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Lista 01

1. Ache parametrizações pelo comprimento de arco para as seguintes cur-
vas.

(a) Parábola: α(t) = (t, t2).

(b) Helix: α(t) = (r cos(t), r sin(t), bt).

(c) Eĺıpse.

2. Um disco circular de raio 1 rola no plano xy sem deslizamento ao longo
do eixo x. A figura descreve um ponto da circunferência do disco.

Regu/ar Curves; Arc Length 

EXERCISES 

1. Show that the tangent lines to the regular parametrized curve a( t )  = (3 t, 2t2, 
2t 3, make a constant angIe with the line y = 0 ,  z = x. 

2. A circular disk of radius 1 in the plane xy rolls without slipping along the x 
axis. The figure described by a point of the circumference of the disk is calIed a 
cycloid (Fig. 1-7). 

Figure 1-7. The cycloid. 

*a. Obtain a parametrized curve a :  R -+ R2 the trace of which is the cycloid, 
and determine its singular points. 

b. Compute the arc length of the cycloid corresponding to a complete rotation 
of the disk. 

3. Let OA = 2a be the diameter of a circle Sl and 0 Y and A V be the tangents to Sl 
at 0 and A, respectively. A half-line r is drawn from 0 which meets the circle St 
a t  C and the line A Vat B. On OB mark off the segment Op = CB. If we rotate r 
about 0,  the point p will describe a curve called the cissoid of Diocles. By taking 
OA as the x axis and 0 Y as they axis, prove that 
a. The trace of 

is the cissoid of Diocles ( t  = tan 0; see Fig. 1-8). 
b. The origin (0,O) is a singular point of the cissoid. 
c. As t --, co, a( t )  approaches the line x = 2a, and a'(t) -+ (2a, 0). Thus, as 

t - co, the curve and its tangent approach the line x = 2a; we say that 
x = 2a is an asymptote to the cissoid. 

4. Let a : (0, z) -+ R2 be given by 

a(t)  = (cos t ,  cos t + log tan - 

where t is the angle that the y axis makes with the vector a@). The trace of a is 
called the tractrix (Fig. 1-9). Show that 

Encontre uma parametrização para essa curva e ache o comprimento
correspondente a uma volta completa do disco.

3. Seja α : I → Rn uma curva diferenciável e [a, b] ⊆ I um intevalo fe-
chado. Para toda partição

a = t0 < t1 < · · · < tn = b

de [a, b], considere a soma
∑n

i=1 |α(ti)− α(ti−1)| = l(α, P ), onde P é a
partição dada. A norma |P | da partição é definida como

|P | = max{(ti − ti−1), i = 1, ..., n}.

Prove que dado ε > 0, existe δ > 0 tal que se |P | < δ, então∣∣∣ ∫ b

a

|α′(t)|dt− l(α, P )
∣∣∣ < ε.


