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Abstract

In this paper, we deal with the motion of the incompressible quantum fluids of Navier-Stokes type in a
d-dimensional torus T?, with d < 3. In applications, such kind of fluids are used to describe superfluids,
quantum semiconductors and quantum trajectories of Bohmian mechanics. By using the concept of effective
velocity the equations of the motion are deduced and we obtain results on the existence and uniqueness of
solutions of the problem (by using semi-spectral nonlinear Galerkin method and weak compactness results);
besides that, results on continuity of velocity-solution and density-solution are shown in adequate spaces.

1. Introduction

In his work [15], Louis de Broglie proposed that the wave-particle duality would be a general property
of microscopic objects. Broglie suggested that microscopic particles, besides of the material behaviour, do
behave like particles (with definite position and momentum at any moment); he also showed that the particles
have intrinsic characteristics of wave phenomena. This would imply a new type of wave in coexistence with
the material point, the wave would act as a kind of pilot wave guiding the particle.

David Bohm [4], [5] rediscovered the de Broglie’s hypothesis and developed a new physical theory. In
his quantum mechanics formulation, Bohm represents the probability distribution n of a single particle as a
classical fluid (in the sense of a set of particles) that moves on both classic effect of an external field and a
quantum field which is known as potential Bohm and described by the equation
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with the equations of motion,

n¢ + div (nV.S/m) = 0,
(VS)?

S,
t + o

+Vpu+V =0

Based on the work of Bohm, Harvey ([22]) introduced the fluid quantum theory by using the following
system of equations:

pt + div(nv) =0,
mvy + m(v . V)V = _V(V;]u + V)u

where v = V.S/m (where m is the mass of the particle, and S is the phase function of the equation of the
particle wave associated).

The theory of quantum fluid was initially devised to describe trajectories of particles in quantum me-
chanics of Bohm [23], [20], currently also being used to describe superfluids [16] and quantum semiconductor
[7]. In [1], it was shown a connection between Quantum Euler model

ng + div(nw) = vAn
Avn
vn

(nw)¢ + div(nw @ w) + Vp(n) — 2e3nV < ) —nf = vA(nw)

(introduced by [17]) and the Quantum Navier-Stokes model

ng + div(nu) =0
Ay/n
vn

(this last one introduced by [24]). By using the effective velocity w = u + vViog n (which was firstly used
in [6]), Jiingel [1] proved the existence of global weak solution for the Navier-Stokes quantum baratropic
compressible fluid, with constant viscosity and smaller than the Plank constant, considering the region as
the d-dimentional torus T¢, with d < 3. Subsequently, the results obtained in [1] were extended to the case
of the viscosity being equal to Planck cosntant and the viscosity greater than Plank constant (in [12] and
[9], respectively). In [11], Brenner model suggests the following modified Navier-Stokes model

(nu); 4+ div(nu ® u) + Vp(n) — 2e2nV < ) —nf = 2udiv(nD(u))

ng + divi(nw) =0,  (nu); + div(nu ® w) + Vp = divs,

which interprets u and w as the volume velocity and mass velocity respectively and it holds the following
relationship u = w 4+ vVlogn (for v > 0 constant). In [2], Jiingel suggests the following modified Quantum
Navier-Stokes problem

ny + div(nu) = vAn, (1)

(nu); + div(nu ® u) + Vp = nf + vA(nu) + 26°nV (A\/\/ﬁﬁ> . (2)



Now, in total analogy to the classical physics, we add the hypothesis div u = 0 and consider the following
identities:

div(nu®u) = (u-Vn)u+ (nu-V)u
vA(nu) = v(Vn-V)u+vnAu+v(Vn-V)u
div(nu) =u-Vn

in order to obtain the Navier-Stokes problem for incompressible Quantum fluids:

n+uVn=vAn ze€T? (d<3), t>0,
(nu); + (nu.V)u + (0.Vn)u + Vp = vnAu + v(Vn.V)u + v(w.V)Vn + nf + 26?0V ( f)

n(.,0) =ng, u(,0)=ug em T? (d<3)
divu=0 zeT? (d<3),

where u is the vector of volume velocity and n is the density, T¢ is the d-dimentional torus, with (d < 3).
The function p is the fluid pressure and f describes the external forces from, for instance, an electric field.
The physical parameters v,e > 0 are the viscosity coefficient and Plank constant respectively, the term
—A+/n/+/n represents the quantum potential, introduced by David Bohm in [4], [5], the quantum potential
intended to induce quantum behavior to the fluid; hence, when —Ay/n/y/n = 0 we have the classical fluid
behavior.

By using the following identities

ng = vAn —u- Vn,
Ay/n
\/7

we otain a striking fact: the equation obtained is similar to the equations of motion of viscous incom-
pressible fluids with diffusion phenomena ([19], [10]) and, therefore, we have the Navier-Stokes problem for
incompressible quantum fluids:

1 1 1
2620V < > = 2VAn — szﬁAnVn - EQE(VTL -V)Vn + EZE(VTL -Vn)Vn

ni+uVn=vAn, ze€T? (d<3), t>0,
1 1
nu; + (nu.V)u — vnAu — v(u.V)Vn — v(Vn.V)u + 62E(Vn.V)Vn — 82ﬁ(Vn.Vn)Vn

1
+e2=AnVn +Vp =nf —vuln+e2VAn 2T (d<3), t>0, (3)
n
n(.,,0) =ng, u(.,0)=ug em T? (d<3)
divu=0 ze&Td (d<3).

This intimate relationship between quantum fluids and classical fluids confirms the theories of David
Bohm in the sense that we have uniqueness of particle’s trajectory (which solely depends on the initial
datum).



Remark 1.1 We can see from the above deduction that the choice of region of the motion of the fluid (in
this case, the torus T?) is made in a such way that the boundary of the region is empty. The main reason for
that is to avoid the classical question in quantum mechanics of defining precisely the notion of ”boundary
of a region”.

In this article, we are assuming the existence of constants m, M > 0, such that

0<m<ny<M em T< (4)

To our knowledge, there are no results on the existence and uniqueness of (multidimensional) strong
solution; the results we obtain in this article confirm that David Bohm’s theory is mathematically self-
consistent. The paper is organized as follow: in section 2 we give the framework for this kind of problems
and present the variational formulation and our main teorem. Section 3 is devoted to a priori estimates for
the aprroximated solutions (and for the exact solution). The procedure of passing to the limit is treated in
section 4 e the question of uniqueness of solution is proved in section 5.

2. Functional spaces and semi-Galerkin Formulation

In this article, we denote by (.,.) the inner product space L?. Now we introduce the functional spaces of
the usual Navier-Stokes equations:

H- {u:ueLQ(Td), div uzo}

V= {u:ueHl(Td), div u:()}

The usual norms |u|g1 e |[Vu|r2 = |Vu| are equivalent in V, and |u|y2 and |Au| are equivalent in
H?(T?) NV (see [18], [13]); we also have that usual norms |n|g2 and |An| are equivalent in H?(T¢) and
[n|gs and |VAn| are equivalent in H?(T?) (see [3]).

The Stokes operator A : D(A) — H is defined by A = P(—A), with domain D(A) = H%(T¢) NV where
P : L*(T%) — H is the operator of orthogonal projection. We denote by Vj, the finite dimensional space
spanned by the first k eingenfunctions of the Stokes operator, or, Vi = [¢1, ..., ¢k] and Py the orthogonal
projection of L2(T%) over V}.

In an entirely analogous way to the case of the Navier-Stokes equations (see [25]), it is posible to show
that the above formulation is equivalent to the following weak form:

(nug,v) + ((nu- V)u,v) + v(nAu,v) —v((u-V)Vn,v) —v(Vn- V)u,v)
—|—62(%(Vn V)V, v) — 52(%(% V)V, v) + 52(%AnVn, v)
= (nf,v) — v(uAn,v) + e2(VAn,v) Yo eV (5)
g—?+u~Vn—)\An:O for 0<t<T
u(0) = ugp, n(0) = no,

We define (u*,n*) € C1([0,T*]; H*(T9) N V) x C%(T¢ x [0,T*]), for each k € IN, as the spectral semi-

Galerkin approximation of the solution (u,n) by:




(nFaf,v) + ((nFa¥ - V)uk, v) + v(nFAu® v) — v((u¥ - V)VnF v) — v((VnF - V)u", v)

1 1 1
2 k. kooy_ 2 ko, kyo,k 20 2 ApkTk
+e (nk(Vn V)Vn® v) — e ((nk)Q(Vn Vn®)Vn®, v) + ¢ (nk n"Vn", v)
= (n*f,v) — v(uFAnF v) + 2(VARF v) Vv eV (6)

nk 4 uF . vnF —vAn* =0 V (z,t) € T x (0,T%)

u”(z,0) = Pyug, n*(0,2) = no(z), V xc T

Remark 2.1 Here, by “semi-Galerkin spectral approximations” we mean finite-dimensional approximations
for the velocity u and infinite-dimensional approximations for the density n. For sake of simplicity, we have
chosen Ppuy as the initial condition for the velocity in the approximated problem (6); of course, we could
choose another initial condition vy (0) which converges strong (in the required norms) to ug. The results that
we have obtained for the spectral basis (of Stokes operator) remain valid for any other orthonormal basis of
L%(T¢) and H{(T4); the main reason for having chosen such a basis is due to the fact that it is possible to
obtain better error estimates in the approximation process (which will be shown in a next paper).

We remember that, for all k € IN the above system (of ODEs) admits an unique solution (u*, n*) defined
on [0,T*], with 0 < T* < T (as Carathéodory theorem, see for example, [8]). However, the estimates that
we obtain (which will be independent of the level of approximation k) allow us to take 7% = T*, for all
k>1.

Our main objective in this paper is to show that the approximations (u*,n*) converge in a suitable way
for the solution (u,n) of problem (5), as k — co. We present our main result:

Teorema 2.1. Let ug € D(A), ng € H3(T?, 0 < o < ng < B, f € L*>0,T;HY(T?) and f; €
L%(0,T; L3(T%)). Then, for any T > 0, there exist T* € ]0,T], n € L>=(0,T*; H3>(T%)) N L2(0, T*; H*(T)) N
C([0,T*); H*(T9)) and u € L>(0,T*; D(A)) N L*(0, T*; WH°(T9) N C([0,T*]; V) such that (u,n) is the
unique solution of the problem (3) in [0, T*] x T¢.

Furthermore, the approzimations u*, n* satisfy the following estimates:

a<nfF<p; VR < Fi(t);  [AuR(t)| < Fa(t);

b (62 + / Vul(s)ds < Fa(t):
0
/ Vut(s)ods < Fa(t): / k)2, < Fs(t):
0 0
VAR (52 + / 0¥ () Bads < Fi(t),
0

t
VakOF + [ Ink()ds < (o),




Analogous estimates are verified by the solution (u,n).
The functions on the right hand side of the above estimates depend on the argument t, T* and the initial
data of the problem. In the interval in question such functions are continuous in time.

The proof of the main theorem will be done in many stages in the following sections.

3. A Priori Estimates

Consider the second equation (6); by the maximum principle for the solution of parabolic equations, we
have that for all k£ € IV, it is valid a < nk < 5.

Next, we mention an essential result on differential inequalities which we will use later on to ensure the
existence of an interval [0, T*], where all the approximated solutions of the initial problem are defined. (see

[14])

Lema 3.1. Let g € WHL(0,T) e h € L'(0,T) satisfying

d
d% <F(g)+h anl[0,T], g¢(0)<go

where F : IR — IR is bounded function in bounded sets. Then for any e > 0, there exists T, > 0 which is
independent of g such that
gt) < go+e Vt<T..

Lema 3.2. In the conditions of Theorem 2.1, the solution (u*,n*) of the approzimated problem (6) satisfies:
u® € L0, 7%, H) N L*(0,T*; V),
u® € L>=(0, 7%, V)N L*(0,T*; D(A)),
uf € L2(0,7*; H), (
nk e L>=(0,T*; H*(T%)) N L?(0, T*; H3(T%)),

=~
S © oo
N— N N N

—~
—
—

uniformly in k.

Proof.:
Making v = u¥ the first equation (6) we:
Ld, ki ko2 k2 o Lok ko k bk gk gk k ko ok
§£|(n )2u”|* + va|Vu®|* < 5(”tu ,u”) — (n"u” - Vu”®,u") + v((Vn" - V)u", u")
1 1
+v((u” - V)Vn*, uk) - sz(ﬂ(Vnk - V)VnF, ub) + 82((71’“)2 (Vnk - vn*)VnF, ub)

1
—sz(ﬁAnkVnk, u®) + (nFf, u¥) — v(WFARF U + 2(VARF, uF)

The next step is to estimate the terms on the right hand side of the above equality. We note that, as is
usually done to obtain a priori estimates, we will proceed by using Holder’s inequality, Young’s interpolation



inequality (for classical Sobolev immersions), the Gronwall lemma, etc.. Thus, we obtain the following
differential inequality:

1d
551 )? kP2 4 %vukﬁ < C|Vub|* + C|VuF[6 + 36| Au|?
1

+C|(n*)2u¥ 2 + C|ARF 1 + C|AnF|* 4 C|ARF|® + C|ARF P 4 CIf 2.

(12)

Now, making v = uf in the first equation (6), we obtain, after an integration by parts in T¢:

1/2

VU () g P < (0 ug) ]+ (0 a - V)ut ug)| 4 vl (Ve - V)t )

1
+v|((u* - V)VnF ub)| + 52|(—k(vnk - V)VRF ub)| 4 &2(( (VnF . Vnk)VnF, ub)|

1
(nk)?
|( AnkVn Jub) |+ v (P ARR ub)| 4 €2|(VARF ub)|.
Estimating the terms of the r1ght of the above expression, we obtain the following differential inequality:

vo d

~ 7 Vu u”? + |ut| < CIf]? + C|VuF|* + C|Vu*|® 4 C|AnF|S

(13)
4+ 26|AuF |2 + C|ARF|B + 3y|VARK 2.

where 7 e 0 are arbitrary positive constants (to be chosen later).
Consider now the second equation (6); applying the operator A and taking the L?(T¢) inner product
with An* we obtain:

\Ank] + (v — 29)|[VARF |2 < §|AUF|? 4+ C|VuF[*

2dt (14)
+ C|Vuk[® + C|Ank 3.
Summing up the inequalities (12), (13) and (14), it follows that (after choosing v = %)
ld k2 k2 k|2 k|2 VA ik 12 L gk 2
S dt [(n")* " + va[Vu®|” + |An®| +?\VU\ +§ut\
+g|vmk|2 < 68]Au*|? + C|AnF|? + C|ARF[* + C|ARF[S + C|AnF|B (15)

1
+C|Vuk [t + C|VuF (8 + C|(nk)2uk |2 4 OJf 2.
Furthermore, making v = Au” in the first equation of (6) we get:

va|AuF? < |(nFf, Au¥)| + |(nFuf, Au®)| + |((nFuF - V)uF, Au®)| +v|((VnF - V)uk, Au¥))|

+v|((u¥ - V)VnF, Auk)| + 52|(—(Vnk -V)Vnk, Au¥)| 4 £2|( (Vnk . vnF)VnF, Auk)|

1
(n*)?
|( AnkVnk AuPF)| + v|(uF Ank, Auk)| + £2|(VARF, Auk)|.

Then, we estimate the terms on the right hand side in the above expression and obtain the following

inequality:
2
At < Dot g ottt 4 0wl
+C’|Ank|6 + C’|An|8 +4n|VAn|? + C|f|?.

8



By multiplying the above inequality and adding it to (15) we obtain:

52
Ld 1 ke k2 K2y LYY b o 2
57 ([(n7)2u®]" 4+ va|Vu®|" + [An"|7) + —[Vu"|" + Iutl
2dt 2
k2 3 2 k|2 k4 k|6
+(§—4n2ﬁ2)]VA 2+ (862 — 60)|Auf|? < C|VuF|t + C|VuF|
1
+C|ARF 12 + C|ARFY + C|ARF|S + C|ARY|R + C|(n*)2u* 2 + C|f)2.
2 041/2
Finally, we choose n = — and § = ; thus we obtain:
8a2 96B2
1i(|(n’f)%u’f|2+myw’f\2+ |An*2) + 22 vuk)? + fy 12 4 Vz\Auk
2 dt 2 e 1632

+[VARH? < O + [V + [V 4 |(n*) 2l ?
—HAnk\z + ]Ank\4 + ]Ank\6 + |Ank\8}.
Defining )
G(t) = |(n* (1) 2uk ()2 + va| Vuk (£)[2 + |An® (#)]%,

we can see from the above inequality that:

d
aG(t) < COIfP+CG(t) + CG2(t) + CG3(t) + CGA(t)
Thus, we get the following system:
G'(t) < O] + CG(t) + CG?(t) + CG3(t) + CGA(t)
1
G(0) = [n2uo| + va|Vue|? + |An,|%.
Using the Lemma 3.1 for differential inequalities, we have:
G(t) < (1),

for all ¢ in the maximal interval of existence of ¢, where

{@’(t) = C|f>+ Cp+ Cp? + Cp® + Cyt
¢(0) = G(0).

Therefore there exists T, with 0 < T* < T such that for some constant M > 0, we:

Gt)<M, vt e [0,T"]

’ 2

(16)

Coming back to the expression (16) and integrating it from 0 to ¢, with ¢ € [0, 7], we obtain:

(%) () (1) + va| Vur ()] + |Ank(2) F+ua/|Vu ()2 + ‘/Im

)|2ds



16ﬁ2/ |AuF(s)ds + /\VAn )|?ds

< Inuof? + va| Vuo 2 + |Ano |2 + c/ 1£(s) 2ds
0

t 1
JrC/O{l(nk(S))211]‘3(8)|2 +[Vut(s)[* + [Vu¥(s)|°
H AR 4 |AnF(s)[* + [An"° 4 [Anf(s)[*}ds

< \nouo\+M|Vuo\2+|Ano]2+C’\f| +CT*. 1

L2(0,T*;L2(14))

Lema 3.3. In the conditions of Theorem 2.1, the density-solution n* of the approzimated problem (6)
satisfies:

nf € L>=(0,T*; L*(T%)) N L*(0, T*; H'(T%)) (18)
uniformly in k.
Proof. Again using the second equation (6) we see that:

Inf| < |uf - VnF| + N ARk

Thus,

| k

k
t ’LO()(O T* L2<vﬂ-d>> — ’ |

k
(4 [0 e gpey) SC

Lo (0,T*;H2 (1))
This tells us that
nk e L>®(0,T*; L*(T%)),

uniformly k.
Now, applying the operator V in the second equation (6) we obtain:

Vnk = A\VAnkF — v (u* - vnF).

Taking the L?-norm in the above equation and estimating the terms right and integrating from 0 to ¢
we get:

t t t
/ (Vnk(s)?ds < C’/ ]nk(s)\zﬂds + C/ |Au®(s)|?ds < C.
0 0 0

and therefore, we can conclude that
n¥ e L2(0, 7% HY(T?))

uniformly k. W

Lema 3.4. In the conditions of Theorem 2.1, the solution (u*,n*) of the approzimated problem (6) satisfies:

uf € L=(0, 7% H) N L*(0,T*; V) (19)
nf e L0, T H (T%) N L*(0,T*; H*(T%)) (20)
u’ € L=(0,T*; D(A)) (21)
n* € L®(0,T*; H*(T%) N L*(0, T*; H*(T%)), (22)

uniformly k.

10



Proof. Using the first equation (6) and remembering that we are working with the basic spectral we see

that
vnkAub = P {—nFuf — (nfub - V)u* + v[(uF - V)VnF + (Vnk - V)ub — ub ARk

1 1 1
k k k k k k ko, k k
+n”f EQ[nk(Vn -V)Vn (nk)z(Vn -Vn®)Vn® 4+ nkAn Vn" + VAn"]}.

Taking the L?-norm in the above equation and estimating the terms on the right hand side, we obtain
the following inequality:

(23)

|AuF > < O+ CIf)? + Cluf|? + C|VAR*)? < C + CluF |2 + C|VARF 2. (24)

Since f € L2(0,T*; H'(T%)) and f; € L?(0,T*; L?(T%)), we can conclude, from Aubin-Lion’s lemma, that
£ € C(0,T"]; L3(TY)).
Calculating the derivative with respect to ¢ of the second equation of the system (6) we have:

nk —vAnf = —uf . vnkF —u* . Vnf,
Applying the operator V in the above equation, we are left with the expression:
Vnk, — vVARF = —vuf . vnk —uf . Vik — vub - vnk —uf - vl

Taking the inner product of L?(T%) the terms of the above equation with the term Vn} obtain, after
integration by parts, the following differential inequality:

1d
§£|an|2 + v|AnfF|? < [(VuF - vk, vnb)|
H(ug - V2F, Vg + (Vb - Vg, Ving)| + |0 - V2ag, Vi),
Estimating the terms the right hand side of the above equation, we obtain the following differential
inequality:
Ld o k2 k)2 k|2 k|2
§awnt ° + v]Ang|" < 29|[Vug|® + 26| Any|
(25)
+C(JAUF? + |[VARF|12) | Vnk|2.

Now, calculating the derivative of equation (23) concerning to ¢ and taking the uf inner product (and
remembering that 0 < o < n¥ < ), we obtain the following differential inequality:

11



1d

i k. k  k k k
57 (" ")

1
2ut‘ +V04|Vut| < _i(ntutaut)_(nt(uk’v)ukvut)
—(nF(uf - V)u¥ uf) — (0" (0 V)l uf) + (nff uf) + (nff, uf)

+r{((Vnf - V)u*, uf) + ((Vn* - V)uf, uf) + ((uf - V)Vn*, uf)}

—v{(nfAu*, uf) + (uf An®, uf) + (u* Anf, uf)}

+v((u* - V)VnF, ub) + ¢ ((nl) nk(vnk . v)Vnk, uF)
—52{(J(an-V)Vnk,u,’f) ( (V”k v)vntaut) (vAnt7ut>}

1
nk
1
0+

2nk

)
)

( (an . Vnk)Vnk,uf)}

—2{( (VnF . vnF)VnF ub

+e2{(

w

/\

(n*)?
1

(n*)?

nk
1 k k k .k
(Vn® - Vn®)Vng, ui)}t

(Vnk . an)Vnk,uf) +(

1 1
+€2{( Fonk, ub) — (nkAn,’ank,u,’f)—(ﬁAnkan,uf)}.

(n )

Estimating the terms in the right hand side of the above inequality, it allows us to reach the following
differential inequality (making use of the fact that Vu”* and AnF are uniformly bounded):

1d
S ol 4 val Vub P < COEE, Inf + [8)
+C(Inf 2, + AW + VAR + 1) |uf?
+C(|AUF? 4+ [V ARE 2 | VnF |2 + 12| VuF|? + 76| Ank |2,
Adding the above inequality to that one given by (25), and choosing v e ¢ conveniently, we obtain:

1d

vo A
2dt(|(" )2ub? + |Vnf|? )+7|VUfI2+§\Anf!2 < C(fP, Inf* + [£]%)
C(Inf 2, + [A*? + [VARF? + 1) (|(n y2uf|? + Vil ).

= Cop(t) + Co®)(| (") 2uf | + [Vaf ),

with ¢, ¥ € LY(0,T%).
Multiplying the above inequality by 2, integrating it from 0 to ¢, using the Generalized Gronwall’s lemma
(see [21]) and the fact 0 < o < n* < B we obtain:

¢ ¢
a|uf(t)]2 + ]an(t)\Q + Va/ \Vuf(s)|2ds + 1// ]Anf(s)\st
0 0

t

< <|nO uf (0)% + |Vnk(0))? +/0 <p(s)ds> - exp (C/Otzp(s)ds) < +o0.

12



Now, we need to show that [uf(0)| and |Vn¥(0)| are uniformly bounded (in k). In fact, using the first
equation (6) with the multiplier v = uf we:

](nk)%uﬂz = (—(n*u* - V)u* — vnF A + v - V)VRF + o ((ViF - V)uF

1
—82E(Vnk - V)Vnk + &2

1
()2 (Vnk . Vn*)Vnk — EQ(ﬁAnkVnk) + (n*f, uf)
—vuFAnF 4+ 2VARF = (&% uf).

Using the fact \(nk)%uf]2 > aluf|? we
1 1
ofuf? < (@ uf)| = Juf P < (0%, uf)] < Ot + Lud? = Ju? < CJet
In particular, for ¢t = 0 we:
[ui (0)] < Cle*(0))* < C
and therefore, [uf(0)| is uniformly bounded (in k). Furthermore,
Vg (0)] < [Vu*(0) - Vi*(0)] + [u*(0) - V20" (0)] + v|V An*(0)]
< CO(|Auo||Ane| + [VAR|) < C,
and so, |[Vnf(0)] is also uniformly bounded (in k). We conclude that

uf € L>(0,7*;H) N L?(0,T*; V)
n¥ € L0, T*; HY(T%) N L2(0, T*; H(T))

uniformly in k. As the second problem equation (6) is typically a problem parabolic, the fact that nf €
L>(0,T*; H(T%)) implies:
nk e L0, T*; H3(T?))
uniformly in k& and due to (24) we can conclude that:
u® € L=(0,T*; D(A)),
uniformly in k. Furthermore,
v|A2nF| = |Anf + Au® - Vn* +u- AVRF|
< C(|Ang| + [Au||VaP|, + [u| [V AnR®)
< C(|Ang| + [Au®(n®] ),
and therefore . .
y/ A2k 2ds < 0/ (1AnE[? + | Au* 2k 2 )ds < C.
0 0
We conclude that
n* e L2(0, 7% HY(T?) |
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Lema 3.5. In the conditions of Theorem 2.1, the welocity-solution u* of the approzimated problem (6)
satisfies:

u® e L2(0, 7% Wl (T4)) (26)
uniformly in k.
Proof. We can see from the first equation (6) that:
vnP A = —PB[nful + (nFu® - V)ub - nff - p(a® - V)VnF 4+ uFAR®

1
—v(VnF . V)ub)] - €2Pk[m(Vnk . V)VnF — VAnF (27)

1
()2 (VnF - wnk)ywnk + ﬁAnkVnk}.

Estimating the above equation in terms of LS-norm and integrating it from 0 to ¢ we get:

t
/0 ]uk(s)\zﬂﬁds <C.
Then, we use the Sobolev immersion of W26(T%) ¢ W1°°(T%) for:

t
/ IVu®(s)%.ds < C.
0

Therefore, we have
u® e L2(0, 7" Wi (T?)),

uniformly in k. W

4. Passing to the limit

All the previous uniform bounds involve the following convergences (passing to subsequences, if neces-
sary):

u® — u weakly - * in L*(0,7%; V) and L*°(0,T*; D(A));;

u” — u weakly in L*(0,T7*; D(A)); and L?(0,T*; W' (T%));

— uy weakly - in L°°(0,T*; H); and weak in L*(0,T*; V);

nk — n weakly -  in L%(0,T%; H*(T%)); and weakly in L%(0, T*; H*(T?));

u” — u strongly in L*(0,7*; V);

n¥ —s n strongly in L((0,T%) x T%), Vg > 1 and strongly in L?(0, T*; H*(T%));

n¥ — ny weakly - % in L°(0,T*; HY(T¢)), weakly in L?(0,T*; H*(T%)), L*(0, T*; H(T?))
and L2((0,T*) x T%)).

W N

u

(S}
> I

e e e e
=3 =~
~— — — — Y ~— ~—
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We observed that by using Aubin-Lions’s lemma we obtain the convergences (5) (for u*) and (6) (for n*
in LI((0,T) x T9)).
Now, passing to the limit is a standard procedure (see [13]) and it left to the reader. For that, we choose

v=¢"= Z cim (t)@i(2), (28)

where p;(z) is i-th eigenfunction of the Stokes operator; then, we consider & > m and pass to the limit (as
k — 00) in the equation:

*

2
/0 (nFuf + (nFuf - V)u® + vnfAut — v(VnF - V)uk — v - v)Vnk + %(Vnk - V)Vnk

2 2 (29)
—L(Vnk - VnF)Vnk + EARPYRF — nkf — pub Ak 4 2V ARk, ¢™)dt =0,
(nk)2 nk
Thus, we obtain:
T* &2
/ (nu; + (nu-V)u+vnAu —v(Vn-V)u—v(u-V)Vn + g(Vn -V)Vn (30)
0 30

2 2
—%(Vn -Vn)Vn + %AnVn —nf —vuln + 52VAn, ¢™)dt = 0,

for all ¢™ given by (28).
Moreover, it is easy to show that;

2
nu + (nu- V)u+vnAu —v(Vn-Viu—v(u-V)Vn + %(Vn -V)Vn

€2

2
(Vn-Vn)Vn + %AnVn —nf —vulAn +e>VAn <C.

—= <
n L2(0,T*;L?)

But this means that

2
Lu=nu;+ (nu-V)u—vnAu—v(Vn-V)u—v(u-V)Vn+ i(Vn -V)Vn
n

2 2
—%(Vn -Vn)Vn + £ AnVn — nf —vulAn +e*VAn € L20,T*; L*(T%)).
n n

Due to the fact the functions ¢™ are dense in L?(0,7*; H) we have that (30) is also valid for all ¢ €
L?(0,7%;H), and so, Lu € L?(0,T7*;H)*. Therefore, by De Rham’s Lemma, there exist some function
p € L2(0,T* H'(T9)) such that

&2
nu; + (nu- V)u —vnAu —v(Vn-V)u—v(u-V)Vn + Z(Vn -V)Vn

g2

2 (31)
(Vn-Vn)Vn + %AnVn — vulAn + e2VAn — nf = Vp.

T2
n
Using Du Bois Raymond’s lemma, it can be shown that
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ng+u-Vn—AAn =0
q.t.p. in Q..
Furthermore, we have:
Ing| < |u-Vn| + MAn| < C|Vu||VZn| + A\ An|,

implying
4] o 0,0 2207y <

Therefore,

ng+u-Vn—AAn =0 in L>®(0,T*; L*(D(A))).

Remark 4.1 We can see from equations (21), (19) and (22), (20) that u € L*°((0,7%); D(A)), us €
L2(0,T*; V), n € L°°(0,T*; H¥(T%)) and n; € L*(0,T*; H2(T%)); since D(A) <> V and H3(T?%) < H2(T4),
the Aubin-Lion’s lemma claims that there exist 1 € C([0,7*]; V) and n € C([0,T*]; H?(T%)) such that
u(t) = u(t) and n = n(t), a.e. in [0,7%]; this means that we can consider that the solution (u,n) assumes
the initial datum continuously.

5. Uniqueness of Solution

Let (u,n) e (u',n!) two solutions of the initial problem (5); define z =n —n' e w = u — u'.

Using the second equation (5), we get:
(zt—l—u-Vz—i-w-an —vAz, ) =0,

for all ¢ € L*(Q,..).
In particular, making ¢ = z we obtain:

1 d 2 1
2dt‘z| =v(Az,z) — (W-Vn, z)

since (u-Vz,z) = 0. The two terms on the right hand side in the above expression can be estimated as:

(A2, 2)] < Ol + 6]z

|(w - Vn!,2)| < [w||Vnl||2| < Clw]* + Clz].

So,

Ld, 2 2 2

§$|z| < Clwl|” + C|z|* + §|Az| (32)
Moreover, making ¢ = —Az we obtain:
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—(2t,A2) + v(Az,Az) — (u-Vz,Az) — (w-Vnl Az) =
And this implies

2dt|Vz]2+V]Az\2 (u-Vz,Az) + (w-Vn' Az)

< [uloo| V|| Az + [w||Vn'[o| Az]
< 2p)Az? + ClAUP |V + Cn' 2 |w?

After choosing u = Z and taking into account the bounds for |Au| and |n'| ., the above inequality takes

the following form:

2dt|Vz]2 ]Az\Q < C\z|il + Clwl2. (33)

Next, we consider the first equation (5) applied to (u,n) and (u!,nt).
Making the difference between them and taking the L2-inner product with v = w we obtain:

(nwy, w) +v(n' Aw, w) = —(zu}, w) — ((zu- V)u,w) — v(zAu, w)

—((n'w - V)u,w) — ((n*u' - V)w,w) +v((u- V)Vz,w) + v((w-V)Vn!,w)
+v((Vz - V)u,w) +v((Vn' - V)w,w) + (2f, w) — v(wAn, w) — v(u* Az, w)
T

—52{(—7(% V)Vn+ (Vz V)Vn—VAz+ Vnl.V)Vz

z(n' +n)
(nnt)?

1
(nh)?

We note that the first term on the right hand side in the above equation can be rewriten as

+ (Vn-Vn)Vn — (Vz-Vn)Vn (Vn!-V2)Vn

1 1
(n1)? ~ (n1)?

1 1
(Vnl - Vn')Vz - ninlAnVn + Eszn + mAnlv,z,w)}.

1
(nwiw) = S (nw,w) + S((u- Vr)w,w) — 2 (Anw, w);
and then, such equation becomes:

1d
2 dt

+(2f,w) — (zu},w) — ((zu- V)u,w) — ((n'w - V)u,w) — (n'u' - V)w,w) — v(wAn, w)
+v{((u-V)Vz,w) + ((w-V)Vn!, w) (Vz-V)u,w) + ((an V)w,w)} — (u'Az,w)

— (nw, w) + va|Vw|? < —%((u Vn)w,w) + =(Anw,w) — v(zAu, w)

VAN

—52{(—i(w V)Vn+ — (Vz V)Vn = VAz + — (Vn V)Vz

—i—M(Vn Vn)Vn —

(nn')? (nll)g (Vz-Vn)Vn — W(an -Vz)Vn
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1
(n')?
The terms on the right hand side in the above equation are estimated in a standard way, by using

Holder’s inequality, Sobolev’s inequality and Young’s inequality in a convenient way. Then, we get the
following inequality:

1 1
(Vnl - Vn')Vz - ninlAnVn + ﬁszn + mAnlv,z,w)}.

1d
5 37 (MW W) + (va = )| Vw|® < Cus{|Aulin], + Vol + fug

+Au’|Vul? + [Au]? + [Au! P + 0! Y w?
H
2 4 6 2 2
+C{IEP + [ An|* + [An|® + [nf2 4+ n' ]2,
HAR (A P|Anf?Y 22+ 8]Azf?,
H
and using the estimates obtained in Section 1, we obtain:

1d,
2dt
Summing up the inequalities (32), (33) and (34) we get:

nw,w) + (va — p)|Vw|? < C‘W‘Z-FC’Z’?JI +6|Az)? (34)

1d
5 0w W) 4 [2f2 + |2} + (v = ) TwP? + (5 — 56)[ AP
< Clw|* + Clz2 + Oz .
H
By choosing p and & conveniently, it follows that:

1d 9 va 9 VU 9
-4 va YA
2dt{(nw,w) + 12, + 5 |Vw|” + 4\ 2|

< Clwl + Oz + CzP,

1
Since |[w|? < —(nw,w), we have:

Q

d
{w,w) 27 + 27, } < Cl(nw, w) + 2 + |21,

and integrating the 0 the ¢, with ¢ € [0, T™]:
2 2 2 2
(nw, w) +[2]" + [2]7 | < (now(0), w(0)) + [2(0)[" + |2(0)[7 |

+C/0 (n(s)w(s), w(s)) + |2(s)* + [2(s) ]2 ) ds.

Now, by using Gronwall’s lemma we obtain:

(nw, w) +[2]> + 2[5, < [(noW(O),W(O)HIZ(O)IQHZ(O)I;]-echT*dS
< Clnow(0), w(0) +|2(0)* + [2(0)/7, ].
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Since w(0) = 0, ]2(0)]21 = 0 we conclude that (nw,w) = 0 e |2|?> = 0 and because n > 0 we get w = 0

and z =0 a.e..
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