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Abstract

The main goal of these notes is to introduce and present some properties of Julia
Sets for rational functions, based primarily in [2] and [5]. Inspired to follow the work of
[7], the notes are aimed at the undergraduate mathematics students, who are expected
to have some basic knowledge in Complex Analysis and Topology. If any difficulty
regarding these concepts may present, the reader may check [I] and [6]. These notes
are structured so that some basic concepts and tools are presented in the first section,
“Complex Analysis”. The reader who is familiar with these concepts may wish to skip
to the second section, “Iteration of Rational functions”, in which we define the Julia
sets for rational functions. We then define another family of sets related to the concept
of normality of the family of iterates of rational functions. We prove many interesting
properties about these sets and conclude by showing that they coincide with the Julia
sets. We also, we mention some techniques for “graphing” Julia sets and present some
examples.



1 Complex Analysis

This first section is dedicated to some important results in Complex Analysis that will
be needed later on.

1.1 Extended Complex Plane

Definition 1.1. Taking an abstract point oo called infinity, we define the extended complex
plane as:

C=CuU {0}

Definition 1.2. We say f : D C C — C is meromorphic in D if for all zy € D there exists
neighbourhood V., C D such that f or 1/f is holomorphic at V. The poles of f holomorphic
are points such that 1/f is analytic around w, with 1/f(w) = 0.

Note that given any meromorphic function defined in a subset of the complex plane,
there’s a natural unique extension to the extended complex plane setting f(w) = oo where
w is a pole of f.

Definition 1.3. A function is said to be defined in some neighbourhood of oo if it is defined
on some set {|z| > r} U {co}. In this case, it is holomorphic at oo if 1/f is meromorphic at
0.

Again, if a complex function f is defined such that lim, . f(z) makes sense and exists,
we may extend it uniquely by setting f(co) = lim, o f(2).

Example 1.4. Let P(2) = a,2" + ... + ag, a, # 0, n > 0 be a complex polynomial. Then
P is meromorphic in C and in fact, P(oco) = oo. Clearly it is holomorphic at oo since
P(1/z) = an/z" + ... + ap has a pole at the origin, because:

1 2"

P(1/2)  ap+ ...+ agz"

is holomorphic at 0, with value 0 there.

Definition 1.5. We say U C C is bounded if there exists C' such that |z| < C, for all z € U
and oo € U.

Note: A more rigorous approach to dealing with the extended complex plane is achieved
by visualizing it as a Riemann surface, specifically the complex sphere, in which taking
another metric called the chordal metric, we may treat oo as any other point. However, since
all calculus is done with local charts in the complex plane, we have no real necessity to deal
with this metric. For that reason, we chose to omit these definitions in these notes. The
interested reader may check [5].



1.2 Roots of Analytic Functions

Definition 1.6. We say a meromorphic function f has n roots at zy € C, or that z; is a root
of multiplicity n of f if, in a neighbourhood of z:

f(2) = (2 = 20)"9(2)

where ¢ is analytic with g(z9) # 0. We say zy € C is a solution of multiplicity n for
f(z) = w, w € Cif 2 is a root of multiplicity n for the function f(z) — w.

Notice these definitions are motivated by the power series definition of f.

Proposition 1.7. The number z; € C is a solution of multiplicity n for the equation f(z) =
w, w € C if and only if:
lim —f(z) —v
z—20 (Z — 2’0)"
exists and is different from 0 and oo.
Proof. (<) Writing f(z) — w as a power series at zy, we have:
Zakz—zo Z—ZO"Zanz—zo
k=0 k=0

But then the above limit implies:

a; = lim [z2—2)]""=0,i=0,1,...n—1 = ag,...,a,_1 =0
Z2—20 [Z — ZO]"
so that
f(2) = (2 =20)" Y ar-n(z = 20)" " = (2 — 20)"9(2)
k=n
where g(zo) # 0. The converse is immediate. O

Corollary 1.8. If z, € C is a solution of multiplicity n for f(z) —w, w € C, then f®(z,) =0
fori=1,...,n—1, f((z) #0.

Example 1.9. Let f(z) = 22—2z. Then 2y = 1 is a solution of multiplicity 2 for the equation
f(z) = —1, since

f2)—(-1)=0 <= 22-224+1=0 <= (z—-1)?=0.

Note also that

FR = (=) (1)

il—rg z—1 =1 z—1 =0
while . 2

g FR =Dy G2D7

z—1 (Z — 1)2 z—1 (z — 1)2

Finally, note that f'(z) =2z — 2, so that f’(1) =0, f”(1) =2 # 0.
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Definition 1.10. Let f be analytic, zy € C such that f’(zy) = 0, then we say z is a critical
point of f

Proposition 1.11. Let f be analytic. Then f is injective at zy € C iff f'(zq) # 0.

Proof. If zy = oo, simply compose f with an injective map ¢ that sends oo to a point 2, € C
such that ¢’(00) # 0. So, in the following we will assume 2z, € C. Let f, 2y be such that
f'(20) # 0. Viewing C as R? we can apply the Inverse Function Theorem. Alternatively, we
provide the following proof: Claim: There exists ¢’ > 0 such that f(z) # f(z0), V2o # 2z €
B(Zo, 5/)

Suppose not. Then V¢’ = 1/n, there would exist zy # z, € B(z0,1/n), f(z,) — f(z0) = 0.

But then:
o L) = )

/
R 2 — 20 = ['(%0)
which is a contradiction.
If necessary, take ¢’ smaller so that f has no poles at B(zp,d’). Denote C' = S(zp,¢") and
I' = f(C). Now, by the argument principle we have that:
/
% f 7 p
i ), f

Where Z =# zeros of f in \, P =+# poles of f inside v. We have:

1 / f(2) 1 / dw 1 dw
21 Js(z0.0n) f(2) — f(20) 270 S0y W — 2 [ 0y W — B
For all 5 sufficiently close to a, i.e: 5 € B(a,€), since we claim the winding number

1 dz

n(7,a) ::% L Z—a

is locally constant.
We will show that it is an integer valued continuous function, which implies the former. Let
~ be given by z(t), 0 <t <1 and

B s Z’(t)
F(s)—/o (t)_adt,ogsgl.

Then F(s) is given piecewise as branches of log, so that:

(o) —age 19 = CL = )

Therefore

=~



Therefore
oy _ 21 —a
2(0) —a
since z(1) = z(0). Hence, F(1) = 27ki, k € Z and n(y,a) = 5;-F(1) = k. Notice that
F(s,a) varies continuously with a inside v, so that n does too.
Therefore, 30 < ¢’ such that z € B(29,0) = f(2) = f(20), it follows, for z1, 2o € B(z0,9),

C = S(20,9), I' = f(C):
1 dw 1 dw
- 2_7m/ w — f(zl) 27rz/w f zg)

27rz/ f(z fl f(z1) _27m/ f(z f/ f(22)

Such that f(z;) and f(z9) are both assumed only once inside f(C), that is, f(z1) # f(z2) if
21 # z3. And f is injective.

=1,

Now, let f be injective at zy and without loss of generality, f(z9) = 0. Then:

f(2) = ap(z — 20)* + apgr(z — 20)" + ...

= (2 — 20)"[ak + ars1(z — 20) + ...

= (= - 20)"9(2).

With ap = f®(z)/k! # 0 the least coefficient corresponding to the non-null derivative
(notice that f(z9) =0 = ap = 0 so that £ > 1). Then (g(z9) # 0, so that there exists an
analytic k-th root branch for g in a disk B(z,d), ¢*/*. Then

where h is the analytic function defined by:
h(z) = (2 = 20)9"*(2)

Notice that h(zp) = 0 and h'(z) = g/ (20) # 0, so that by the previous part h is injective.
But f = loh, where [(2) = z*. So that for ¢ < 1, B(0,e C h(B(20,6), then [(B(0,¢)) C B(0,¢)
implies f(h™'(B(0,¢))) C B(0,¢). But since deg(l) = k and h injective this implies f(z) =
w, w € B(0,¢€) has k solutions counting multiplicities in B(0, €) (with the only solution with
multiplicity greater than 1 being 0). So that f is “k to 1”7 in B(0,¢)\{0}. But since f is
injective, we must have k = 1, so that f’(zy) # 0. O

Definition 1.12. Let 2y € C be a fixed point of an analytic function f . We say that f has
k-fixed points at zg if zq is a root of multiplicity & for the function f(z) — z.



Lemma 1.13. Let z5 € C be a fixed point of an analytic function f, ¢ be analytic, injective
and finite in a neighbourhood of z;. Then ¢o f o ¢! has the same number of fixed points at
®(z0) as f has at z.

Proof. Suppose f has k fixed points at zy. Since

$ofopt(z) =z _ (¢°f°¢_1(2) - ¢°¢_1(2)> (f°¢_1(2) - _1(2)) _
[z = &(20))* feoH(z) —o(z [¢71(2) — 2]*
| ([¢‘1<z) — o ob‘l(z)]k)
[z = ¢(20)]" '
Now, ¢(zp) is zero of multiplicity k of ¢ o f o ¢! — 2 iff the right hand side of tends to

a finite non-zero number, as 2z — @(2). Let fo ¢ '(2) = u and ¢~'(z) = v. Then the first
term in the right hand side becomes:

(2)

$(u) — ¢(v)

u—v

And as z — ¢(z), u — 29, v — 2o and since ¢ is injective, u # v for z # zj, so that this
term is always finite and tends to ¢'(zp) # 0 since ¢ is injective, by Proposition [L.11]
Next, setting, notice that the second term in is:

flv) —v
[v — zo]F

and as z — ¢(zp), v — 2. Since zj is fixed point of order k for f, the above limit is finite
and non-zero. Again, by injectivity of ¢, the denominator never vanishes.
Finally, let ¢(z9) = w. Then the last term of ([2) becomes:

o (2) — ¢ H(w)]"

Z—Ww

and as z — ¢(z9) = w, the above expression tends to

(1) ()" = [(671) (¢(20)]" = [¢/(20)] " # 0
again by Proposition [I.11] O
Motivated by this Lemma, we define:

Definition 1.14. A meromorphic map f has n fixed points at 0o if ¢po f o ¢! has n fixed
points at ¢(oc0), where ¢ is any injective meromorphic function such that ¢(oo) € C.

Corollary 1.15. If z; is a fixed point of f with multiplicity greater than 1, then f’(zy) = 1.

Proof. Follows from Corollary [1.§ that g(z) = f(z) — z is such that 0 = ¢'(z0) = f'(20) — 1,
so that f'(z) = 1. O



Example 1.16. The map f(z) = % has a fixed point at co. Taking ¢(z) = 1/z, so that
$(00) = 0, we have that h(z) = ¢o fop1(2) :_ Then,

= z241"

h(z) =2 <— —2=0 < 22 =0.

2241

It follows that 0 is a fixed point of multiplicity 3 for h, thus oo is a fixed point of multiplicity
3 for f.

Theorem 1.17. Let f : U — C be meromorphic, f(0) = 0, f/(0) = X # 0,1. Then
Ir>0,¢: f(B(0,r)) — C, such that ¢ o f(z) = Ap(2).

Proof. Suppose, without loss of generality, that |[A\| < 1 (The case |\| > 1 follows by applying
the same theorem to the the local inverse of f, whose existence is guaranteed since f'(0) # 0).
Take ¢ € R such that ¢* < [A] < ¢ < 1. Since f(0) =0, |f'(0)] = |A\| < c and f’ is continuous,
there exists 7 > 0 such that |f'(z)| < ¢,Vz € B(0,r). Hence:

|f(z) = f(0)] < c|]z—0]
|f(2)] < c|z|, Vz € B(0,7).

Thus, given zo € B(0,r), it follows that:

1F2(2) = [f(f(20))]
< | f(20)|

< 2.
By induction, it follows that
/" (20)] < "[z0] < 'r<r (3)
Which implies f(zy) € B(0,7), Vn, z,Vzo € B(0,r), that is,
f"(B(0,r)) € B(0,7) (4)
By Taylor’s Theorem, we also have that:

f(2) :A'z—l—%(f)f
with £ between z and 0. Therefore, since f” is bounded in B(0,r), it follows that
|f(2) — Az| < Cz|*,Vz € B(0,7r)
where C' = supgep o, [f”(§)]- Then, by (3)) and (4) we have that:
[f"H(2) = A" (2)] < CL () < Cr2er. ()

Now, consider the sequence of analytic functions ¢ : B(0,r) — C:

()
©

n(2)



Then, from (), we have that for all z € B(0,r):

= e [0 =)

1 Cr? [ A\"
Lo (Y
[A[mH Al A

Since ¢?/|\| < 1, it follows that |¢,11(z) — ¢n(2)] = 0, as n — oo, uniformly on B(0,r). So
¢, is Cauchy, therefore it converges to an analytic function ¢. But then, note that:

_ ()

6 0) = 15,

=0, Vn.
So that ¢(0) = 0 and

) AT

/\n >\n+1 =0

Op © f(z) - /\an-&-l(z)

for all z € B(0,r), n € N. Taking the limit as n — oo, it follows that:

¢ f(z) = Ag(z) =0
¢ f(2) = Ao(2).

1.3 Rational Maps

Definition 1.18. A rational map is a function R : C — C of the form

P(z)
Q(2)

where P and () are both polynomials, not both being the zero polynomial. If P = 0, then
R =0 and if ) = 0 then R = co. We also assume that P and () have no common zeros, that
is, they are coprime. Thus R determines P and () uniquely up to a scalar multiple, and the
degree of R is

R(z) =

deg(R) = max{deg(P), deg(Q)}

except in the degenerate cases where R is constant. In that case, deg(R) = 0.
Example 1.19. Take R(z) = ZBJZF_# Then deg(R) = 3, R(1) = 00, R(c0) = 0.

Proposition 1.20. If R is a rational map, deg(R) = d > 0, then Vw € C the equation
R(z) = w has d solutions, counting multiplicities.



Proof. Let R = P/Q, deg(P) = n, deg(Q) = m, so that:

apnz™ + ...+ ag

If n = m, then R(0c0) € C, so that all roots and poles of R are in C. Notice that there are
exactly n = m = d of each, being those the roots of P ad @) respectively. If n > m, then
R has n = d roots and m poles at the respective roots in C. Notice that there is also a
pole at oo, whose multiplicity is by definition the multiplicity of 0 in 1/R(1/z). That is in
Q(1/2)/P(1/2) or

b 2" ™™ 4 .+ bp2"

Ay + ... +agz™

so that 0 has multiplicity n — m. There are, therefore, m +n — m = n = d poles in total.
Similarly, we show that the same holds for the case m > n (in this case there is a zero at oo,
with multiplicity m — n).
Finally, if w # oothe number of solutions of the equation R(z) = w is, by definition, the
number of roots of the equation R(z) —w = 0, that is:

P(z) —wl(2)
Q(z)

Notice that since P and () have no common zeros, P — w( and ) have no common zeros.
Then R(z) —w and R(z) have the same degree, so that as we saw above they have the same
number of roots, that is, d. If w = oo, then the number of solutions of R(z) = w is the
number of poles of R, which, as we saw, is also d. So that it holds for any w € C. n

R(z) —w =

Corollary 1.21. If R is a rational map and Yw € C the equation R(z) = w has exactly d
solutions, counting multiplicities, then deg(R) = d.

Proposition 1.22. If R, S are a rational maps, then:
deg(R o~ S) = deg(R) - deg(S5).

Proof. Notice that the composition of rational maps is a rational map. Now, let w € C.
Then the equation R(z) = w has exactly deg(R) = d solutions, counting multiplicities. Let
&1, ..., &g, not necessarily distinet be all those solutions. Then for each i = 1, ..., d, the equation
S(z) = & has exactly deg(S) solutions, counting multiplicity. So, the equation R(S(z)) = w
has, in total, exactly deg(R)-deg(.S) solutions, counting multiplicity, so that RS has degree
deg(R) - deg(S) by the above result. O

Corollary 1.23. If R is a rational map, then deg(R") = [deg(R)]", where R" = Ro...o R,
n times.

Definition 1.24. A rational map of the form:

_az+b

g(z)—cz+d,ad—bc7é0

is said to be a Mobius map. We say two meromorphic functions f,h are conjugate if there

exists a Mobius map ¢ such that h = go fog™!.
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Example 1.25. If f is a quadratic polynomial, then f is conjugate to h.(z) = 2% + ¢, for
some ¢ € C. In fact, taking g(z) = az + b, a # 0, then g~!(z) = ZT”’ so that:

5 +b=-2"+—z+—+c+b
a

a a

22— 22b + b? ) 1 —2b b?
LT re
a

(@eheog™ )6 =
So that if f(2) = az? + Bz + v, a # 0, then:

1. =B B g B
a_a’b_Qa andc-’y+2a 1o

Proposition 1.26. If R, S are conjugate rational maps, S = go Ro g~ ! then:
1. deg(R) = deg(S).
2. 8" =goR"og ! sothat S™ and G™ are conjugate.

3. If R has n fixed points at zy, then, S also has n fixed points at g(z), so that R and S
have the same number of fixed points, counting multiplicity.

4. R and S have the same number of critical points.
Proof. 1. Follows from Proposition [1.22]
2. Note that
S?=goRogtogoRog?
=goR?og!
so that it follows from induction
3. Follows from Lemma .13
4. If 2y is critical point of R, R'(zp) = 0. But then
S'(9(20)) = 9'(R(20)) R (20)(97") (9(20)) = 0

so that S has a critical point at g(zo).
0

Proposition 1.27. Let R be a rational map, deg(R) = d. Then R has at most 2d — 2 critical
points.

Proof. Choose £ € C such that f'(§) # 0, f(§) # £ and f(z2) = € has d = deg(R) distinct
solutions (that is, for z1,...,zq, f(z) = &, = 1,...,d it holds that f'(z;) # 0,7 = 1,...,d).
Let g be the Mobius map:

R(§) — &

9(z) = Py

Then, if S = go fog™!, then S(c0) =1, S'(00) # 0 and S(z) = oo has d distinct solutions,
g Y (z1) = y1,...,9 (24) = yg € C, which must then be simple poles.

10



Follows that all critical points of S must lie in C, so they must be the zeroes of S’(z). Writing
S = P/Q , we have that

where the denominator and nominator are coprime, for suppose not: Then the common zero
must be a y;, since Q(z2)> =0 = Q(2) =0 = S(2) = co. But then Q'(y;) # 0,
since they are simple poles, which implies P(y;) = 0 which is a contradiction since P,
are coprime. Since S(00) # 00,0, S’'(c0) # 00,0, so that d = deg(Q) = deg(P) and
deg(P'Q — PQ’) = deg(Q?) and then deg(S'(z)) = deg(Q(2)?>S’(z)), which is a polynomial,
so it’s degree can be computed by it’s growth rate as z tends to co. First note that Q(z)?/2%?
tends to a finite non-zero value as z tends to co. Next, since S’'(00) # 0, it is injective in a
neighbourhood of infinity, so that S(1/z) is injective in a neighbourhood of the origin and
then
S(1/z)=14+a12+...

with ai 7é 0. Differentiating both sides yields:
! 1 2

for 2z near 0, implies S'(2)z? = —a; + - -+ + 0o(1/2?%) for z near infinity, which means

lim S'(2)2* = —a; # 0.

Z—00

It follows that
Q(2)*5'(2)2* _ Q(2)*5'(2)

~2d 22d—2

tends to a finite non-zero value as z tends to infinity and, therefore, deg(S’) = 2d — 2 so the
result follows. O

Example 1.28. Let

Then deg(R) = 2, so by the previous proposition, R has at most 2 -2 — 2 = 2 critical points.
We see that is the case, since:

22— 1

3 =0 <= z=1or z=-—1.
z

R'(2)=0

Corollary 1.29. If R is a rational map, deg(R) > 2, then by Proposition , for all w € C,
but at most 2 - deg(R) — 2 exceptions, R™!(w) has d distinct elements, so that R is not
(globally) injective.

11



Proposition 1.30. If R is a rational map, then R has exactly d 4+ 1 fixed points, counting
multiplicity.

Proof. Since conjugation preserves the number of fixed points, we may assume oo is not a
fixed point of R. Then, the fixed points of R are given by:

R(z) ==z z R(z)—z=0

Expressing R = P/Q, with deg(P) < deg(Q) = d by hypothesis, that is equivalent to:

P(2) B B B

Q(Z)—Z—O < P(z)—2Q(2)=0
But since deg(P(z)) < deg(zQ(z)), follows that deg(P(z) — 2Q(z)) = d + 1, so the result
follows. O

12



2 Julia Sets of Rational functions

When not stated otherwise, all functions from now on will be considered f: U ¢ C — C
analytic, where U is open. Also f¥ := fo fo-..o f (k-times). We begin with a series of
definitions:

Definition 2.1. We say w € Cis a fized point of f if f(w) = w and a periodic point of period p
if it is a fixed point for fP, p > 1.

Definition 2.2. Given a function f, z € U, we denote the forward, backwards and total
orbits of z, respectively, by:

0" (z)=J " {z), 07(z) = J r*({z}) ,0() = 07(2) UO(2).

Definition 2.3. If wy € C is a periodic point of period p > 1, we call the forward orbit of
wo: OF(w) = {wy, ..., wp_1,wp} a periodic cycle. Note that any two points in a periodic cycle
have the same periodic cycle.

The multiplier of a periodic cycle of period p is

A= (f)(w)
where w is any point in the cycle. If p = 1, so that the cycle consists of a single fixed point,
we may interchange the words cycle and fixed point. We say a periodic cycle is:
a) super attractive if A = 0;
b) attractive if 0 < |\ < 1;
c) indifferent if |\| = 1;
d) repelling if || > 1.

Notice that conjugation preserves multipliers: if f"(w) = w, (f")(w) = A, then, for
g7 () = w we have:

(gofrog™)(2) =g (f"g7 (=) - (f") (g7 (2)) - (g7)(2) =g (g7 (2)) - A (971) (=) = A
So we may define the multiplier of a periodic cycle at infinity as follows:

Definition 2.4. If wy = oo is a periodic point of period p > 1, we define the multiplier of
its cycle as (go fP o g71)(0), where g = 1/z. That is:
1

 f(e0)
It is worthy to mention that, by Corollary [1.15] it follows that if w is a fixed point with

multiplicity greater than 1, then it is indifferent.
We justify these names with the following proposition:

13



Proposition 2.5. Let 2y be a fixed point of f. There exists a neighbourhood U of 2y such
that for all z € U:

1. f™(z) = zo, if 2o is attractive or super attractive.
2. If z # 2o, AN such that f"(z) € U, if z, is repelling.

Proof. Since conjugation preserves iteration and multipliers, we may assume z; # co We
first prove 1. Let |f'(20)] < ¢ < 1. Then, by definition, there exists » > 0 such that
Vz € B(zo,7)\{20}:

11(z) = J(z0)] <ec = |f(2) — 20| < |z — 2| < cr.
|z — 20|
So that f(z) € B(0,r), thus inductively it follows that:
1f(2) — 20l < "r—0

as claimed. Now, for 2, let 1 < ¢ < |f'(29)|. Then, by definition, there exists r > 0 such that
Vz € B(zo,7)\{20}:
|f(z) = f(20)]
|z — 2o

Now, let z € B(0,7)\{z0} and suppose said N does not exist. Then, Vn € N, f"(z) € B(zy, 7).
That is, | f"(2) — 20| < r. But then, we may apply the above inequality inductively so that:

>c = |f(2) — 20| > clz — 2|

> |f"(z) — 20| > "z — 20|, YV
an absurd since the ¢"|z — 29| — +00, so that said N does exist. O

Definition 2.6. Given f : C — C an analytic function, we call the Julia Set of f the closure
of the set of repelling periodic points of f, denoted by J(f). The Fatou Set of f is denoted
by F(f) and given by C\J(f).

Example 2.7. Let f(z) = 2%. Then w is a periodic point if and only if:

fPlw)=w <= 2* =2 z% 2(z*71—1) =0.

271

Thus w is periodic if and only if w =0 or w = co or w = e2-1% ¢ =0,1,...,2p — 2. Clearly,
1
) (0)=0 and —— =0
O (7))

so 0,00 are super attractive, whereas otherwise
[((f7) (w)] = [2p(w)* 7] = 2pw|* ™! = 2p > 1

so that all other periodic cycles are repelling. We conclude that

2

J(f) = {e g =0, 2p—2:p 2 1]

= {the “odd” roots of unit}
=S
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Definition 2.8. If w € C is an attractive fixed point of f, we call the basin of attraction of

w the set:
Aw) ={z€ C: f*(z) = w, k — oo}

And the immediate basin of attraction of w, Ay(w) to be the connected component of A
which contains w. If O = {z,...,2,-1} Is an attracting periodic orbit of period p (that is,
f(#) = Zit1 mod p and |(f™)(z;)| < 1, the basin of attraction of the orbit O, A(O) is the
union of the basins of attraction for each z; as fixed points of f™, and it’s immediate basin
of attraction Ay(O) is the union of the immediate basins of attraction.

Example 2.9. In the case f(z) = 22, Then A(0) = B(0,1) and A(cc) = C\B(0,1).
Lemma 2.10. Let w € C be an attractive fixed point of f analytic. Then A(w) is open.

Proof. Since w is attractive, there exists V' neighbourhood of w, V' C A(w). So, given
z € A(w) = f*(z) € V for some k. But then z € f~%(V) C A(w) open. O

Corollary 2.11. Let A be the basin of attraction of a periodic point zp of an analytic
function f, f'(z9) = A\. Then 3¢ : A — C analytic such that ¢o f(2) = A\p(z2),Vz € A and ¢

maps a neighbourhood of 2, into a neighbourhood of 0.

Proof. First, notice that taking g(z) = z + zo, then:

g o fog(0)=0,(g" e fog(0)(0) = f'(z)-

Since conjugation also preserves iteration, there’s no loss in generality in assuming zo = 0.
By the Theorem , we know 3r > 0 and ¢ : B(0,7) — C such that ¢o f(2) = A\p(2), Vz €
B(0,7). Now, we will extend ¢ by defining it as the limit of ¢,, but now ¢, : A — C.
It remains to prove the functions converge to an analytic function. Initially, notice that
Vz € A, 3N, such that f¥:(z) € B(0,r), since f*(z) — 0. But then ¢, (f"(2)) converges to
d(fN=(2)). So, given € > 0, AN, n,m > N implies:

|6n(F¥(2)) = D (FV*(2))] < e |\
sz+n(Z) B sz+m(z)

N,
0 G ‘ <e€- |/\
SN (z) ()
ANzt \Natm <€

|¢Nz+n(z) - ¢Nz+m<z)| <e€

hence ¢,(z) is Cauchy and therefore converges. Now, let:
A, = {2 € Alf"(2) € BO,1)}

which are all open. Notice that B(0,r) C A, A, C A,y1, Vn. Also,
A=A
n=1
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Clearly, ¢, converges uniformly on each A,,. I then claim that ¢, converges uniformly in
every compact subset of A. In fact, given K C A, AN, K C Ay. We prove by contradiction:
suppose that is not the case. Then Vn there would exist z, € K such that z, € A,, that is
f™(zn) € B(0,r). But then since K is compact, there would exist a subsequence z,, such
that z, — z € K. But now z € A, so there exists N such that f~(z) € B(0,r). Then, by
continuity, 39, Vz € B(z,9), fN(z) € B(0,r). But 2,, - z = 3K, 2,, € B(z,6). But
then fY(z,,) € B(0,7), Vk > K which leads to a contradiction, since eventually we would
have ny > N and then f™(z,,) € B(0,r).

Since A is open, every point admits a compact neighbourhood contained in A, so every points
admits a neighbourhood where ¢ is analytic. Follows that ¢ is analytic in A. O]

Theorem 2.12. Let f : C — C be a rational map, 2 attractive fixed point of f (not super
attractive) with basin of attraction A. Let ¢ : A — C be such as in the previous corollary.
Then, 3¢, : B(0,¢) — Ap analytic local inverse of ¢, which extends to v, defined in a
maximal ball B(0,7). Also, ¢, extends to B(0,r) and ¢, (0B(0,7)) C A contains a critical
point of f.

Proof. Again, we may assume z = 0. Notice that f'(0) = A #0 = ¢/,(0) = \, V/n =
»(0) = A # 0. Then, by the inverse function theorem, 3¢ local inverse defined in a ball of
radius € around 0. Now, suppose it was possible to extend ¥ to an arbitrarily large ball, we
would then have ¢ : C — C analytic. But then we could extend ¢ to each z € C, by the
equality ¢(1(2)) = 2. But then +)(C) = C. But note that f|,c) is bijective over it’s image,

since if (&) # V(&) = & # &, thus, since ¥ is injective:

o(f(W(&1)) = A&
F(&1)) = (A1) # P(A&) = f(¥(&2)).

But then that would imply f : C — C is bijective, a contradiction by Corollary So
there exists r > 0 maximal such that 1. extends analytically to ¢, = ¢ : B(0,r) — U =
Y(B(0,r)) C Ay C A, since B(0,r) is connected and 9 is continuous.

ULf(U)

e

B(0,r) 2 B(0, \r)

Now, note that U must be contained in Ay, since A - B(0,r) = B(0, A\r) is contained in

the compact K = B(0,\r) C B(0,r), it follows by continuity that:
F(0) € £(U)
o(f(U)) Co(f(U)) =K

hence
o(f(U)) = U C K = AB(0,7).
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So that finally N
U cC B(0,r) C Ap.

In particular, ¢ is defined in a neighbourhood of U. We will show that OU contains a
critical point of f, since otherwise we would be able to extend v analytically to a larger ball,
contradicting the maximality of 7.

Given wy € 0B(0,7), let 2o € OU be the accumulation point of the curve 7 : [0,1) — C,
~(t) = ¥ (twy), such that y(t) — 2o for t — 1. Notice that it is well defined:

If 2o € OU, I(2zn)n C U, 2, — 2. But then 3(y,)n C B(0,7), ¥(yn) = 2n .. ¥(yn) — 2. But
then (y,), C B(0,r) is a sequence in a compact, therefore admits convergent subsequence
Yn, — Yo € B(0,7). Now, since 2y € OU and U is open since ¢ is a diffeomorphism, zo ¢ U
By continuity we have that ¢ (yo) = 20 = 3o € B(0,7). But then yo € 0B(0,7), so that
taking wo = yo in the previous curve, we do in fact have that vy(t) — zp as t — 1.

Suppose zg is not a critical point for f. Then, by the inverse function theorem, there are
neighborhoods of U,, of zy and V,, of f(z0) and g : V., — U, analytic such that f(g(z)) = z,
for z € V,,. Let € > 0 be such that X\ - |wy + €| < r, so that for B(Awg, Ae) C B(0,7) and
Y(B(Awg, Ae)) C V., (which exists since ¥ (Aw) = f(¢(w)). Then, by setting:

bz (w) = g(P(A(w))), w € Blwo, €)

follows that 1., is analytic and coincides with ¢ in B(0,7) N B(wy, €), since, by definition:

(¢e f)( (w)) = Aw
)
(w)= 9(¢ ( w))

it follows that 1), is analytic extension of ¢). Then, if there are no critical points in OU, we
may apply the same process and obtain an extension of i) over the whole boundary into a
larger ball, contradicting the maximality of 7.

It remains to show 1 extends to the boundary of B(0,r). But this is clear, since if w €
0B(0,7), then Aw € B(0,Ar) C B(0,7). But then 3y € f(U) such that ¢(y) = Aw. But
f(U) = f(x(B(0,r)), so that, as before, f is locally bijective and we may set

P(w) = g(¥(Aw))

as before and extend . So finally, we may conclude that 3z, € ¥(0B(0,r)) C A such that
2o is a critical point of f. O

Example 2.13. Taking f(z) = 2® + 0.7iz, we have that f has an attractive fixed point at
0. The Julia Set for f, as will be proved, is the boundary for the basin of attraction of 0.
Therefore, in Figure 2, the region inside the Julia Set is the immediate basin of attraction
of 0, so that there we may calculate ¢ as in the theorem. Now, note that ¢ = 0 — .35¢ is
the closest critical point of f in the immediate basin of attraction of 0, so that the inverse
may only extend to a maximal radius r such that there is a point zg, |z0| = 7 and ¥(zy) =
¢ <= ¢(c) =20 = |¢(c)| = |20| = r. Therefore, the subset U that ¢ maps bijectively
onto B(0,r) is such that OU = {z||¢(z)| = |¢(c)|}, as marked in Figure [2|
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B(0,r)

Figure 1: Drawing illustrating the result

Corollary 2.14. If f is a rational map of degree at least 2, then for each periodic cycle,
there is at least one critical point of R in it’s immediate basin of attraction.

Proof. Let {z,...,2,} be a periodic cycle. If it is super attractive, then (f?)'(z;) =0 =
f'(#;) = 0, for some j = 1,2, ..., p, hence one of the points in the cycle is itself critical and
is obviously in the immediate basin. If it is not super attractive, then applying the previous
theorem to z; as fixed point of fP, we have that there exists a critical point ¢ of f? in the
immediate basin of attraction z;. But this implies (f?)'(c) =0 = f'(f™(c)) = 0, for some
m = 0,1,....,p — 1, that is, f™(c) is critical point of f. But since ¢ was in the immediate
basin of attraction of z;, this implies f(c) is in the immediate basin of z1,,, so that it is
the immediate basin of the cycle. O]

Corollary 2.15. If f is a rational map of degree d > 2, there are at most 2d — 2 attractive
periodic cycles.

Proof. By the previous result, for each attractive periodic cycle there is a critical point in it’s
immediate basin of attraction. Since those are open and disjoint, these must all be different.
Since R has at most 2d — 2 critical points, the result follows. O

Theorem 2.16. Let f be rational map of degree d > 2. Then f has at most 4d —4 indifferent
cycles.

Proof. If f(2) = 24, for some d € Z, then f has no indifferent cycles. Now, if f(z) # 2%, let
f =p/q, with p, q coprime and define:

Z) — Zd
) = B () = ). ful) =

for t € C. Notice that f; is a smooth function on ¢, except when at least one root of p(z) —tz?
coincides with a root of ¢(z) — ¢ in a point T', such that deg(f;) = d for t close to t, but
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3 0 (attractive fixed point)
% ¢ =0-— 35 (critical point)
o ()] = |9 (c)l

”"\\

’h '\ )
L
Nt

Figure 2: Julia Set for f(z) = 2% + 0.7iz illustrating the result

deg(f;) < d. But when this happens, we have that:

p(z) —t2=0=q(2) -1

= p(z) =12, q(2) =1
_M_fzd_zd
IEA e R

But since f(z2) # 2%, f(2) = 2% <= f(z) — 2% = 0 has a finite number of solutions. Hence,
there exists a finite number of £, since £ = ¢(2).

Now, since f = fy, there exists a neighbourhood U of 0 such that ¢t — f; is a smooth function
on t. Now, suppose f has at least k = 4d — 3 indifferent periodic orbits, O(0),, 7 = 1,2, ..., k.
Let 2;(0) € O(0); and let [; be the period of z;(0), A;(0) = (f¥)'(z;(0 ))

Note that [A\;(0)] =1 = (f0 )'(2;(0)) # 0, f4(z;(0)) = z;(0) and since ¢ — f; is smooth
in U, by the Implicit Function Theorem, there exists U’ C U neighbourhood of 0 such that
Vt € U’, 3z;(t) such that

L
[ (7(t) = 2(t)
for j = 1,2, ..., k. Similarly, for each j, define A : U' — C

N(t) = (f7) (2(1)).

Again, by the Implicit Function Theorem, we have that z;(t) and A;(t) are analytic, for
j=1,..k

Claim: None of the functions J); is constant in a neighbourhood around 0.

Suppose at least one of the functions Aj, = Ag is constant in a neighbourhood around 0.
Choose 6 € [0, 27) such that the ray R([0,0]), given by R : [0, 00] — C,

R(r) = re®
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does not intercept any one of the finitely many .
We now claim it is possible to extend z;,(R(r)) = 2o(R(r)) analytically along the ray up to
r =o00. Let

A = {7|2(R(r)) can be extended analytically up to r = 7}.
Then by hypothesis A # (), so that we can define:
o = sup A.

Now, clearly A is closed, since if (1), C A, r, — 7, we can define zo(R(7)) = lim 2o(R(r,,)).
Then clearly this extends 2, since by continuity it still holds that f;g(f)(zo(R(f)) = zo(R(T)).
So that aw € A. But then suppose a # oo. Since a € A, we have that zo(R(«)) is a periodic
point of period ly. Note also that we may extend A\o(R(r)) up to a by the same formula. But
being constant in a neighbourhood of 0 and analytic implies Ag(R(r)) = Ao(R(0)), Vr € A,
hence A\g(R(a)) = Ao(R(0)) # 0. But \o(R(x)) = ( Q(a))’(zo(R(a)), so that by the Implicit
Function Theorem there exists a neighbourhood (o — §,« + ) in which we can define r —
Zo(R(r)) periodic point of fll%o(r). But by uniqueness of the Implicit Function, we have that Z,
and zj coincide in the open set (a— 9, @), so that we may extend zj to [0, a+ ) contradicting
the fact that @ = sup A. Hence @ = oo. But then it is possible to extend z; and Ay up
to t = oo, and by connectivity A\g(0co) = Xg(0). But for ¢ = oo, fi(z) = 2% which has
no indifferent points, a contradiction. Thus we may conclude all A\; are not constant in a
neighbourhood of 0.
Now, for each j, since \;(0) # 0 and ); is not constant, we may write it as a power series
around 0:
At .
/\;((O)) =1+a;t" + kz b2"
=n;+1

=14 a;2" + 2" g(2)
where a; # 0, n; > 1 and g(z) = Y ;o ¢;2" is bounded and analytic.
Then:
IO = A (), (t)
= (14 a;t" + " g(t)) (1 + aztms + t+1g(t))
=1+ 2R(a;t™) + |a;*[t|* + 2R g(t)) + a;]t|*"itg(t)+
+a; [t tg(t) + [t g ()]
=1+ 2R(a;t™) + |a "t + 1 G(1)

where

2R(t" T g(t) + aylt|*tg(t) + ajlt[*tg(t) + [t 29 (1)
tnj-‘rl

G(t) =

is bounded in a neighbourhood of 0. Now, since the power series for v/1 + z (x real) in a
neighbourhood of 0, is given by:

Vid+z=1+1/2z+0(z?).
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We have that

()] = \/ 1+ 2R(a;tm) + |ag2[t[* + ¢+ G(t)
=1+ R(at™) + 1/2(|a [t + ¢ FG(t)) + O(Jt*)
=1+ R(at™) +O([t[ ).

Now, note that we may divide the complex plane into n; sectors where $(a;t"? > 0 and n;
sectors where R(a;t" < 0 (follows from the polar form of complex numbers) such that we
may define:

0;(0) = sign(R(a;e)).

Notice that, for each j, o; is a stair function with values +1 except at 2n; discontinuity
points where it is 0. Also, it’s average value is 0 in [0, 2pi).
Claim: 36 > 0 such that:

0i(0) =1 <= |\(re?)] > 1
0;(0) = -1 <= |\j(re?)| < 1

forall0 <r <, forall j=1,.. k.

It suffices to show the first implication, the proof of the second is analogous. Let |\;(t)| =
1+ R(a;t") + h(t), where h(t) = O(|t|"). First, assume o;(f) = 1, that is, R(a;e?™) > 0
and suppose the implication is false. Then, for each § = 1/m, there would exist r,, € (0,6
such that:

g(rmew) < —%(aj'r;ifew"f), Vm.

But since: -
i ot e™)
m—00 nj+1 B
'm
it follows that "
2
lim —g(rme ) =00
m—00 nj+l
'm

so that g is not O([¢[%™), a contradiction. Since for each case we can find such a 5;[, we
may take J to be the minimum of these and we’re done.

Let 0 = 0 + 09 + ... + 0. Then, since ¢ is the sum of stair function with average 0, it’s
average too is 0. We claim 36 such that 0;(6) = —1 for at least (k+1)/2 of the o,’s. Suppose
not, then, V6, at most (k + 1)/2 of the o;’s have the value —1. But then this would imply
that the average of 6 would be greater then 0 in [0, 27)., a contradiction. Let 6y € [0,27) be
this value. Then, taking 79 € (0,4), such that ¢, = r0e®) is not one of the problem points
t, we have that |\;(to)| < 1, for (k + 1)/2 values of j, so that f;, has (k + 1)/2 attractive
periodic cycles. But

k=d4d—3 = (k+1)/2=2d— 1.

So that f;, is a rational map of degree d and 2d — 1 attractive cycles, a contradiction with
Corollary 2.15] So we may conclude f has at most 4d — 4 indifferent periodic cycles.
O
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Corollary 2.17. If f is a rational map of degree d > 2, then the number of non-repelling
periodic cycles of R is at most 6d — 6, so that the number of non-repelling periodic points of
R is finite.

Proof. Follows from Corollary and Theorem that the number of non-repelling cycles
is at most 2d —2+4d —4 = 6d — 6. Then, let p € N be the greatest period of all these cycles.
Then the number of non-repelling periodic points is at most (6d — 6)p. ]

Lemma 2.18. Let f be a rational map with degree at least 2, z; be a fixed point of f with
multiplicity m and that it’s multiplier is either 1 or not a root of unity. Then, for all n € N,
zp is also a fixed point of f™ with multiplicity k.

Proof. Since conjugation preserves fixed points, iterates and multiplicity, we may assume
zo = 0, so that we may write f as a power series around 0:

f(z) =az+b2" + ..

with a” #1,n > 2,b# 0 and k > 1, since degree(f) =d > 2.
If a # 1, then 2y = 0 has multiplicity 1. Then:

f(2) = a"z 4+ nbz* + ...

f(2) =2 = (a" = 1)z +nbz" + .

So that zp = 0 is a simple root and therefore also has multiplicity one.
If a =1, then £k = m and:
[M(z) =2z+nb2" + ...

f(z) —z=mnbz"+ ...

Since nb # 0, follows that zy = 0 is also a fixed point of multiplicity m.

Theorem 2.19. A rational map f of degree d > 2 has infinitely many periodic points.

Proof. Suppose all fixed points of f have multipliers that are either 1 or not a root of unity.
Let p > 2 be a prime number. We claim that there f? has a fixed point different from those
of f. Suppose not, and let ¢ be a fixed point of f. Since f can have at most d+ 1 fixed points,
counting multiplicity, £ has multiplicity at most d+ 1. but by the previous lemma, £ is also a
fixed point of f? with multiplicity at most d + 1. Since f can have at most d + 1 fixed points
in total, each with multiplicity at most d + 1, f? can have at most (d + 1)(d+ 1) = (d + 1)?
fixed points, counting multiplicity. But since f? has exactly d? + 1 > (d + 1)? (for d,p > 2),
we have a contradiction. Hence fP must have a fixed point different from those of f, for all
p > 2 prime. That means f has at least one periodic cycle of every prime period greater
than 2. But since period cycles of different prime periods cannot have terms in common, this
means they must all be different and, therefore, f must have infinitely many periodic points.
Now, assume f does have fixed points that are root of unity. Suppose, by contradiction that
f has finitely many periodic points. Let &, ..., &, be all the periodic points of f such that
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their respective multipliers Aq,...\,, are all nq,...,n,, roots of unity, with period p1,...,p,
(note that these may not all be distinct). Let

p= H piny;
i=1

It follows that &; is a fixed point of fP, for all i = 1,2,...,n. Moreover, by the chain rule:

(fp>’(§i) = Hf/(flg o pi) _ ()\i)p/pi — 1p/(ini) _ 1

Jj=1

where {&;,|j = 0,...,pi — 1} C {&,|i = 1,...,m} are the points in the same cycle. So that
all fixed points of f? have multiplier either 1 or not a root of unity. It follows we may apply
the previous result to fP and obtain infinitely many periodic points for fP, which are also
periodic points of f contradicting the assumption f has only finitely many periodic points.
Either way, f must have infinitely many periodic points. O]

Definition 2.20. Let U C C be an open set, {gi }xex be a family of holomorphic functions,
g - U — C. Then {gi}rex is normal if, for every sequence in (gi,)n C {9 }rex, there
exists an uniformly converging subsequence in every compact subset of U, to either a finite
holomorphic function, or to f = oo. The family is said to be normal in z if there is exists a
neighbourhood of z where {gj }rex is normal.

Example 2.21. Every finite family F' = {f1, f, ..., fn} of complex functions is normal. In
fact, every sequence in F' repeats at least one term infinitely often, so it has a constant (thus
uniformly converging) subsequence.

Example 2.22. By Arzela-Ascoli Theorem (see ref. [6] p.206), if the family {gi}rex is
equicontinuous and uniformly bounded, then its closure is compact, hence every sequence
has converging subsequence. Therefore it is normal.

Example 2.23. If f is a contraction, then there exists Z, such that for every z € U, f*¥(z2) — 2
(see ref. [6] p.215), so any sequence (hence any subsequence) of the family {f*}; converges
to the constant function h(z) =Z. So {f*}; is normal.

Theorem 2.24. (Montel) B
Let { gk }rex be a family of_complex analytic functions defined in U C C an open set. If {gx}x
is not normal, then Yw € C, with at most 2 exceptions, 3z € U, k € K such that: gx(z) = w

Proof. The proof of this theorem is beyond the scope of this book, hence it shall not be
covered. It can be found in [4] O

Note that the converse is false: the family f, where f (2) = zis normal, but, Vz € C, 3z =
2€C, f(z) =z

Definition 2.25. Let f : C — C be a complex analytic function. Then
Jo(f) :={z € C: {f*}; is not normal at z}
Fo(f) = C\Jo(f).
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Note: it follows that Fy(f) is open, since:

Fy(f) = U V., where V, is a neighborhood of z on which f is normal.
ZEFo(f)

So that Jo(f) is always closed.

Example 2.26. If f(z) = 22, then Jy(f) = S
Given zy € B(0,1), there exists U neighbourhood of zy, U C B(0,1). If z € U,z = 0, then
fE(0) =0. If 2 € U,z # 0, then:

[ = 12 = 2PE D < 470 = | £471(2)

so that f*(z) — 0. So {f*}, (and any subsequence) converges to the constant function
h(z) = 0 in U. Therefore, (f*);, is normal for every z € B(0,1). By a completely analogous
argument, for zy € C\B(0,1), there exists U neighbourhood of z, contained in C\B(0, 1),
and in such (f*), (and any subsequence) converges to 0o, so that it is normal. Meanwhile, for
any zy € S', in every neighbourhood U of z there exists z; € B(0,1)NU, z, € C\B(0,1)NU
so that f*(z;) — 0 and f*(25) — oo, so the same holds for any subsequence, hence there is
no convergent subsequence and {f*}, is not normal.

We see that for f(z) = 22, J(f) = Jo(f). A natural question to ask is if this is true or
not for any f. We shall prove it is true in case f is a rational map, but first, we need a few
propositions.

Proposition 2.27. If f is a polynomial of degree at least 2, then Jy(f) is bounded.
Proof. Let
f(2) = apz™ + -+ a2® + ayz + ag, a, # 0.

Define A := max;—¢_._,—1{|a;|} Then, for z # 0:

.....

)] = lans™ + 12" 4o arz + o)

Ay — a a,
= |2"] an + 4 b )
z z
Apn—1 ai Qo
> 27 (Jaal = |22 o+ 5+ 2))

> 2" | |an] — @1 +- 4 o] + Jaol

N ! || e
" A A A

= (Jad - (A e ).
2| i K1

Consider M := max{%, 1}. So, for |z| > M:

62 e (ol = (g o4 205 ))

> MM"
2

24



So that for |z| > max{M,4/|a,|} = R, we have: |f(z)| > 2|z|, hence:
[f5(2)] > 2°R.
And f*(z) — oo, so f is normal for every z, |z| > R, hence Jy(f) is bounded. O

To prove that Jy(f) isn’t empty for rational functions, is surprisingly more difficult than
the proof for polynomials. Reference [3] aided in that regard by presenting Theorem [2.19]
from which follows:

Proposition 2.28. If f is a rational map, then J(f) C Jo(f) # 0.

Proof. By Theorem [2.19] f has infinitely many periodic points. But by Corollary 2.17, f
has a finite number of non-repelling periodic points, thus there exists a periodic repelling
point and J(f) is not empty. Let w € C be a repelling periodic point of f with period p,
such that g(w) := fP(w) = w. Without loss of generality we may assume w # oo, since
conjugation preserves periodic points and multipliers. Suppose {g*} is normal at w. Then
3V neighbourhood of w in which there is a subsequence {g*} which converges to a finite
analytic function gy, since ¢g*(w) = w, Vk. Therefore it’s derivatives also converge in the
compact subsets of V' to finite analytic functions, that is, (¢*)" — g¢. However, since w is
repulsive, |¢’(w)] > 1, and since it is a fixed point of g, (¢") (w) = ¢'(w)*, so that:

[(g")' ()| = lg'(w)™] = 1g'(w)

hence g, cannot be finite, a contradiction. So {g*}; cannot be normal at w. Therefore,
w € Jo(g) = Jo(f). So all repulsive periodic points belong to Jy(f). Since Jo(f) is closed, it
follows it’s closure, J(f) is also contained in it, that is: J(f) C Jo(f).

ki s o

[]

Proposition 2.29. If f is a rational map, w attractive fixed point of f, then
OA(w) = Jo(f).

Proof. Let z € Jo(f). Then f*(z2) € Jo(f), Vk, so that z ¢ A(w). Now let U be a neighbour-
hood of z. Then f*(U)N A(w) # 0, by Proposition m But then 3zp e UNA(w) = z €
Alw) = 2z € dA(w) so Jo(f) C 0A(w).

Now take z € 0A(w), and suppose z & Jo(f). Then z has connected neighbourhood V' in
which {f¥}, converges to an analytic function or co. Taking a smaller neighbourhood if
necessary, we can assume the convergence is uniform. But then, Vz € A(w) NV, f*(2) — w
(A(w) NV # 0 since z € 0A(w)). But A(w) NV C V is open. So we conclude f¥ — g,
where ¢ is analytic and constant in an open subset, which implies g(z) = w, Vz € V. But
this implies f*(2) — w, V2 € V. = V C A(w) contradiction with the fact that z € dA(w).
So 0A(w) C Jo(f). O

From Proposition the author derived two methods for illustrating Julia Sets. If one
considers a rational map with co as an attractive point, one may select a mesh grid in the
complex plane, iterate all points there and color them by how many iterates it takes for their
absolute value to get above a certain threshold, that is, how fast they converge to infinity.
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This will give a rough idea of the basin of attraction of co, and therefore the Julia Set will
appear as it’s boundary. We will call this method 1. Finally, given a rational map f, if
one know that &, ..., &, are attractive periodic points, one may again take a mesh grid of
the complex plane, iterate all points there and color differently depending on which periodic
cycle they converge to. We shall call this method 2. Below are some examples of Julia Sets
computed by these methods, in the software MATLAB. The codes can be found in the end
of the paper.

22 - 0.24 0754

(a) Julia Set around 0 for f(z) = 017 1

2% —0.0001

22

Figure 4: Method 1

(b) Julia Set around 0 for f(z) =

(c) Julia Set around 0 for f(z) = 2% +0.7i
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(a) Julia Set around 0 for f(z) = 32 (b) Julia Set around 0 for f(z)
z

_3z4+1

(c) Julia Set around 0 for f(z) =

423

Figure 5: Method 2

Figure 5(a) and 5(c) deserve a special mention: the corresponding rational map corre-
sponds to the application of the Newton Method [4, Cap.9] to obtain the cubic and quartic
roots of unity, respectively. Therefore, the super attractive fixed points correspond tho these,
and, in these cases, the Julia Sets, being the boundary of the basins of attraction, are the
set of points for which the method fails.
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Proposition 2.30. If f is a rational map, then Jy(f) is invariant by f, that is, f(Jo(f)) =
Jo(f) = f1(Jo(f))-

Proof. We show that Fy(f) is invariant by f (which is equivalent). Let V C C be open, {f*};
normal at V. Since f is continuous, f~1(V) is open. Let (f*!); be sequence in {f*};. Then
(fF=1); also is, so there is uniformly converging subsequence (f*~'); in compact subsets of
V. Therefore, if D C f~*(V) is compact, then (f*~!); is uniformly convergent in f(D) C V
(also compact, since f is continuous). First, assume it converges to a bounded analytic
function. Then the subsequence is Cauchy, so that given ¢ > 0, there exists I € N such that
Vi j > I
157 y) = 57 (y) < e, Yy € (D)
P4 @) — 57 < e Ve € D
|f5i(z) — fYi(z)| <€ Vo e D.

So that (f*); is Cauchy, thus converges uniformly, in D and, therefore, is normal in f~(V).
If it converges uniformly to f = oo, then, given R > 0, there exists [ € N such that Vi > I:

[/~ (y)l > R, Yy € f(D)

(
57 (f @) > R, Ve e D
|/¥(2)| > R, ¥z € D.
So that (f*); converges uniformly to oo, in D and, therefore, is normal in f~'(V). Since

V was arbitrary, this implies f~'(Fy(f)) C Fo(f). Since f is surjective, applying f to both
sides yields:Fy(f) C f(Fo(f))

Now taking an open V' as above and (f*¥*1); sequence,(f**1); converging subsequence. Since
f meromorphic, it is an open map, so that f(V) is also open. Let D C f(V') be compact.
Then f~1(D) C V is compact since f is proper, hence (f**!); converges uniformly. First,
assume it converges to a bounded analytic function. Then the subsequence is Cauchy, in
YD), that is, given € > 0, 3 € N, Vi,j > I:

|5t @) = N @) < € Vo e fH(D)

(@) = o (f@)] < e, Yo € F7H(D)
/5 (y) = 5 (y)| < e, Vy € D,
With the last inequality valid since f is surjective. So that ( f"‘i)i is also Cauchy and converges

uniformly in D and, therefore, is normal in f~'(V). If it converges uniformly to f = oo,
then, given R > 0, there exists I € N such that Vi > I:

|5+ (@) > R, Va € (D)
|f¥(f(z))] > R,Vz € f1(D)
|f*(y)| > R, ¥y € D.

Again, with the last inequality valid since f is surjective. So that (f*); is also Cauchy
and converges uniformly to co in D and, therefore, is normal in f~*(V'). This now implies
F(Fo(f)) € Fo(f), so that Fy(f) C f~'(Fo(f)). Together with the previous inclusion, we
conclude that f~1(Fy(f)) = Fo(f) = f(Fo(f)) O
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Example 2.31. In case f(z) = 22, J f) = S', it is clear that f(S') = S™:
Let z € S%, then z = €% 0 € R. Then, f(z) = €* € S. Also, if y € S*, y = ¢%. Then
clearly if z = €%/% € S1 then f(z) =v.

Proposition 2.32. Jy(f?) = Jo(f), Vp € N.

Proof. We show that Fy(f?) = Fy(f). Clearly, if every subsequence of {f*} has converging
subsequence {f*} in an open subset of the plane, then the same is true for {(f?)*}, since
{(fP)e} = {fPki} and {fP*} is a subsequence of { f¥i}, so it is converging. Therefore Fyy(f?) C
Fo(f). Now, if D is compact, {gx} uniformly convergent in D, the same holds for {ho g;} for
any continuous A (in fact, any continuous function). So, if {(f?)¥} = {fP*} is normal in an
open subset, then {fP**7} r =0,1,...,p — 1 also is. But any subsequence of {f*} contains
an infinite number of terms of the form { fP**7} for at least some r, 0 < r < p— 1, which has
an uniformly convergent subsequence. Therefore { f*} is normal and Fy(f) C Fy(f?). O

Example 2.33. In case f(z) = 22, Jo(f) = S, by analogous arguments, it is easy to see
that Jo(fp) = JQ(ZQP) = Sl

Proposition 2.34. If f is a rational map of degree d > 2, then there are at most 2 points
with finite total orbits and none belong to Jy(f).

Proof. Suppose 2, has finite grand orbit O(zp). Then f maps O(zy) bijectively into itself, so
that it must consist of a single periodic orbit, O(z) = 20, 21, ..., 2n_1. Now, since for each z;
it’s only pre-image is 2,1 moa » they all must be a critical points of f by Proposition [1.§ So
the number of finite total orbits must be finite. Since the points are periodic, it also means
they are are super attracting periodic cycle, and so are in Fy(f). Suppose now that there are
at least 3 of those points. Then for any open set U such that none of these points belong to
U, {f"} is normal at U, so that f is normal at C and Jy(f) is empty, a contradiction with
Proposition [2.28 So there can only be 2 points with finite total orbit. O

Proposition 2.35. If f is a rational map, w € Jy(f) and U neighborhood of w, then:
W= ff(U)=C\v
k=1

where V' has at most 2 points, not in Jy(f), independent on w and U.

Proof. By definition, {f*} is not normal at w,implying it is not normal in U , thus, by Montel
Theorem, Vz € C, 3w € U, f(w) = z, with at most 2 exceptions, call then v, w € C. Suppose
f(z) = v, for some z € C. Since f(W) C W, this implies z ¢ W, but then those points
must be periodic and their grand orbit finite, so that they are in the Fy(f) by the previous
Proposition. Since v, w depend solely on f, they are independent of w and U as claimed. [J
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Corollary 2.36. For all z € C, with at most two exceptions, if U C C is open, UNJy(f) # 0,
then there exists an infinite sequence of k; € N such that f=%(2)NU # 0. Also, if z € Jo(f),
then:

Proof. Suppose z € C is not one of the exceptional points with finite total orbit. Then,
Jky > 0 such that z € f%(U) by Proposition 2.35] This implies that f~*1(2) N U # 0.
Take z # 2, € f~%(z) (it exists since otherwise it would imply z is the exceptional point,
contradicting the choice of z). Notice that z; also is not the exceptional point, since that
would imply z to also be. But then 3k}, > 0, z; € f*(U), which then implies f~*2(z,) C
fRe(f(2)) = f~WH+h2)(2) = f~F2(2) N U # (). Proceeding in a similar fashion, we obtain
a sequence (ky, ko, ...), with k; # kj, i # j, such that f=%(2) N U # 0.

Now, if z € Jo(f), then f=%(2) C Jo(f), by proposition m, therefore O—(z) C Jo(f). On
the other hand, if U is a neighborhood of z € Jy(f), then f~%(z) N U # 0, for some k by
the above (z can not be the exceptional point since it is in Jy(f)). Thus, O~ (z) is dense in

Jo(f), that is O~ (2) = Jo(f) O

From Corollary yet another method for illustrating the Julia Sets was derived. It
consists in calculating the pre-images from repulsive periodic points. This yields a precise a
list of points in fact in the Julia Set, though it may take many iterates to get a satisfactory
result. We will call this method 3. Below are some examples of Julia Sets computed by this
method, in the software MATLAB. The code can be found in the end of the paper.

22— 0.2+ 075
0.1z3+1

(a) Julia Set around 0 for
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(c) Julia Set around 0 for f(z) = 2% +0.7i

25 —0.0001
z2

(b) Julia Set around 0 for

Figure 6: Method 3

Example 2.37. Considering f(z) = 22, take 1 € Jy(f) = S*. Then clearly

O~ (1) = {2n-roots of unity;n = 1,2,...} = S*.

Corollary 2.38. If f is a polynomial, then Jy(f) has empty interior. If f is a rational map

and Jo(f) has non-empty interior, then Jy(f) = C.

Proof. Suppose U is open, U C Jo(f). Then f¥(U) C Jy(f), Yk by Proposition [2.30] If
U # (), then by Proposition , Ui, f5(U) = C C Jo(f) or Uz, f5(U) = C\{0} C Jo(f),
contradicting the fact that it is bounded (Proposition[2.27)). So U = 0, that is int(Jo(f)) = 0.
Now suppose f is a rational map and int(Jo(f)) # 0. Let 0 # U C Jo(f) be open. Then by
Proposition , W = C, where W = |2, f*(U). But by Proposition W C Jo(f) ..
W C Jo(f) o

Proposition 2.39. If f is a rational map, then Jy(f) is a perfect set (that is, closed and
with not isolated points). Therefore it is uncountable.

Proof. Let v € Jy(f) and U neighborhood of v. We will show that U N Jo(f)\{v} # 0., that
is, it is not an isolated point (since U was arbitrary). Consider the three possible cases:

1. If v is not a fixed nor periodic point, by Corollary 2.36, UNO~(v) # 0. But v ¢ O~ (v),
since it is not periodic, so that U N O~ (v)\{v} # 0. Since v € Jo(f), O~ (v) C Jo(f)
by Proposition so that the result follows.
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2. If v is a fixed point, f(v) = v. Suppose f(z) = v has no other solutions, then, just as in
the proof of Proposition[2.35, v € Jy(f), contradiction. So there exists w # v, f(w) = v.
Note that this implies w € Jy(f), by Proposition . By Corollary applied to U,
3k > 1,u € C such that u € f~*(w) N U # 0. This also implies u € Jo(f), and u # v,
since f*(u) = w # v = f¥(v), so the result follows.

3. If v is a periodic point of period greater than 1, that is f?(v) = v, p > 1. By Proposition
2.32, Jo(f) = Jo(fP), so we may apply (2) to fP.

In any case, Jy(f) has no isolated points. Since it is closed, it is perfect. n
Theorem 2.40. If f is a rational map, then J(f) = Jo(f).
Proof. We already have that J(f) C Jo(f) by Now let:

K :={we Jh(f);, f(w)=wA f(2) =0}

Notice that K is a finite proper subset of Jo(f), thus discrete. Suppose w € Jo(f)\K. Then
3V neighbourhood of w such that 3g1,92 : V' — C (g1, g2 two distinct branches of the local
inverse of f) by the inverse function theorem, so that gi(z9) = 21, g2(20) = 22. Define the

family {hy}r in V:
(f*(2) = 91(2)) (2 — g2(2))
(f*(2) = 92(2))(z —g1(2))
Let U be a neighbourhood of w, U C V. Since w € Jo(f) it follows that {f*}, and therefore

{hg}r are not normal at U. By Montel’s Theorem, hg(z) assumes at least 1 of the values
0,1, 00 for some k > 1 and some zZ € U . But, if:

0="(2) = f(2) = g1(2) or go(2) = 2
so that f**1(2) = z or f(2) = z. And if:

00 =M(2) = fH(2) = g2(2) or 1(2) = 2
so that f**1(2) = z or f(z) = z. And if:

so that f*(z) = z.

Either way, U contains a periodic point. Since the number of non-repelling periodic points is
finite, by Corollary 2.17] taking a smaller neighbourhood if necessary, we can guarantee it is
repelling, so that w € J(f). Therefore Jo(f)\K C J(f). Since Jy(F') has no isolated points,

Jo(PNK = Jo(f) € J(f). B

We conclude listing the properties of Julia sets for rational map:

If f is a rational map, then it’s Julia set is either the entire extended complex plane, or an
uncountable closed set with empty interior and no isolated points. It is also the boundary of
any basin of attraction of attractive periodic points.
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MATLAB code used to generate Julia Sets

Code 1: Auxiliary function

[un

function M= cmplxgrid(n)

2 M = zeros(n+l);
3 %Creates a matrix whose entries form a square grid centered at 0, with side
4 %$length 3
5 for x = 0:n
6 for y = 0:n
7 M(x+1,y+1l) = ((y=(n/2))/(n/3))+(((n/2)-x)*x1i/(n/3));
8 end
9 end
10 end
Code 2: Method 1
1 function [poli,M]=julia5(n,polin,polid)
2 %$Finds the fixed points of the rational function, which are assumed to be
3 %repelling
4 poli=[polin;polid];
5 poli2z = [0 polin]-[polid, 01];
6 r=roots (poliZ2);
7 %Calculates the pre-images of the fixed points, one at a time, choosing
8 %randomly one of the pre-images and iterating
9 for w=l:length(r)
10 M = zeros(n,2);
11 z0=double (r (w)) ;
12 z0x = real (z0);
13 z0y = imag(zO0);
14 M(1,1) = z0x;
15 M(1,2)= zO0y;
16 for j=2:n
17 poliO= polin-z0xpolid;
18 r2 = roots (poli0);
19 k=randperm(length(r2));
20 k=k (1);
21 z0 = r2(k);
22 z0x = real (z0);
23 z0y = imag(z0);
24 M(3,1) = z0x;
25 M(j,2) = z0y;
26 end
27 %$Plots the pre-images in the complex plane
28 hold
29 plot (M(:,1),M(:,2),"'k."', "MarkerSize',2);
30 drawnow;
31 hold
32 axis equal
33 axis off
34 end
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Code 3: Method 2

[

(o =2 R L B N VU ]

function [polin,polid,M] = julia6(n,polin,polid)
M = cmplxgrid(n);
for e = 0:50
M=polyval (polin, M) ./polyval (polid, M) ;
end
M= (exp(-abs(M)));
imagesc (M)
end

Code 4: Method 3

o

- W N

© oo ~ o«

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

30

function M = juliaroot2(n,polin,polid)
M=cmplxgrid(n) ;
%$Finds the fixed points of the rational function,
%$attractive
poli2 = [0 polin]-[polid, 0];
r=roots (poli2);
len = length(r);
while polid(1)==0

polid(1l) = [1;
end
$Iterates the function
for e = 0:50

M=polyval (polin, M) ./polyval (polid, M) ;
end
%$Colors the basins of attraction
for x=1:n+l

for y=1l:n+1

(x

M(x,y)=len+l;
for m=1:1en
if abs(diff (m))<10"-2

M(x,y)=m;
break
end
end
end

end

imagesc (M)

end

which are assumed to be
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