003, 2006; Doneker and Jirka 1990; Jones et al. 1996).

25.5  �Extensions for Multiport Diffusers

For larger flow rates, single jet discharges may not be suffi-
cient to achieve dilution requirements, for example, if applied 
for municipal treated wastewater effluent or cooling water dis-
charges where large volume flow rates must be accommodated. 
Multiple jets, called multiport diffusers, are used in such cases 
to distribute the effluent through many single ports discharges 
along a diffuser pipe. Such diffusers can generally be modeled 
as a continuous line source, aligned at an oblique angle to the 
ambient current, discharging from a theoretical slot of finite 
length resulting in a plane jet (see Figure 25.13). Provided that 
the slot length is considerably larger than the local jet width, 
the resulting jet motion is then characterized by a locally 2D 

plane geometry. The overall behavior of the resulting jet motion 
(including its complete trajectory) may, however, still be 3D. 
Jirka (2006) described the extension from single jets to plane 
jets and the details of a plane jet integral model. The definitions 
conform to those given previously for the round jet geometry. 
In addition, there are the diffuser length LD, port spacing l, port 
and diffuser orientations β, γ, θ, and the equivalent slot width 
B, calculated to achieve diffuser flux quantities equal to those 
caused by the sum of the individual multiport jets. The assump-
tion of the equivalent slot width concept is generally valid for 
most of the existing closely spaced multiport diffuser installa-
tions, where merging takes place after short distances and in a 
rather uniform manner. Exceptions are for tunneled outfalls 
with only a few largely spaced long risers and rosette-like port 
arrangements. Individual jet quantities are then no longer the 
right measure for calculating the equivalent slot width and more 
complicated jet interactions must be considered.

Turbulent fluctuations caused by turbulence shearing mecha-
nisms lead to a gradual growth of the characteristic jet thickness 
2b and characteristic width LD + 2B. The relatively large diffuser 
lengths compared to plume thickness L BD ( )?2 1 generally allow 
neglecting the entrainment at the lateral plume ends. Plane 
plume growth, thus, is dominated by 2D processes, and quanti-
ties per unit jet length can be described for the initial fluxes as 
(Jirka 2006)
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The development of the plane jet fluxes q, m, and j along the cen-
terline can be computed in integral values as described in Jirka 
(2006).

It has been demonstrated both theoretically and experimen-
tally that the maximum mixing can be achieved with closely 
spaced ports that allow some interference of adjacent jets (Fischer 
et al. 1979). In relatively shallow coastal waters of typical depth 
5–15 m, however, it is often the case that, given practical consid-
erations (e.g., in order to maintain a minimum jet velocity and 
minimum diameter), multiport diffusers are designed to mini-
mize interference of adjacent plumes. In such cases, the required 
spacing is about H/3.

25.5.1  �Extensions for Surface Jets

Buoyant surface discharges occur in many environmental and 
water treatment processes, including inflows to treatment facili-
ties, discharges to receiving bodies, and riverine inflows to larger 
rivers, lakes, of the coastal ocean. When lighter than the receiv-
ing water, the discharge forms a buoyant surface jet, as sketched 
in Figure 25.14, where a river discharges at an angle into a flow-
ing coastal region.

Buoyant jet integral models have recently been adapted to 
accurately model the jet-like near field, the transition to plume-
like buoyant spreading, and the buoyancy-dominated interme-
diate field. Jones et al. (2007) present scale relationship to classify 
the dominant inflow dynamics, and Jirka (2007) presents the 
integral model equations. A 3D numerical model with an imbed-
ded surface jet are also presented by Hetland (2010) and Chen 
et al. (2009) and compared to field data of the Merrimack river 
plume near Boston, Massachusetts, by Hetland and McDonald 
(2008). Laboratory data are also available from Nash et al. (1995).

The general physics of a buoyant jet is analogous to the round 
jet detailed previously. An initial ZOFE takes place at the start of 
the jet as the nearly uniform velocity profile of the channel rapidly 
adapts to a nearly round jet with typical Gaussian profiles (though 
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influenced by the surface as shown in inset A of Figure 25.14). 
As the jet flow slows down, buoyancy begins to dominate and 
the flow collapses to form a plume-like lateral intrusion. In this 
latter region, vertical diffusion is damped by density stratifica-
tion on the bottom of the plume, and the velocity profiles steepen, 
approaching a more top-hat profile (see inset B of Figure 25.14). 
Wind shear can enhance mixing, and coastal currents can deflect 

the plume; eventually, the flow enters the far-field, where it is 
dominated by turbulent diffusion and passive advection.

Throughout the buoyant jet near and intermediate field, 
several different entrainment fluxes engulf ambient fluid. These 
rates are additive, and are summarized by
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where the subscripts stand for horizontal, vertical, advected puff, 
frontal, and interfacial entrainment, respectively (Jirka 2007). 
Eh enters at the jet edges, depends on the centerline velocity, and 
is comprised of jet and wake entrainment. The vertical entrain-
ment Ev on the jet bottom has a similar form to Eh, but with an 
added density term to account for damping at the sharp inter-
face in the collapsed jet. As in the round jet, the advected puff 
entrainment Ep depends on the ambient velocity and the angle 
of the surface jet. In the plume region, an additional frontal 
entrainment Ef is proportional to the lateral spreading velocity 
of the surface plume sides. The final term Ei acts on the plume 
bottom, modeling the effect of wind mixing, and is proportional 
to the wind shear velocity, the ambient current velocity, and the 
lateral spreading. The drag force is also formulated similarly to 
that in a round jet, following a quadratic law drag model that 
depends on the ambient current velocity. No additional drag is 
modeled due to the wind since it is assumed that this effect is 
already included in the ambient current.

25.6  �Challenges

Although an extensive and diverse range of buoyant jets types in 
the environment have been studied in great detail, as described 
briefly in this chapter and elsewhere, there are numerous challenges 
remaining to further our understanding and description of jets and 
plumes. A few of these challenges are highlighted as follows.

A rapidly expanding field of buoyant jet discharges result from 
membrane-based seawater desalination plants, and generate 
plumes with positive momentum and negative buoyancy, simi-
lar to a fountain. As long as the discharge angle is not vertical 
(which would violate principle 3 similarly to a jet in a counter-
flow), a buoyant jet following the boundary layer approximation 
results, and the equations presented earlier accurately track its 
trajectory from the source until it plunges to the sea floor, where 
boundary interaction dominates. There, the dense discharge 
interacts with the nonhorizontal sea bed and creates further 
gravity currents down slope, which need more detailed con-
sideration than pure buoyant spreading processes at the water 
surface for positively buoyant effluents. A related desalination 
byproduct are thermal saline discharges resulting from distil-
lation plants, where double diffusion effects may occur. Because 
these plumes interact with the flora and fauna of the sea floor, 
their environmental impact can be significant, and their design 
requires new models, experiments, and methods.

Another challenge area in jets and plumes are those resulting 
from multiphase discharges, such as direct ocean CO2 seques-
tration plumes, particle-laden jets from dredging operations 
or untreated wastewater discharges, lake aeration and mix-
ing plumes, among others (see also Chapter 5 of Handbook of 
Environmental Fluid Dynamics, Volume Two). Because of the 
immiscibility of the phases, there exists the possibility that the 
entrained fluid separates from the dispersed phase (e.g., air, oil, 
liquid CO2, sediment, etc.). And because the dispersed phase 
often contains much of the buoyancy in a multiphase jet, the 
result is a nonuniform loss of buoyancy to the jet as the dispersed 

phase settles or rises out of the jet, thus depleting the driving 
force of the jet motion. When separation of phases is weak, the 
integral approach described here can be effective; however, when 
separation is important (notably in the presence of crossflow or 
ambient stratification), new models are required. Because of 
the difficulty to make measurements in multiphase flows, data 
are often lacking for more complicated cases, and much work is 
needed to understand the fundamental flow dynamics.

Other ambient forcing conditions beyond those discussed 
here may also play a major role in some buoyant jet applications. 
These may include the influence of waves, ambient turbulence, 
counter flows, and others. These processes can affect both the 
jet trajectories and dilution. In many of these cases and also in 
cases of the other traditional flow classes as they interact with 
boundaries, no experimental data are available for model vali-
dation; hence, there remain many buoyant jet flow types that 
require fundamental observation in the laboratory. These may 
also be explored in the near future as numerical solutions can be 
increasingly applied to jets and plumes. Certainly, this field will 
be vibrant for years to come.
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[AQ2] Please check whether the insertion of “negative” is ok in the sentence “If the jet deviates ….”
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